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Axial anomaly

In QCD, for a given �avor q, the divergene of the axial urrent

J
(q)
µ5 = q̄γµγ5q aquires both eletromagneti and gluoni anomalous

terms:

∂µJ
(q)
µ5 = mq q̄γ5q +

e2

8π2
e2qNcF F̃ +

αs

4π
NcGG̃ , (1)

An otet of axial urrents

J
(a)
µ5 =

∑

q

q̄γ5γµ
λa

√
2
q

Singlet axial urrent J
(0)
µ5 = 1√

3
(ūγµγ5u + d̄γµγ5d + s̄γµγ5s):

∂µJ
(0)
µ5 =

1√
3
(muuγ5u +mddγ5d +mssγ5s) +

αem

2π
C (0)NcF F̃ +

√
3αs

4π
NcGG̃ ,

(2)



The diagonal omponents of the otet of axial urrents

J
(3)
µ5 = 1√

2
(ūγµγ5u − d̄γµγ5d),

J
(8)
µ5 = 1√

6
(ūγµγ5u + d̄γµγ5d − 2s̄γµγ5s)

aquire an eletromagneti anomalous term only:

∂µJ
(3)
µ5 =

1√
2
(muuγ5u −mddγ5d) +

αem

2π
C (3)NcF F̃ , (3)

∂µJ
(8)
µ5 =

1√
6
(muuγ5u +mddγ5d − 2mssγ5s) +

αem

2π
C (8)NcF F̃ . (4)

The eletromagneti harge fators C (a)
are

C (3) =
1√
2
(e2u − e2d) =

1

3
√
2
,

C (8) =
1√
6
(e2u + e2d − 2e2s ) =

1

3
√
6
,

C (0) =
1√
3
(e2u + e2d + e2s ) =

2

3
√
3
. (5)



Anomaly sum rule

The matrix element for the transition of the axial urrent Jα5 with

momentum p = k + q into two real or virtual photons with momenta k

and q is:

Tαµν(k , q) =

∫
d4xd4ye(ikx+iqy)〈0|T{Jα5(0)Jµ(x)Jν(y)}|0〉; (6)

Kinematis:

k2 = 0,Q2 = −q2



The VVA triangle graph amplitude an be presented as a tensor

deomposition

Tαµν(k , q) = F1 εαµνρk
ρ + F2 εαµνρq

ρ

+ F3 kνεαµρσk
ρqσ + F4 qνεαµρσk

ρqσ (7)

+ F5 kµεανρσk
ρqσ + F6 qµεανρσk

ρqσ,

Fj = Fj(p
2, k2, q2;m2), p = k + q.

Dispersive approah to axial anomaly leads to [Ho�rej�s��'85;Ho�rej�s��,Teryaev'95℄:

∫ ∞

4m2

A3(s,Q
2;m2)ds =

1

2π
NcC

(a) , a = 3, 8; (8)

A3 ≡
1

2
Im(F3 − F6), Nc = 3;

C (3) = 1√
2
(e2u − e2d) =

1
3
√
2
,

C (8) = 1√
6
(e2u + e2d − 2e2s ) =

1
3
√
6
,

(9)



∫ ∞

4m2

A3(s,Q
2;m2)ds =

1

2π
NcC

(a)
(10)

◮
Holds for any Q2

and any m2
.

◮
It has neither αs orretions (Adler-Bardeen theorem) nor

nonperturbative orretions (t'Hooft's onsisteny priniple).

◮
Exat nonperturbative relation � powerful tool.



Transition form fators
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TFF: theoretial and experimental status

Pion transition form fator: available data
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◮
The urrent experimental status of the pion transition form fator

(TFF) Fπγ is rather ontroversial.

◮
The measurements of the BABAR ollaboration [Aubert et al. '09℄

show a steady rise of Q2Fπγ , surpassing the pQCD predited

asymptote Q2Fπγ →
√
2fπ, fπ = 130.7 MeV at Q2 ≃ 10 GeV

2
and

questioning the ollinear fatorization.



π
0
TFF: theoretial and experimental status

◮
On the other hand, the reent BELLE data [Uehara et al. '12℄ do

not show suh striking behavior: although Q2Fπγ reahes the pQCD

asymptoti value, it does not manifest a further growth.

◮
The dispersive approah to axial anomaly allows to derive the

anomaly sum rule (ASR) providing a handy tool to study the

transition form fators even beyond the fatorization hypothesis.

◮
In order to desribe the BABAR data, ASR requires a new

nonperturbative orretion to the spetral density. This orretion is

absent in the loal OPE and possibly originates from instantons or

short strings [Chetyrkin,Zakharov '98℄.



ASR and meson ontributions

Saturating the l.h.s. of the 3-point orrelation funtion (6) with the

resonanes and singling out their ontributions to ASR (10) we get the

(in�nite) sum of resonanes with appropriate quantum numbers:

π
∑

f aMFMγ =

∫ ∞

4m2

A3(s,Q
2;m2)ds =

1

2π
NcC

(a), (11)

where the oupling (deay) onstants f aM :

〈0|J(a)α5 (0)|M(p)〉 = ipαf
a
M , (12)

and form fators FMγ of the transitions γγ∗ → M are:

∫
d4xe ikx〈M(p)|T{Jµ(x)Jν(0)}|0〉 = ǫµνρσk

ρqσFMγ (13)

◮
Sum of �nite number of resonanes dereasing F

asymp

Mγ (Q2) ∝ fM
Q2 -

in�nite number of states are needed to saturate ASR (olletive

e�et). [Y.K.,A.Oganesian,O.Teryaev'10℄



Isovetor hannel: π
0

J
(3)
µ5 = 1√

2
(ūγµγ5u − d̄γµγ5d),C

(3) = 1√
2
(e2u − e2d) =

1
3
√
2
.

For pratial purposes let's use QHD and desribe the higher resonanes

by ontinuum.

◮ π0
+ higher ontributions ("ontinuum"):

πfπFπγ(Q
2) +

∫ ∞

s0

A3(s,Q
2;m2) =

1

2π
NcC

(3). (14)

The spetral density A3(s,Q
2;m2) an be alulated from VVA triangle

diagram:

A3(s,Q
2;m2) =

1

2
√
2π

1

(Q2 + s)2

(
Q2R + 2m2 ln

1 + R

1− R

)
, (15)

where R(s,m) =
√
1− 4m2

s
, m is a mass of quark. Then the pion TFF:

Fπγ(Q
2) =

1

2
√
2π2fπ

s0

s0 + Q2
(R0 −

2m2

s0
ln

1 + R0

1− R0
), (16)

R0 = R(s0,m).



◮ m = 0:

Fπγ(Q
2) =

1

2
√
2π2fπ

s0

s0 + Q2
(17)

Considering the limit Q2 → ∞ and relying the QCD fatorization

predition for Q2Fπγ =
√
2fπ (φas(x) = 6x(1− x))

s0 = 4π2f 2π = 0.67GeV 2

� �ts perfetly the value extrated from SVZ (two-point) QCD sum

rules s0 = 0.7GeV 2
[Shifman,Vainshtein,Zakharov'79℄.

� reprodues BL interpolation formula[Brodsky,Lepage'81℄:

FBL
πγ (Q2) =

1

2
√
2π2fπ

1

1 + Q2/ (4π2f 2π )
. (18)

Derived from QHD [Radyushkin'96℄, now we related it to anomaly at all

Q2
.



Corretions interplay
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◮
The full integral is exat

1

2
√
2π

=

∫ ∞

0

A3(s,Q
2)ds = Iπ + Icont

◮
The ontinuum ontribution Icont =

∫∞
s0

A3(s,Q
2)ds may have

perturbative as well as power orretions.

◮ δIπ = −δIcont : small relative orretion to ontinuum � due to

exatness of ASR � must be ompensated by large relative

orretion to the pion ontribution!



Possible orretions to A3

◮
Perturbative two-loop orretions to spetral density A3 are zero

[Jegerlehner&Tarasov'06℄

◮
Nonperturbative orretions to A3 are possible: vauum

ondensates, instantons, short strings.

◮
General requirements for the orretion δI =

∫∞
s0

δA3(s,Q
2)ds:

δI = 0
• at s0 → ∞ (the ontinuum ontribution vanishes),

• at s0 → 0 (the full integral has no orretions),

• at Q2 → ∞ (the perturbative theory works at large Q2
),

• at Q2 → 0 (anomaly perfetly desribes pion deay width).

δI =
1

2
√
2π

λs0Q
2

(s0 + Q2)2
(ln

Q2

s0
+ σ), (19)

δFπγ =
1

πfπ
δIπ =

1

2
√
2π2fπ

λs0Q
2

(s0 + Q2)2
(ln

Q2

s0
+ σ). (20)



Corretion vs. experimental data
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CELLO+CLEO+BABAR: λ = 0.14, σ = −2.36, χ2/n.d .f . = 0.94



χ2

n.d.f . δI 6= 0 : χ2

n.d.f . λ σ
CELLO+CLEO+BABAR+Belle 1.86 0.91 0.12 -2.50

CELLO+CLEO+Belle 1.01 0.46 0.07 -3.03

CELLO+CLEO+BABAR 2.29 0.94 0.14 -2.36

BABAR 3.61 0.99 0.20 -2.39

Belle 0.80 0.40 0.14 -2.86

◮
Although the BELLE data themselves may be desribed without the

orretion, but they do not also exlude its possibility. Unless the

BABAR data will be disproved, the need for orretion remains.



Otet hannel (η,η
′
)

J
(8)
α5 =

1√
6
(ūγαγ5u + d̄γαγ5d − 2s̄γαγ5s),

∫ ∞

4m2

A3(s,Q
2;m2)ds =

1

2π
NcC

(8), (21)

C (8) ≡ 1√
6
(e2u + e2d − 2e2s ) =

1

3
√
6

ASR in the otet hannel:

f 8η Fηγ(Q
2) + f 8η′Fη′γ(Q

2) =
1

2
√
6π2

s0

s0 + Q2
(22)

◮
Signi�ant mixing.

◮ η′ deays into two real photons, so it should be taken into aount

expliitly along with η meson.



Large Q2

[Anisovih,Melikhov,Nikonov'97; Feldmann,Kroll'98℄

Q2F as
ηγ = 2(C (8)f 8η + C (0)f 0η )

∫ 1

0

φas(x)

x
dx , (23)

Q2F as
η′γ = 2(C (8)f 8η′ + C (0)f 0η′)

∫ 1

0

φas(x)

x
dx , (24)

φas(x) = 6x(1− x). Then ASR at Q2 → ∞:

4π2((f 8η )
2 + (f 8η′ )2 + 2

√
2[f 8η f

0
η + f 8η′ f 0η′ ]) = s0. (25)



Q2
= 0

ASR takes the form:

f 8η Fηγ(0) + f 8η′Fη′γ(0) =
1

2
√
6π2

, (26)

where

FMγ(0) =

√
4ΓM→γγ

πα2m3
M

.



Mixing

PCAC relation for π0

∂µJ
(3)
µ5 = f (3)π m2

πφπ. (27)

Generalization to the mixing system η − η′ − ...:
[f. Io�e '79℄

∂µJµ5 = FMΦ, (28)

where :

Jµ5 ≡
(
Jαµ5
J
β
µ5

)
,F ≡

(
f αη f αη′ f αG ...

f βη f
β
η′ f

β
G ...

)
,Φ ≡




φη

φη′

φG

.

.

.


 ,

M ≡ diag(m2
η,m

2
η′ ,m2

G , · · · ). (29)

〈0|J(a)α5 (0)|M(p)〉 = ipαf
a
M .



Mixing

Otet-singlet basis (of urrents):

J
(8)
µ5 =

1√
6
(ūγµγ5u+d̄γµγ5d−2s̄γµγ5s), J

(0)
µ5 =

1√
3
(ūγµγ5u+d̄γµγ5d+s̄γµγ5s).

(30)

For quark-�avor basis one explores the de�nitions of axial urrents with

deoupled light and strange quark omposition:

J
q
µ5 =

1√
2
(ūγαγ5u + d̄γαγ5d), J

s
µ5 = s̄γαγ5s, (31)

(
J8µ5
J0µ5

)
= V(α)

(
J
q
µ5

Jsµ5

)
, V(α) =

(
cosα − sinα
sinα cosα

)
, (32)

where tanα =
√
2.



Φ̃ = UΦ, Φ̃ ≡




φ̃α

φ̃β

φ̃G

.

.

.


 . (33)

In terms of these �elds, Eq. (28) an be rewritten as

∂µJµ5 = F̃M̃Φ̃, (34)

where F̃ = FU, M̃ = UTMU.

In our notations the otet-singlet (quark-�avor) mixing sheme implies

that the matrix F̃ has a (retangular) diagonal form in the respetive

otet-singlet (quark-�avor) basis,

F̃ =

(
fα 0 0 ...
0 fβ 0 ...

)
. (35)

FU has a (retangular) diagonal form (35) immediately follows that FFT

is a diagonal matrix.



So, imposing the mixing sheme is equivalent to imposing the onstraint

for the deay onstants:

f αη f βη + f αη′ f
β
η′ + f αG f

β
G + ... = 0. (36)

◮
Otet-singlet (SU(3)) mixing sheme: f 8η f

0
η + f 8η′ f 0η′ = 0.

F =

(
f8 cos θ f8 sin θ
−f0 sin θ f0 cos θ

)
. (37)

◮
Quark-�avour mixing sheme: [Feldmann,Kroll,Steh'97℄

f qη f
s
η + f

q
η′ f

s
η′ = 0.

Fqs =

(
fq cosφ fq sinφ
−fs sinφ fs cosφ

)
. (38)



Duality: 2-point vs. 3-point orrelator

The interplay of two- and three-point orrelators was investigated for the

ase of isovetor urrent and pion state in [Radyushkin'95℄ and the duality

interval was expressed in terms of pion deay onstant fπ = 0.13 GeV :

sπ3 = 4π2f 2π . (39)

"η + continuum":

s
η
8 = 4π2(f 8η )

2. (40)

"η + η′ + continuum":

s
η+η′

8 = 4π2((f 8η )
2 + (f 8η′)2). (41)

At the same time from 3-point orrelator:

sasr8 = 4π2((f 8η )
2 + (f 8η′ )2 + 2

√
2[f 8η f

0
η + f 8η′ f 0η′ ]). (42)



Additional onstraint - RJ/Ψ.

The radiative deays J/Ψ → η(η′)γ are dominated by non-perturbative

gluoni matrix elements, and the ratio of the deay rates

RJ/Ψ = (Γ(J/Ψ) → η′γ)/(Γ(J/Ψ) → ηγ) an be expressed as follows

[Novikov'79℄:

RJ/Ψ =

∣∣∣∣∣
〈0 | GG̃ | η′〉
〈0 | GG̃ | η〉

∣∣∣∣∣

2(
pη′

pη

)3

, (43)

where pη(η′) = MJ/Ψ(1−m2
η(η′)/M

2
J/Ψ)/2.

∂µJ
8
µ5 =

1√
6
(muuγ5u +mddγ5d − 2mssγ5s), (44)

∂µJ
0
µ5 =

1√
3
(muuγ5u + mddγ5d + mssγ5s) +

1

2
√
3

3αs

4π
GG̃ . (45)

RJ/Ψ =

(
f 8η′ +

√
2f 0η′

f 8η +
√
2f 0η

)2(
mη′

mη′

)4(
pη′

pη

)3

. (46)

From experiment this ratio is: RJ/Ψ = 4.67± 0.15 [PDG 2012℄.



f 8η Fηγ(Q
2) + f 8η′Fη′γ(Q

2) =
1

2
√
6π2

s0

s0 + Q2
, (47)

4π2((f 8η )
2 + (f 8η′ )2 + 2

√
2[f 8η f

0
η + f 8η′ f 0η′ ]) = s0, (48)

f 8η Fηγ(0) + f 8η′Fη′γ(0) =
1

2
√
6π2

,FMγ(0) =

√
4ΓM→γγ

πα2m3
M

(49)

RJ/Ψ =

(
f 8η′ +

√
2f 0η′

f 8η +
√
2f 0η

)2(
mη′

mη′

)4(
pη′

pη

)3

. (50)



TFFs of η and η
′
: experiment

0 10 20 30 40
0.0

0.1

0.2

0.3

0.4

Q2, GeV2

Q
2 F

M
,G

eV

�èñ. : Experimental data on transition form fators: η (CLEO-green,

BABAR-blue), η′ (CLEO-pink, BABAR-red)



Otet-siglet mixing sheme: parameters
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Quark-�avour mixing sheme: parameters
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Mixing-sheme-independent determination

0.0 0.5 1.0 1.5 2.0
0.0

0.1

0.2
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0.5

fΗ
8� fΠ

f Η
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fπ (51)



ASR in otet hannel + orretion:

mixing-seme-independent parameters
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The similar orretion in the otet hannel leads to the ASR:

f 8η Fηγ(Q
2) + f 8η′Fη′γ(Q

2) =
1

2
√
6π2

s8

s8 + Q2

[
1 +

λQ2

s8 + Q2
(ln

Q2

s8
+ σ)

]
.



ASR in otet hannel + orretion: OS mixing sheme

BABAR

CLEO

0 10 20 30 40
0.000

0.005

0.010

0.015

0.020

0.025

Q2, GeV2

H
f8 Η

F
Η
Γ
+

f8 Η
’
F
Η
’Γ
LQ

2 ,G
eV

2

f8/fπ = 0.88, f0/fπ = 0.81, θ = −14.2◦.



ASR in otet hannel + orretion: QF mixing sheme
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Çàêëþ÷åíèå (ðåçóëüòàòû)

◮
Èñõîäÿ èç òî÷íîãî íåïåðòóðáàòèâíîãî àíîìàëüíîãî ïðàâèëà ñóìì ïîëó÷åíà

�îðìóëà äëÿ ïåðåõîäíîãî �îðì�àêòîðà ïèîíà. Îíà ñïðàâåäëèâàÿ äàæå

ïðè íàðóøåíèè ÊÕÄ �àêòîðèçàöèè çà ñ÷åò ïîïðàâêè, âûõîäÿùåé çà ðàìêè

îïåðàòîðíîãî ðàçëîæåíèÿ. Ïðîâåäåí àíàëèç ñîâðåìåííûõ

ýêñïåðèìåíòàëüíûõ äàííûõ ïîêàçûâàþùèé, ÷òî îíè íå èñêëþ÷àþò íàëè÷èå

òàêîé ïîïðàâêè, õîòÿ è íå óêàçûâàþò îäíîçíà÷íî íà å¼ ñóùåñòâîâàíèå. Â

ñëó÷àå, êîãäà ÊÕÄ �àêòîðèçàöèÿ âûïîëíÿåòñÿ, ïîëó÷åííàÿ �îðìóëà

îáîñíîâûâàåò èíòåðïîëÿöèîííóþ �îðìóëó Áðîäñêîãî-Ëåïàæà.

◮
Ìåòîä êâàðê-àäðîííîé äóàëüíîñòè ðàñïîñòðàíåí íà ñëó÷àé ñèëüíîãî

ñìåøèâàíèÿ àäðîííûõ ñîñòîÿíèé. Ïîëó÷åí êðèòåðèé äëÿ âûáîðà ñõåìû

ñìåøèâàíèÿ ïñåâäîñêàëÿðíûõ ñîñòîÿíèé, ñëåäóþùèé èç ñîâïàäåíèÿ

èíòåðâàëîâ äóàëüíîñòè â äâóõòî÷å÷íûõ è òð¼õòî÷å÷íûõ êîððåëÿòîðàõ.

◮
Èç àíîìàëüíîãî ïðàâèëà ñóìì â îêòåòíîì êàíàëå ïîëó÷åíà ñâÿçü ìåæäó

ïåðåõîäíûìè �îðì�àêòîðàìè è êîíñòàíòàìè ðàñïàäîâ η è η
′

ìåçîíîâ.Ïðîâåäåí àíàëèç ýêñïåðèìåíòàëüíûõ äàííûõ, ïîçâîëÿþùèé

èçâëå÷ü êîíñòàíòû ðàñïàäîâ â ðàçëè÷íûõ ñõåìàõ ñìåøèâàíèÿ. Óñòàíîâëåíî,

÷òî ñîâðåìåííàÿ òî÷íîñòü ýêñïåðèìåíòàëüíûõ äàííûõ äîïóñêàåò íàëè÷èå

íåïåðòóðáàòèâíîé ïîïðàâêè òîãî æå ïîðÿäêà, ÷òî è â ñëó÷àå ïèîíà.
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Ñïàñèáî çà âíèìàíèå!



Bakup

Bose symmetry Tαµν(k , q) = Tανµ(q, k) implies:

F1(k , q) = −F2(q, k),

F3(k , q) = −F6(q, k), (52)

F4(k , q) = −F5(q, k).

One an show also that

F6(k , q) = −F3(k , q)

vetor Ward identities

kµTαµν = 0, pνTαµν = 0 (53)

In terms of formfators, the identities (53) read

F1 = k .q F3 + q2 F4 (54)

F2 = k2 F5 + k .q F6

Anomalous axial-vetor Ward identity for the amplitude (7) is [Adler'69℄:

qαTαµν(k , q) = 2mTµν(k , q) +
1

2π2
εµνρσk

ρqσ (55)



Bakup

Tµν(k , q) = G εµνρσk
ρqσ (56)

where G is the relevant form fator. In terms of form fators, eq.(55)

reads

F2 − F1 = 2mG +
1

2π2
(57)

For the form fators F3, F4 and G one may write unsubtrated dispersion

relations

Fj(p
2) =

1

π

∫ ∞

4m2

Aj (t)

t − p2
dt, j = 3, 4 (58)

G(p2) =
1

π

∫ ∞

4m2

B(t)

t − p2
dt



Bakup

From (39) and (54) it is easy to see that for the onsidered kinematial

on�guration one has

F2 − F1 = (q2 − p2)F3 − p2F4 (59)

Using now (58) and taking into aount that the imaginary parts of the

relevant formfators satisfy non-anomalous Ward identities, in partiular

(q2 − t)A3(t)− q2A4(t) = 2mB(t) (60)

one gets �nally

F2 − F1 − 2mG =
1

π

∫ ∞

4m2

A3(t)dt (61)

Comparing eq.(61) with (57) one may thus observe that the ourrene

of the axial anomaly is equivalent to a �sum rule�

∫ ∞

4m2

A3(t, q
2;m2)dt =

1

2π
(62)

(whih must hold for an arbitrary m and for any p2 in the onsidered

region).


	
	      
	
	    '  
	/

