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Èíòåãðàë ïî ïóòÿì Ôåéíìàíà

Ψ(t) =

∫
Dη

C
e

i
~St,t0

[η]Ψ(t0) ⇒ i~
d

dt
Ψ(t) = HΨ(t)

? Ýíåðãèÿ íå ôèêñèðîâàíà.

Ôóíêöèîíàëüíûé èíòåãðàë
∫

Dφ eS[φ] =?
Ôóíêöèîíàëüíûé èíòåãðàë =⇒ ìåòîä ðåøåíèÿ ëþáûõ
ëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé âòîðîãî ïîðÿäêà,
êàê íåîäíîðîäíûõ, òàê è îäíîðîäíûõ
i d
dtΨ(t) = HΨ(t) ⇒ Ýíåðãèÿ íå ôèêñèðîâàíà.

HΨE = EΨE ⇒ Ýíåðãèÿ ôèêñèðîâàíà.
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Lx = −1

2

d2

dx2
+ W(x), x ∈ Rd.

Óðàâíåíèå Ôîðìàëüíîå ðåøåíèå

i d
dtΨ = LxΨ, Ψ = e−itLxΨ0 =

∫
dx′e−itLxδ(x− x′)Ψ0(x′)

LxΨ = J,





Ψ = 1
Lx

J =
∞∫
0

dv e−vLxJ =
∞∫
0

dv
∫

dx′ e−vLxδ(x− x′)J(x′)

Ψ = 1
Lx−i0J =

∞∫
0

dv e−iv(Lx−i0)J =

=
∞∫
0

dv
∫

dx′ e−iv(Lx−i0)δ(x− x′)J(x′)

Gz(x, x
′) = e−izLxδ(x− x′) → z = t + iv ∈ C
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Îäíîðîäíîå óðàâíåíèå Lxu(x) = 0

Uz(x) = Uzδ(x) = e−izLxδ(x), z = t + iv ∈ C

LxUz(x) = i
d

dz
Uz(x)

u(x) =

z+∫

z−

dz Uz(x), Contour : Γ = {z− < z < z+ ∈ C}

Lxu(x) = i

z+∫

z−

dz
d

dz
Uz(x) = i[Uz+(x)−Uz−(x)] = 0

Ïðîáëåìà ñîñòîèò â òîì, ÷òîáû íàéòè
àíàëèòè÷åñêèå ñâîéñòâà ôóíêöèè Uz(x) â êîìïëåêñíîé
ïëîñêîñòè z ∈ C

äâà êîíòóðà Γ ∈ C ñ Uz+(x) = Uz−(x) = 0.
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Ñòàöèîíàðíîå óðàâíåíèå Øðåäèíãåðà

[
− ~

2

2m

d2

dx2
+ V(x)

]
Ψ(x) = EΨ(x), LxΨ(x) = 0

Lx = Hx − E =

[
− ~

2

2m

d2

dx2
− TE(x)

]
, TE(x) = E− V(x)

.
Uz(x) = e−i z

~Lxδ(x), LxUz(x) = i~
d

dz
Uz(x)

.

ΨΓ(x) =
∫
Γ

dz Uz(x), Γ = {z = t + iv ∈ C}
Uz(x) = e−i z

~Lxδ(x) =

=
√

m
2iπ~ · e

i
~

(
mx2

2z
+Ez

)

√
z

∫
η(0)=η(1)=0

Dη
C e

i
~

1∫
0

dτ[m
2 η̇2(τ)−zV(xτ+

√
z η(τ))]
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Ôóíêöèÿ Ãðèíà è ôóíêöèîíàëüíûé èíòåãðàë

Gz(x− x′) = e−izLxδ(x− x′) = e
−iz

(
− 1

2
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dx2
+W(x)

)
δ(x− x′) =

= T exp
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
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= T
∫
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C
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z∫

0
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d

dxτ
− i

z∫

0

dτW(xτ )



 δ(x− x′)

=
( m

2iπ~z

) d
2 · ei (x−x′)2

2z

∫

ξ(0)=ξ(z)=0

Dξ

C
e
i

z∫
0

dτ

[
1
2

˙ξ
2
(τ)−W(x′(1− τ

z )+x τ
z −ξ(τ))

]

=
( m

2iπ~z

) d
2 ·

∫

ξ(0)=x′, ξ(z)=x

Dξ

C
e
i

z∫
0

dτ

[
1
2

˙ξ
2
(τ)−W(ξ(τ))

]
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Ôóíêöèîíàëüíûå èíòåãðàëû ïî ãàóññîâîé ìåðå

• I =

∫
Dφ

C
e−

1
2 (φK−1φ)+i(φJ) = e−

1
2 (JKJ)

φ(x) ∈ L2, x ∈ D ⊂ Rd

K−1K = I,

∫

y∈D

dy K−1(x, y)K(y, x′) = δ(x− x′)

• I =
∫ Dφ

C e−
1
2 (φK−1φ)+W[φ] =?

W[φ] =

∫
dµηei(ηφ) =





∫
dxφn(x)∫∫

dtdt ′ e−|t−t′|

|φ(t)−φ(t′)|∫
dx φ4

(x)

1+φ2
(x)

W[φ] = W[−φ] - ÷åòíàÿ è èìååò ìàêñèìóì ïðè φ = 0.
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Âû÷èñëåíèå ôóíêöèîíàëüíûõ èíòåãðàëîâ

Òåîðèÿ âîçìóùåíèÿ
Âàðèàöèîííûå îöåíêè (íåðàâåíñòâî Éåíñåíà

∫
dσeW ≥ e

∫
dσW )

dσK =
Dφ

CK
e−

1
2 (φK−1φ)

I =

∫
dσKegW[φ] =

CD

CK

∫
dσDe−

1
2 (φ[K−1−D−1]φ)+gW[φ]

≥ max
D

exp

{
ln

[
CD

CK

]
+

∫
dσD

[
−1

2
(φ[K−1 −D−1]φ) + gW[φ]

]}

= max
D

exp

{
ln

[
CD

CK

]
− 1

2
([K−1 −D−1]D) + g

∫
dµηe−

1
2 i(ηDη)

}

Ïîïðàâêè ê âàðèàöèîííîé îöåíêå?
Ïðèìåíåíèå ê êîìïëåêñíûì èíòåãðàëàì?
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Ãàóññîâî ýêâèâàëåíòíîå ïðåäñòàâëåíèå

Íîðìàëüíàÿ ôîðìà ôóíêöèîíàëà

•
∫

dσDei(bφ) = e−
1
2 (bDb) ⇒

∫
dσDei(bφ)+ 1

2 (bDb) ≡ 1

...ei(bφ)
...D ≡ ei(bφ)+ 1

2 (bDb) ⇒
∫

dσD

...ei(bφ)
...D ≡ 1

.
• W[φ] =

∫
dµηei(ηφ) =

∫
dµη e−

1
2 (ηDη)

...ei(ηφ)
...D =

=

∫
dµη e−

1
2 (ηDη)

...1− 1

2
(ηφ)2 +

[
ei(ηφ) − 1 +

1

2
(ηφ)2

] ...D

= W0 − 1

2

∫
dµηe−

1
2 (ηDη)

...(φη)(ηφ)
...D +

...WI[φ]
...D

...WI[φ]
...D = O(φ3)
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Óðàâíåíèÿ ñàìîñîãëàñîâàíèÿ

• I(g) =

∫
Dφ

CK
e−

1
2 (φK−1φ)+gW[φ] = e

ln
(

CD
CK

)
− 1

2 ([K−1−D−1]D)+gW0 ·

·
∫

dσD eg
...WI[φ]

...D · e− 1
2

...(φ[K−1−D−1]φ)
...D− g

2

...(φW2φ)
...D

• −1

2

...(φ[K−1 −D−1]φ)
...D − g

2

...(φW2φ)
...D = 0

K−1(x, x′)−D−1(x, x′) + g

∫
dµη e−

1
2 (ηDη) η(x)η(x′) = 0

Ãàóññîâî ýêâèâàëåíòíîå ïðåäñòàâëåíèå:

• I(g) =

∫
Dφ

CK
e−

1
2 (φK−1φ)+gW[φ] = eE0

∫
dσD eg

...WI[φ]
...D
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Òåîðèÿ âîçìóùåíèé ïî ...WI[φ]
...D

...WI[φ]
...D =

∫
dµη ei(ηφ)− 1

2 (ηDη)
...
[
ei(ηφ) − 1 +

1

2
(ηφ)2

] ...D

• I(g) = eE0

∫
dσD eg

...WI[φ]
...D = eE0+E1+E2+...

E1 =

∫
dσD

...WI[φ]
...D ≡ 0

E2 =
1

2

∫
dσD

...WI[φ]
...B

...WI[φ]
...D

=
1

2

∫∫
dµη1

dµη2
e−

1
2 (η1Dη1)− 1

2 (η2Dη2)
[
e−(η1Dη2) − 1 + (η1Dη2)

]

I(g) = eE0+g2W2 , δ = g
|W2|
|W0| =?
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Ðàñïðîñòðàíåíèå êâàíòîâûõ ÷àñòèö â ãàçå
Ñòàöèîíàðíîå óðàâíåíèå Øðåäèíãåðà
Êâàçèêëàññè÷åñêîå ïðèáëèæåíèå è òóííåëèðîâàíèå
Àìïëèòóäà óïðóãîãî ðàññåÿíèÿ

Ñâÿçàííûå ñîñòîÿíèÿ â êâàíòîâîé òåîðèè ïîëÿ
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Êâàçèêëàññè÷åñêîå ïðèáëèæåíèå

I II III

a b
x

E=

k2

�����������

2 m

eikx
+ce-ikx deikx

I II III

E=

Ω

������

2 E=

k2

������������

2 m

r

r0 r1 R

Ψ(x) =

∫

Γ

dz√
z
e

i
~Ez

∫

χ(0)=0,χ(z)=x

Dχ

C
e

i
~

z∫
0

dτ

[
mχ̇2

(τ)

2 −V(χ(τ))

]

Ìåòîä ïåðåâàëà:
1 ôóíêöèîíàëüíàÿ ïåðåìåííàÿ χ,
2 êîìïëåêñíàÿ ïåðåìåííàÿ z
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Êëàññè÷åñêîå óðàâíåíèå äâèæåíèÿ ÷àñòèöû è ïåðâûé èíòåãðàë

mξ̈(τ ) + V′(ξ(τ )) = 0, ξ(0) = 0, ξ(z) = x

m

2
ξ̇

2
(τ )− E + V(ξ(τ )) =

m

2
K(z)

x∫
0

dξ√
K(z)+ 2

m [E−V(ξ(τ ))]
= z

Ψ(x) =
∫
Γ

dz√
φ(z)

exp

{
i m
2~

x∫
0

dξ[K(z)+ 4
m [E−V(ξ)]]√

K(z)+ 2
m [E−V(ξ)]

}

mφ̈(τ ) + V′′(ξ(τ ))φ(τ ) = 0, φ(0) = 0, φ̇(0) = 1.
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Ψ±(x) =
C±(

e∓i π
3 κ2(x) + p2(x)

) 1
4

e±
i
~

x∫
dx′

√
e∓iπ

3 κ2(x′)+p2(x′), p2(x) > 0

Ψ±(x) =
C±

(κ2(x) + |p2(x)|) 1
4

e±
1
~

x∫
dx′
√

κ2(x′)+|p2(x′)|, p2(x) < 0

p2(x) = k2 − 2mV(x), κ(x) =

(
mV′(x)~

2

) 1
3
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Òóíåëèðîâàíèå

I II III

a b
x

E=

k2

�����������

2 m

eikx
+ce-ikx deikx

w = |d|2 = 4

∣∣∣∣∣∣
e
− 1
~

b∫
a

dx′
√
−P2(x′)

∣∣∣∣∣∣

2

P2(x) = k2 − 2mV(x) + κ2(x), κ(x) = e−
π
6 i

(
mV′(x)~

2

) 1
3

Åôèìîâ Ã.Â.
Äèôôåðåíöèàëüíûå óðàâíåíèÿ è ôóíêöèîíàëüíûé èíòåãðàë



Óïðóãîå ðàññåÿíèå

H = H0 + V, G =
1

H− E
, G0 =

1

H0 − E

T =
1

1 + VG0
V = (H0 − E) [G− G0] (H0 − E)

Mfi = 〈f|T|i〉, 〈f| = e−ikfx, |i〉 = eikix

Ψ(x) = eikx + Φ(x)

Φ(x) = GV|i〉 = G0T|i〉 → f(k, θ)
eikr

r

G0(x− y) =
1

4π

e−ik|x−y]

|x− y| →
1

4π

e−ikr

r
e−ikfy, r = |x | → ∞
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Φ(x) = − 1

− 1
2m

d2

dx2 + V(x)− k2

2m − i0
V(x)eikix =

= −i

∫
dyV (y) eiky

∞∫

0

m
3
2 dt

(2πit)
3
2

e
i
2

(
tk2

m + (x−y)2m
t

)

I(x, y, t)

I(x, y, t) =

∫
Dξ

C
e
i

t∫
0

dτ
[

m
2

˙ξ
2
(τ )−V( x

t τ+(1−τ
t )y−ξ(τ ′))

]

ξ(0) = ξ(t) = 0

x =
kf

|k| r, r −→ ∞
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Àìïëèòóäà ðàññåÿíèÿ

f(k, θ) =
m

2π

∫
dyV(y)eiqy

∫
Dξ

C
e
i
∞∫
0

dτ
[

m
2

˙ξ
2
(τ )−V(voutτ+y−ξ(τ ))

]

,
ξ(0) = ξ(∞) = 0

q = kin − kout, vout =
kout

m
=

kn

m
, q2 = 4k2 sin2 θ

2
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Çàêëþ÷åíèå

Ìåòîä ôóíêöèîíàëüíîãî èíòåãðèðîâàíèÿ ðàññìàòðèâàåòñÿ êàê
ýôôåêòèâíûé ñïîñîá ïðåäñòàâëåíèÿ ðåøåíèé ëèíåéíûõ
äèôôåðåíöèàëüíûõ óðàâíåíèé âòîðîãî ïîðÿäêà.
Ìåòîä ïðèìåíèì ê ðåøåíèþ îäíîðîäíûõ óðàâíåíèé.
Ñôîðìóëèðîâàí ìåòîä ãàóññîâîãî ýêâèâàëåíòíîãî ïðåäñòàâëåíèÿ
âû÷èñëåíèÿ ôóíêöèîíàëüíûõ èíòåãðàëîâ.
Ìåòîä ïðèìåíåí ê øèðîêîìó êðóãó ôèçè÷åñêèõ çàäà÷:

Ïîëÿðîí (ýíåðãèÿ îñíîâíîãî ñîñòîÿíèÿ è ìàññà)
Ðàñïðîñòðàíåíèå âîëí â ñðåäå ñî ñëó÷àéíûìè ïðèìåñÿìè
Òåîðèÿ ïðîñòûõ æèäêîñòåé
Òåîðèÿ ïîëèìåðîâ
Êâàíòîâàÿ ìåõàíèêà

Ðàñïðîñòðàíåíèå êâàíòîâûõ ÷àñòèö â ãàçå
Ñòàöèîíàðíîå óðàâíåíèå Øðåäèíãåðà
Êâàçèêëàññè÷åñêîå ïðèáëèæåíèå è òóííåëèðîâàíèå
Àìïëèòóäà óïðóãîãî ðàññåÿíèÿ

Ñâÿçàííûå ñîñòîÿíèÿ â êâàíòîâîé òåîðèè ïîëÿ
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