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Why do we need the rescattering
equations for the elastic ep scattering

reactions and for the Hydrogen:

�

γ∗

P

el

P ′

el′

Figure 1: One photon exchange VOPE.

Leading order terms in the ep amplitude A

A ≃ VOPE ∼
α2

(
√

M2 + p′2 −
√

M2 + p2)2 − (p′ − p)

α2 = 1
137.068 Next of leading order terms

A− VOPE ≃ A(α4) ≃ 0.75% VOPE ?



ep (Hydrogen) discrete states:

M. Eades et all; Phys. Rep. 342
(2001) 66.

S. G. Karschenboim; Phys. Rep. 422
(2005) 1.

G. T. Bodwin, D. R. Yennie and M.
A. Gregorio; Rev. Mod. Phys. 57
(1985) 723.



Hydrogen energies Enjl:

♣ Units: n-energy number: Rydberg constant R = 14.93eV :

En′jl − Enjl ∼ R
( 1

n′2
−

1

n2

)

;

Coulomb interaction n = l + 1 + nC ; : R = 2π2e4me/h
3

♣ Correction ∼ α4:

Fine structure — (j-dependence):

δEnjl(j) ∼ 10GHz; 1GHz = 4.1057(10)−6eV

Radiation and relativistic corrections, Lamb shift:

δEnjl(Lamb) = 1057MHz ∼ α4 < r2 >; 1MHz = 4.1057(10)−9eV

< r2 > classical Interpretation: fluctuation of the proton mag-

netic field

< r2 > quantum field-theoretical Interpretation: proton size

parameter

♣ Superfine structure (spin-spin interaction):

δEnjl(σ1.σ2) ∼ 100MHz; ∼ α4

m High precision experimental data m Ap-
plications: Spectroscopy, Laser Physic, Astro-
physics, Solid state Physics,...



Field-theoretical approach: Energy levelsEnjl:
3D quasipotential equation (Gross: one on
shell nucleon in γ∗NN )

A = V +V GoA ≡ V +V GoV +V GoV GoV GoV +...

A = V |Ψ > (Ho + V )|Ψ >= E|Ψ >

Go =
1

E −Ho + iǫ
;

Enjl ≃< Ψo|Ho + V + V GoV + ...|Ψo >

Perturbation series: Ψo > is the full Coulomb-
type wave function.

Desired result: unified approach and approx-
imation by calculation of the discrete and con-
tinuous ep interaction.



ep scattering in the low (< 200MeV and 3−
5GeV energy region.

⊙ Two photon exchange models

J. Arrington, P. G. Blunden and W. Mel-
nitchouk, Prog. Part. Nucl. Phys. 66 (2011)
782.

N. Kivel and M. Vanderhaeghen, arXiv 1212
0683, 2012.

C. E. Perdrisat, V. Punjabi and Vanderhaeghen,
Prog. Part. Nucl. Phys. 59 (2007) 694.

J. Arrington, W. Melnitchouk and J.A. Tjon.
Phys. Rev. C76 (2007) 035205.



⊙ Two photon exchange models as the next
of the leading order corrections:

Low energy region (E < 200MeV :

A−VOPE ≃ A(α4) ≃ 0.75% VOPE is valid

Exception: ∆-resonance degrees of freedom.
It is necessary to introduce the special electro-
magnetic interaction for ∆-s



⊙ Two photon exchange models as the next
of the leading order corrections:
Energy region 1− 2 GeV:
Experimental result of ratio of the cross sec-
tions of the electron-proton (ep) and positron-
proton (e+p) cross sections Q2 > 1GeV 2

α2(e+p) = −α2(ep)

A(e+p) = −V (α2) + V (α2)GoV (α2)− ...

1.05 ≤
σ(e+p)

σ(ep)
≤ 1.1

Next order corrections: 5−10%. Larger than

A−VOPE ≃ A(α4) ≃ 0.75% VOPE is valid

Big experimental (systematic) errors.



⊙ Difficulties of two photon exchange models
Arrington, Melnitchouk & Tjon. PR C76
2007.

1. Ambiguities of 3D reductions of 4D Bethe-
Salpeter equation.

2. In the Bethe-Salpeter equations and their
quasipotential reductions one has the multi-
variable form factors

Gross quasipotential equation with 4 el.-mag.
form-factors which are 2-variable functions

ΓN→γ∗N∗(Gross) = eu(p′N)[(γµF1(t, (p
′
N )2)

−
iσµν(p

′
N − pN )ν

2M
F2(t, (p

′
N )2))

+
iγνp

′
N
ν −M

2M
(γµF3(t, (p

′
N )2)

−
iσµν(p

′
N − pN)

ν

2M
F4(t, (p

′
N )2))]u(pN)

Other quasipontial equations and the Bethe-
Salpeter equation requires 8 el.-mag. form fac-
tors which are functions of the 3 variable.



⊙ Difficulties of two photon exchange models
Arrington, Melnitchouk & Tjon. PR C76
2007.

Problems with separation of the quark and
hadron degrees of freedom. Unitary condi-
tion for the electron+ hadron system. Double
counting.

Suggested 3D field-theoretical equations:

1. Is free from ambiguities of 3D reductions of
4D Bethe-Salpeter equation.

2. Automatically satisfies unitary condition.
Quark and hadron degrees of freedom are
separated

3. INPUT el.-mag. vertex with on mass shell
nucleons

< p′N|Jµ(0)|pN >= eu(p′N)(γµF1(t)

−
iσµν(p

′
N − pN)

ν

2mN
F2(t))u(pN)



Troubles of the field-theoretical ap-
proach to the ep scattering:

♣ Divergence of the perturbation series in QED
A = V + V GoA ≡ V + V GoV + V GoV GoV GoV + ...

Go =
1

E−Ho+iǫ
Methods of the asymptotic expansions:
F.J.Dyson, Phys. Rev 85 (1952)

C. Itzykson and J.B. Zuber. ”Quantum Field
theory”. 1980 ch. 9.4.

S. Weinberg. ”The Quantum theory of fields,”
2001, ch. 20.7 L.N. Lipatov)

I.M.Suslov, JETP 100 (2005) :
For the equation A = V + V GoA

A = (1− V Go)
−1V

Existence of (1−V Go)−1 for divergent pertur-
bation series V +V GoV +V GoV GoV GoV +...



Troubles of the field-theoretical ap-
proach to the ep scattering:

♣ ♣ If components of Aµ(x) are independent
and quantized, then in the Lorentz gauge is nec-
essary the Gupta-Bleuler indefinite metric.

< ψ|
∂Aµ(x)

∂xµ
|ψ >= 0

Ao(x) =⇒ iao(x)

[ao(x)− a3(x)]|0L >= 0

And set other conditions V. M. Dubovik &
S.V. Shabanov JPA (1990)
For Heisenberg interacted fields Aµ(x)
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[II]A. I. MACHAVARIANI/ and/ AMAND/ FAESSLER

Nuclear Physics A646 (2002) 231.
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[V]A. I. MACHAVARIANI and AMAND FAESSLER; Phys.
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NUMERICAL CALCULATIONS:

πN , NN and πd phase shifts and cross sections.

Cross sections of the ep and γp bremstrahlung in the ∆ resonance

region and in the Born approximation.



• S-matrix reduction formulas and the 3D
equations. p′o =

√

√

√

√m2
e + p′2 po =

√

m2
e + p2

Se′N ′,eN =< out;p′e′,p
′
N |pe,pN ; in >

Se′N ′,eN =< out;p′N |bp′e′(out)|pe,pN ; in >

bpe(out) = u(pe)γo
∫

d3pee
ipoexo−ipexψoute (x);

(iγµ
∂

∂xµ
−me)ψ

out
e (x) = 0

bpe(xo) = u(pe)γo
∫

d3xeip
o
exo−ipexψe(x) :

(iγµ
∂

∂xµ
−me)ψe(x) = η(x)

bp′e(out) = bp′e(in)+u(p
′
e)

∫

d4xeip
′
exθ(xo)η(x)



Se′N ′,eN =< in;p′e,p
′
N |pe,pN ; in >

+i(2π)4δ(pe + pN − p′e − p′N )Ae′N ′,eN

Ae′N ′,eN =< out;p′N |ηp′e(0)|pe,pN ; in >

Both protons and e are on mass shell inAe′N ′,eN .

ηp′e(x) = u(p′e)η(x)

b+pe(in) = b+pe(0)−
∫

d4xeip
′
exθ(−xo)η(x)u(pe)

Ae′N ′,eN =< p′N |{ηp′e(0), b
+
pe(0)}|pN > −

i
∫

d4xe−ipexθ(−xo) < p′N |{ηp′e(0), ηpe(x))}|pN >



Ae′N ′,eN =< p′N |{ηp′e(0), b
+
pe(0)}|pN > −

i
∫

d4xe−ipexθ(−xo) < p′N |{ηp′e(0), ηpe(x))}|pN >

Both protons are on mass shell inAe+p→e′+p′.

ηp′e(x) = u(p′e)η(x)

4D Bethe-Salpeter equation for the full 4D
Green function Ge+p→e′+p′

Ge+p→e′+p′ = gfreeo + VBSgfreeo Ge+p→e′+p′

Ge+p→e′+p′ =< 0|T(ψe′(0)ψN ′(y)ψe(x)ψN (z))|0 >

where all four particles from ”in” and ”out”
states are extracted. electrons & protons are
off shell
VBS is sum of all Feynman diagrams without
intermediate e + p states.



Ae′N ′,eN =< p′N |{ηp′e(0), b
+
pe(0)}|pN > −

i
∫

d4xe−ipexθ(−xo) < p′N |{ηp′e(0), ηpe(x))}|pN >

Both protons are on mass shell inAe+p→e′+p′.

∑

n
|n; in >< in;n| = 1

Ae′N ′,eN =< p′N |{ηp′e(0), b
+
pe(0)}|pN >

+
∑

n
Ae′N ′,n

(2π)3δ(Pn − pe − pN)

Epe + EpN − P on + iǫ
A+
n,eN

+
∑

m
AN ′,em

(2π)3δ(Pm + pe − p′N)

Epe − Ep′N
+ P om

A+
N,e′m

Ae′N ′,n =< p′N |ηp′e(0)|n; in >; n = H, ep, epγ, ...

A+
N,e′m =< in;m|ηp′e(0)|pN ; in >; m = ep, eγp...

Ep′e
=

√

√

√

√m2
e + p′2e; Ep′N

=
√

√

√

√M2 + p′2e



Ae′N ′,n =< p′N |ηp′e(0)|n; in >; n = H, ep, epγ, ...

Connected and Disconnected parts (cluster
decomposition)

Ae′N ′,n =< p′N |ηp′e(0)|n; in >C

+ < p′N |pN” >< 0|ηp′e(0)|n
′; in >C n′ = eγ, ...

∑

n
Ae′N ′,n

(2π)3δ(Pn − pe − pN)

Epe + EpN − P on + iǫ
A+
n,eN

l l l

∑

n′
Ae′,n′

(2π)3δ(Pn′ + p′N − pe − pN)

Epe + EpN − P on′ − Ep′e

A+
N ′n′,eN



Ae′N ′,eN =< p′N |{ηp′e(0), b
+
pe(0)}|pN >

∑

n
Ae′N ′,nG

S
o (n)A

+
n,eN + crossing(N ′,e′,N,e)

n = H, eN.γeN, ... s-channel on shell parti-
cle exchange
crossing ⇐⇒ u, s, u, ...-channel exchange

Ae′N ′,eN −A+
e′N ′,eN =

∑

n
Ae′N ′,n[G

S
o (n)−GSo

+
(n)]A+

n,eN

• General field theoretical 3D unitary condi-
tion for ep→ ep with any number of the inter-
mediate particles n.

• Generalized Chew-Low type equations for
the ep scattering

• Matrix representation of the Bogoljubov-
Medvedev-Polivanov equations
• Spectral decomposition of Ae+p→e′+p′ over
the complete set asymptotic states



Two-body equation for the ep−ep amplitude

Ae′N ′,eN =< p′N|{ηp′e(0), b
+
pe(0)}|pN > +We′N ′,eN

+
∑

H
Ae′N ′,H

(2π)3δ(PH − pe − pN)

Epe + EpN − P oH
A+
H,eN

+
∑

n=e”N”
Ae′N ′,e”N”

(2π)3δ(Pn − pe − pN)

Epe + EpN − P on + iǫ
A+
n,eN

We′N ′,eN includes all on mass shell ex-
change terms excepting H, ep exchange
in the s channel
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PotentialWe+p→e′+p′ with the off mass
shell external electrons: (A) s-channel
γeN exchange. (B), (C) Parts with
the intermediate amplitude ep − epγ
(D), (H) Z-diagrams with intermedi-
ate antinucleon (E), (F), (G) Anti-
electron exchange parts
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We+p→e′+p′ with the off mass shell ex-
ternal electrons: • nucleons are on
mass shell. • Proton vertex correction
are included in γ∗pp vertex.(Equal-time
term). • Self-energy terms do not ap-
pear. • electron vertex correction are
included in (B) and (C).
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PotentialWe+p→e′+p′ with the off mass
shell external electrons: the time-ordered
3D diagrams. Complete set of the
next of the leading order terms ∼ α4.



Linearization:

We′N ′,eN = Ae′N ′,eN+(Ep′e
+Ep′N

)Be′N ′,eN

Linear energy depending potential

Ue′N ′,eN (E) =< p′N |{ηp′e(0), b
+
pe(0)}|pN > +

Ae′N ′,eN + E Be′N ′,eN

Final 3D relativistic Lippmann-Schwinger-type
equation

Te′N ′,eN (E) = Ue′N ′,eN (E)

+
∑

e”N”
Ue′N ′,e”N”(E)go(E)Te”N”,eN (E)

go =
(2π)3δ(p′e + p′N − pe − pN)

Epe + EpN − E + iǫ

Te′N ′,eN (E = Ep′e
+ Ep′N

) = Ae′N ′,eN =

< out;p′N |ηp′e(0)|pe,pN ; in >



Equal-time commutators and One Photon Ex-
change (OPE) Naive canonical quantization of

the four independent photon components

Ye′N ′,eN =< out;p′N |{ηp′e(0), b
+
pe(0)}|pN ; in >

[
o
Aµ(xo,x), Aν(xo,y)] = igµνδ(x− y)

{ψα(xo,x), ψ
+
β (xo,y)} = δαβδ(x− y)

b+pe(xo) =
∫

d3xe−ipexψe(x)γou(pe)

ηe(x) = eγµψe(x)Aµ(x)

Ye′N ′,eN = eu(p′e)γµu(pe) < out;p′N |Aµ(0)|pN ; in

Jµ(x) = ✷Aµ(x) = eψe(x)γ
µψe(x)+eψN (x)γµψN (x

Ye′N ′,eN = eu(p′e)γµu(pe)
< out;p′N |Jµ(0)|pN ; in >

tN



Ye′N ′,eN = eu(p′e)γµu(pe)
< out;p′N |Jµ(0)|pN ; in >

tN

tN = (poN
′−poN )2− (p′N − pN)2 OPE term

�

γ∗

P

el

P ′

el′

Figure 2: One photon exchange VOPE ≡
Ye′N ′,eN .

Gupta-Bleuer indefinite metric, additional con-
ditions,....



Coulomb gauge

∂ACi (x)

∂xi
= 0; i = 1, 2, 3

(iγµ
∂

∂xµ
−me)ψe(x) = η(x) = eγµACµ (x)ψe(x)

✷xA
C
i(x) = J tri (x) = Ji(x)−

∂

∂xi
∂Jk(x)

∂xk

Poisson eq. (Nonlocality→ Coulomb energy)

−∆ACo(x) ≡ −
∂

∂xi
∂ACo(x)

∂xi
= Joi (x)

ACo (x) =
∫ dx′Jo(xo,x

′)

4π|x− x′|

ACo (x) is defined via Jo(x) = eψ(x)γoψ(x)

[
∂ACi (xo,x)

∂xo
, ACj (xo,y)] =

δijδ(x− y)−
1

∆

∂2

∂xi∂yj

1

|x− y|



Ye′N ′,eN =< out;p′N |{ηp′e(0), b
+
pe(0)}|pN ; in >

Ye′N ′,eN = Y CI + Y CII
OPE in Coulomb gauge:

Y CI =
eu(p′e)γ

ou(pe)

−(p′N − pN)2
< p′N |J tro (0)|pN >

−eu(p′e)γ
iu(pe)

1

tN
< p′N |J tri (0)|pN >

Second nonlocal part is generated by [ACµ=o(0), ψ
+(0,

Y CII = −eu(p′e)γ
o ∫ dx′

4π|x′|

< p′N |ψ+e (0,x
′)ψe(0, 0)|pN > u(pe)

Y CII is generated by the Poisson relation i.e.
definition of ACo (x) via Jo(x).
This follows from the Electro-static (Coulomb)
interaction Nonlocal interaction
Y CII is next of the leading order over α2



Lorentz gauge

∂ALµ(x)

∂xµ
= 0; µ = 0, 1, 2, 3

✷xA
Ltr
i (x) = Ji(x) = eΨLe (x)γiΨ

L
e (x); i = 1, 2

AL3(x) = ✷
−1
x J3(x); J3(x) = eΨLe (x)γ3Ψ

L
e (x)

ALo(x) = ✷
−1
x Jo(x); Jo(x) = eΨLe (x)γoΨ

L
e (x)

(AL)
tr
i (x) = (AL)i(x)−

∂

∂xi
∂(AL)

k
(x)

∂xk

(AL)
l
i(x) =

∂

∂xi
∂(AL)

k
(x)

∂xk

[
∂(AL)tri (xo,x)

∂xo
, (AL)trj (xo,y)] =

δijδ(x− y)−
1

∆

∂2

∂xi∂yj

1

|x− y|



Relationship between Lorentz and Coulomb
gauges

(iγµ
∂

∂xµ
−me)ψ

L
e (x) = eγµALµ(x)ψ

L
e (x)

l l l

(iγµ
∂

∂xµ
−me)ψ

C
e (x) == eγµACµ (x)ψ

C
e (x)

ψCe (x) = eieλ(x)ψLe (x)

ACµ (x) = e−ieλ(x)ALµ(x)e
ieλ(x) +

∂λ(x)

∂xµ

e−ieλ(x)ALµ(x)e
ieλ(x) = ALµ(x) + ie[ALµ, λ]

+ie[ie[ALµ , λ], λ] + ... ≡ ALµ(x) +D(ALµ , λ)

If λ is determined through the relations

D(ALµ , λ) +
∂λ(x)

∂xµ
= +

1

∆

∂

∂xµ

∂ao(x)

∂xo
= 0

then



ACµ (x) = ALµ(x)−
1

∆

∂

∂xµ

∂ALo(x)

∂xo

−∆ACo = ✷ALo = Jo(x)

∂ACi (x)

∂xi
= 0

ACi (x) is the photon field in the Coulomb
gauge

< p′N |ALµ=1,2(0)|pN >=< p′N |ACµ=1,2(0)|pN >

< p′N |ALo(0)|pN >=
tN < p′N |ACo(0)|pN >

−(p′N − pN)2



The equal time canonical commutators are
not gauge invariant

{ΨC
+
(xo,x),Ψ

C(xo,y)} = δ(x− y)+C(x,y)

C(x,y) = ΨL
+
(x)[e−iλ(x), eiλ(xo.y)]ΨL(xo,y)

+[ΨL
+
(x), eiλ(xo.y)]e−iλ(xo.y)ΨL(xo,y)

+eiλ(xo.y)[ΨL(xo,y), e
−iλ(xo.y)]ΨL

+
(x)

Relations in the Coulomb gauge are more
transparent and compact than in the Lorentz
gauge.

The electro-static (Coulomb) interactions are
exactly separated in the quantization of the
transverse phhoton fields



Nucleon as three quark bound (cluster) state
R. Haag, Phys. Rev. 112 (1958)
K. Nishijima, Phys. Rev. 111 (1958)
W. Zimmermann, Nuovo Cim. 10 (1958)
K. Huang and H. A. Weldon, Phys. Rev.
D11 (1975) 257.

Construction of the cluster (bound) state asymp-
totic crearion annihilation) operator



Bin(out)(p) =
weekly
lim

X0→−∞(+∞)
Bp(X

0),

Bp(X
0) =

∫

d3X exp (ipX)u(p)γ0Υp(X)

Jacobi four-coordinates

ρ12 = x1 − x2

ρ3 =
m1x1 +m2x2
m1 +m2

− x3

X =
m1x1 +m2x2 +m3x3

m1 +m2 +m3
,

Υp(X) =
∫

d4ρ12d
4ρ3χ

†
p(X = 0, ρ12, ρ3)

T (q1(x1)q2(x2)q3(x3)).

χ†p(x1, x2, x3) =< pN |T (q1(x1)q2(x2)q3(x3))|0 >



The leading term in the formulations with off
shell nucleons and on shell electrons

Ye′N ′,eN =< out;p′e|{Jp′N
(0), B+

pN
(0)}|pe; in >

Jp′N
(X) = (iγµ

∂

∂Xµ
−mN )Υp(X)
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Figure 3: ep scattering amplitude with off
mass shell nucleons and on shell elec-
trons. Other kind set of the unitary
condition
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Figure 4:The leading terms in ep scattering
amplitude calculated in the canonical
equal-time commutation relations.

One can reformulate this approach
completely in the 3D form, where

χ†p(x1, x2, x3) =< pN |T (q1(x1)q2(x2)q3(x3))|0 >

l l l

< pN |j1(0)|pq1pq2; in >

j1(x) = (iγµ
∂

∂xµ
−mq1)q1(x)



• Propagation of the quark and glu-
ons in the intermediate states does
not contribute into the unitary con-
ditions with hadrons and leptons.
• Unitarity in the hadron sector en-
sure separation of the quark and hadron
degrees of freedom
•Unitarity allows to avoid the double-
counting
• The three-quark cluster does not
contribute in the leading order dia-
grams.
• The form of the 3D equations with
and without quarks are the same.
• 3D equation with off mass shell nu-
cleons and with off mass shell elec-
trons presents different kind of the
unitarity conditions.



Conclusion and outlook

1. New three dimensional field theoretical ap-
proach for the unified description of the Hydrogen-
like systems and the lepton-nucleon scatter-
ing is suggested.

2. This formulation is free from the ambigui-
ties of the Bethe-Salpeter equations which
arise by 3D reduction of these equations.

3. Unlike to the Bethe-Salpeter equations and
their quasipotential reductions, the poten-
tial of the present equation is constructed
from the one variable form factors.

4. Present 3D relativistic equations are ob-
tained after analytic linearization of the uni-
tarity conditions with an arbitrary n on
mass shell intermediate states
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Figure 5: Inclusive electron-proton scattering in the lead-
ing one-photon exchange approximation

• Suggested equations can be extended
for the inclusive ep oand pp scattering
• The present approach allows esti-
mate next of the leading order correc-
tions keeping the first principles (Uni-
tarity, causality, gauge invariance etc.
• In the present approach are exactly
included the most important couplings
of the elastic ep scattering with the
ep− γep reaction and the positron de-
grees of freedom.


