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Methods for deriving FE

Three methods for deriving functional equations (FE) were proposed
o FE from recurrence relations
o FE from algebraic relations for propagators

o FE from algebraic relations for deformed propagators
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Methods for deriving functional equations (FE)

FE from recurrence relations

Functional equations (FE) for Feynman integrals were proposed in O.V.T. Phys.Lett.
B670 (2008) 67.
Feynman integrals satisfy recurrence relations which can be written as

Z Qili.n = Z Ric,rli,r
J

k,r<n

where Qj, R« are polynomials in masses, scalar products of external momenta,
space-time dimension d, and powers of propagators. I . - are integrals with r external
lines. In recurrence relations some integrals are more complicated than the others: /; , on
the I.h.s have more arguments than /s, on the r.h.s.

General method for deriving functional equations:

By choosing kinematic variables, masses, indices of propagators remove most complicated
integrals, i.e. impose conditions :
Q=0

keeping at least some other coefficients R # 0.
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Methods for deriving functional equations (FE)

FE from recurrence relations

Example: one-loop n-point integrals

@) _ / dk
’ 77?"/2 [(k = p1)? = m? + im]...[(ks = pn)? = m3 + in]

S satisfy generalized recurrence relations O.T. in Phys.Rev.D54 (1996) p.6479

n

G 1§ I — (0,80) 15 = (B0 n)k 1
k=1
where j* shifts the indices v; — v; + 1, 9 = a B
pipi ...  PiPn—1 Yii ... Y
g12..n=Gp1=-2" , A, = = A1,2,..n,
P1Pn—1 “ee Pn—1Pn—1 Yln e Ynn
Yi = mi +mi — s, si = (pi = p)*
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Methods for deriving functional equations (FE)

FE from recurrence relations

For fixed j, to obtain functional equation two conditions must be fulfilled:

anl = 07
92, = 0. 1)

Integral 1 depends on n(n -+ 1)/2 kinematic variables and masses. |.e. 1\ depends on
n more variables than the integral ln(i)l. The system (1) can be solve by choosing s, my .

This method is difficult to use for multiloop integrals. Recurrence relations for integrals
depending on many scalar invariants and masses are to be derived.
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Methods for deriving functional equations (FE)

FE from algebraic relations

The simplest is the method based on algebraic relations for propagators.
The following algebraic relation between the products of n propagators was discovered:

where

Dj = (ko — p)° — mj + in.

This equation can be fulfilled for arbitrary ki by imposing conditions on x;, mo, po.
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Methods for deriving functional equations (FE)

Algebraic relation for propagators

Example:

1 o X1 + X2
D:D,  DyD, ' D:iDy’

Multiplying both sides by DyD; D, we get:
(ki = po)* — mp = xa[(k — p1)* = mi] + (ki — p2)* — 3]
or
(1= —xe)ki + 2ki(xap1 + xep2 — po) + pi — my + xa(mi — pi) + xe(m5 — p3) = 0.
Assuming that k; does not depend on p; we obtain system of equations:

1-xa—x =0, xip1+xp—po=0, po—ms+x(mi—pi)+x(m;—p;)=0.

This system can be solved for x;,mg, po.
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Methods for deriving functional equations (FE)

Algebraic relation for propagators

Considering p; as external momenta and integrating w.r.t. k1 we get functional equation.

dky dy, 2 2 2 2

—>/( )(ml,m2§512)—><1/ (mo,m2,502)+X2/ (m17mo;510),
Dy D,
d
d“k, (d), 2 2 2. A2 2 2

_>I3 (m17m2,m3152375137512)_X1I3 (m07m27m3v52375037502)
D1 D, D5

2 2 2
+ x2SV (m3, m3, m3; se3, s13, 510) + x3 7 (m3, m3, m3; 520, 10, 512).
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Methods for deriving functional equations (FE)

Algebraic relation for propagators

For the product of n propagators the following system of equations holds

n n
po:ZXJPJ fo :17
j=1 r=1

n

mg —Zkak—i—Zij Xkskj = 0,

j=1 k=1

where 2
si = (pi — pj)"-

Solutions of this system of equations will depend on n — 2 arbitrary parameters x; and
one arbitrary mass mg.
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Methods for deriving functional equations (FE)

Algebraic relations for deformed propagators

Similar algebraic relations can be obtained for products of deformed propagators:
D; = ajki + Z bjrkipr + ¢,

where aj, bj, ¢; are arbitrary constants.
Algebraic relations with deformed propagators were used to derive FE for the two-loop
vacuum integral with arbitrary masses.
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The meaning of algebraic relations for propagators

Some comments on the imposed conditions:

1. The condition po = Y ) xxpx means that the Gram determinant made of the set of
vectors po, pi1, ... is equal to zero. But this is not enough for constructing functional
equation!

2. Due to the Lorentz invariance the integral on the left-hand side of the functional
equation depends only on the differences of the momenta s; = (p; — p;)?, i,j = 1...n.
The integrals on the right-hand side also must depend on the same differences, i.e. there
should be no p?, p3, .... This requirement is fulfilled if

Z xx = 1.
k
Examples:

E((pr — p2)?) =3 B2((po — p2)2) + 32 B2((po — p1)?)

(Po = p1)* = (1= x —)[(L — x1)pi — xep3] + xe(1 — x1)si2,
(po—p2)’ = (1= x1 — x)api + (1 —x)p3] + x(1 — x)s12,
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The meaning of algebraic relation for propagators

Ifgd)(szs, 513, 512) = X1/3(d)(5237 503, 502) + X2I3$d)(5037 S13, 501) + X3/3(d)(502, So1, 512)

so1 = (po — P1)2 =1 +x2+x3—1)[(x1 — 1)Pf + X2 Pg + Xapg]
—xa(x1 — 1)s12 — x3(x1 — 1)s13 — XoX3523,
s02 = (po — p2)* = (a + xe + 3 — Dapi + (xe — 1)p3 + xap3]
—x3(x0 — 1)sp3 — x1x0813 + x1(1 — x2)s12,
s03 = (po — p3)2 =(x1+x+x— 1)[X1Pf + x0p5 + (1— X3)P§]

+x2(1 — x3)523 + x1(1 — x3)813 — X1X0512.
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The meaning of algebraic relations for propagators

It turns out that if the Lorentz condition 1 — ZJ'.’ZOXJ- = 0 is fulfilled then the Gram
determinants for each integral on the r.h.s. are proportional to the Gram determinant on
the l.h.s.

KD ((pr — p2)?) =51 KD ((po — p2)%) + %2 £((po — p1)?)

g2 = —4s12, g2 = X12g127 goi=(1— X1)2g12,

/3<d)(5237 513, 512) = X1 /3(11)(5237 503, 502) + X2/3fd’(503, 513, 501) + X3/3(d)(502, S01, 512)

2 2 2
g123 = 251 + 2513 + 2533 — 4512513 — 4512523 — 4513523.

2 2 2
823 = X1 8123, 8103 = X3 8123, &120 = (1 — x1 — x2)“ G123,

This means that the Landau singularities at gj... = 0 are located at the same position for
all integrals in the functional equation.
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The meaning of algebraic relations for propagators

3. The fulfillment of the third condition

n n
2 2
my — E Xk M + g E Xk Xjskj = 0,
k

Jjok<j
leads to the proportionality of the modified Cayley determinants A,(pi, pj,...) = Nj...
for all integrals in the functional equation.
Examples:
Iz(d) : /\02 = Xlz)\12, )\02 = (1 — Xl)z)\u,
A2 = 7m41‘ — mg — 552 + memg + 2512m% + 2512m§,
/3(d) © Xoos = X Aazs, Ao3 = X3 Ai2s, Azo = (1 —x — X2)2>\1237

M2z = Y1 Yoo Va3 4+ 220 Yas Yis — Y3 Yoo — Y3 Va3 — Ya3 Yiu,
Y,--:m,?—l—mf—s,-j.

Landau singularities for vanishing Cayley determinants are located on the same surfaces
for all the integrals in the FE.
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Comparison of the FE for polylogarithms and Feynman integrals

Derivation of FE for Feynman integrals to some extent reminds derivation of functional
equations for the polylogarithms Li, (x).

Derivation of Kummer's type functional equations from the ansatz ( G. Wechsung,
Wiss.Z. Friedrich-Schiller Univ. Jena Natur. Reihe, 14 (1965) 401-408):

Z aiLin(fi(2)gi(w)) = E(z, w), (2)

where a; are constants, f;, g;i — rational functions, £ may consist of functions with
arguments depending either on z or on w.

Equations (2) share a common structural property:

f(z), g(z) are automorphic functions with respect to subgroups of a finite group of linear
automorphisms.

— This invariance restrict the form of arguments and the number of terms in the ansatz.

— The coefficients a; in (2) were determined requiring cancellation of singularities on the
I.h.s. coming from Li,(x) at x =1
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Comparison of the FE for polylogarithms and Feynman integrals

Similar properties reveal in derivation of FE for Feynman integrals:

— Lorentz invariance of FE for Feynman integrals restricts the form of arguments and
location of Landau singularities.

— Cancellation of all types of Landau singularities gives additional condition on
parameters X;, mg.

Observation : for the one-loop integrals the ratio of the Gram and Cayley modified
determinants for all integrals in the FE remains the same:

g2 _ gn _ 8o
Az A Aw’
8123 8023 _ 8103 _ 8120

A3 Aoz A3 Ao

The same is true for integrals with 4-,5- and 6- external legs.
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Comparison of the FE for polylogarithms and Feynman integrals

Based on these observations one can propose most general functional equation for
Feynman integrals

B (i}, {s}) = D x(d, {mi}, {5 DI ({mi}, {5})

p
This functional equation should respect:
@ Lorentz invariance
@ invariance with respect to change of variables
sj — Sij = R({sk}, {mn})
@ cancellation of different types of Landau singularities
@ invariance of the ratios gij... /Ajj...

@ invariance with respect to shift of dimension d — d + 2.

Work on this ansatz is in progress.
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Solution of functional equations

Integrating algebraic relations directly or multiplying it with some weight and then
integrating we can get in general relationships for multi-loop, multi-leg integrals
depending on different kinematic variables.

What are these relationships?
Can we treat them really as functional equations and solve them?
The answer is yes!
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Functional reduction of integrals

A functional equation is an equation which involves independent variables, known
functions, unknown functions and constants. Very frequently the equation relates the
value of a function (or functions) at some point with its values at other points.

In general solving functional equations can be very difficult, but there are some common
methods of solving them. Systematic enumeration of such methods with examples is
given in

Castillo, E., Iglesias, A., Ruiz-Cobo, R.,

Functional Equations in Applied Sciences,

Elsevier Science, Mathematics in Science and Engineering, 2004.

For solving FE for Feynman integrals the following methods, described in this book, can
be used :

1. Replacement of variables by given values

2. Transforming one or several variables

3. Using a more general equation

4. lterative methods

5. Mixed methods

To some extent all these methods can be used in finding solutions of FE for Feynman
integrals.
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Functional reduction of integrals

Let's consider one-loop propagator type integral. Integrating algebraic relation

1 _ X1 + X2
D1D2 o DOD2 DlDO

w.r.t. ki yields:

(m17 m§,512) - Xll( (m2a mg,SQO) + X2I (m%a mgaslo)a

where

dk 1
B (m2, m3; 512):/. ! -

ind/2 [(ki — p1)? — mi + in][(ku — p2)? — m3 + in]”

2 2
. m; — mi + S12 TRY 4s;omi — A2 o = 1 x
1= 2 =1-x
2512 2s12 ’ ’

2s12(m? + m3) — X ms—m? — s/
S10 = (Pl — p0)2 = 12( 1 0) 12 + 2 ! 12 4512m0 A2,
251 2s12
2s12(m3 + m3) — X m3—m?+s
s0 = (p2 — p0)2 = 12(m3 0) 242 ! 2 \/4512m0 A12,
2512 2s12

2 4 4 2 2 2 2
Aij = —sj — m; —mj + 2s;mj + 2s;m; +2mi;m;.
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Functional reduction of integrals

We will consider this equation as a FE for the function \”)(m?, m?, s1) and will solve it
by the method similar to that was used for solving Sincov's functional equation

f(X>y) = f(Xv Z) - f(y7 Z)‘
Setting z = 0 in this equation, we get the general solution
f(x,y) = ely) — g(x),

where
g(x) = f(x,0).

l.e. we expressed the function f(x, y) in terms of its * boundary values' .

In the same way, setting my = 0 in the FE for /2(d) we get its solution
I2(d)(m§, mg, 512) = Ylléd)(mg, 0,?20) + ?gléd)(m%, O,gm)7

where

Xi = Xl momos i = Siilmy=o -

Integral with three variables was expressed in terms of integrals with two variables.
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Functional reduction of integrals

One can check that the obtained solution satisfies initial FE for Iz(d) with arbitrary mo.
Substituting solution into both sides of the equation

K (m3, m3, s12) = xa K (m3, mi, s20) + x5 (mf, mi, s10),

we obtain two terms on the left - hand side and four terms on the right - hand side of
the equation. After simplifying arguments, we find that on the right- hand side two terms
with arguments depending on my cancel and the remaining two terms cancel two terms
on the left-hand side. With arbitrary m? this check is not quite trivial because we must
substitute into

_ m3 — m? + sp j:\/—Alz

X1 =
2s12 2s12

, ?2:1771,

510,520 instead of sio.
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Solution of FE for Feynman integrals

Solution of FE will be expressed in terms of ratios of modified Cayley and Gram

determinants:

Yi Yi2 ... Yi
Yo Yo ... Yo i ,
Ap = Ap({pr,mi}, .. {pn, mn}) = . . ) o, Yij=mj +m; —s;
Yin Yon ... Ym
511 512 e 51 n—1
Sa1 S» S So no1
Gn-1 = Go-1(p1, ..., pn) = =2 . . . s Sij = Sin+ Spn — Sjj,
Sn—l 1 Sn—l 2 e Sn—l n—1

We will use also an indexed notation for A, and G,_1
ity = An({piw mf1}7 {pfza mfz]'? B {ana min})?
Bivip...in = nfl(Pi17Pi27--->Pi,,)~

In what follows solutions of FE will be expressed in terms of

Aij...k G- 0 rj. .«

lijo.k = ———, ...k — 2
8ij...k Y oms;,
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Vertex type integral

Let's consider integral with 3 massless propagators:

do% 1

19 (s ,813,512) = | ——H 5 5 5
57 (523, 513, 512) indl2 Py P, P

where

Pi=(ki—p)’+in,  sj=(pi—p)>

k1 —po

P23
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Vertex type integral

In order to obtain FE for this integral we will use relationship for 3 propagators

1 o X1 + X2 + X3
DiD,Ds  DyD,Ds ' DiDyDs  DiD>Dy’

where
D= (ki—p)*—m;+in,  po=xp1+xp+ xsps,
Integration of this relationship with respect to k; yields FE:

I(d (m m2. m2 _ 1D (2 2 2
1, M2, M3; 52375137512)—X1 3 (mo,m2,m3, 52375307520)
dy, 2 2 2
+ x2 /( )(m17m0,m3; 30, 513, S10)

P
+ X3 I3 (mi, m3, mg; 20, 510, 512)-
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Vertex type integral

At mi = mp, = m3z = mg = 0 from this equation we get FE for the integral with massless
propagators

Ig(d)(O,O,O; 23, 13, q12)
=z £7(0,0,0; gz, 930, G20)
+ 2z Igd)(0,0,0; 430, q13; G10)
+z Igfd)(07070; G20, 10, q12)-
where
g0 = g13 — Q1321 + (Cl12 — q13)22,
G20 = Go3 + (12 — g23)z1 — 223,

g30 = Q1321 + q232>.
and the following equations to be hold:

n+zn+zn=1,

Z2122q12 + 2123G13 + 2223G23 = O.
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Vertex type integral

In order to obtain solution of this equation we use more general equation. Such an
equation we get by setting m; = m> = m3z = 0 and keeping arbitrary m? in the equation
for the general mass case
d
/3( )(0,0,0: 23, 513, S12)
dy, 2
=x1 /3( )(mo,0,0; 523, 530, 520)
d 2
+ X2 /3( )(07 my, 0; s30, 813, S10)
d 2
+ X3 /3( )(0,0, mg; 20, S10, S12)-
where
2
s10 = My + s13 — s13x1 + (512 — s13) X2,

2
S0 = My + 23 + (S12 — S23) X1 — X223,

2
S30 = My + S13X1 + S$23X2.
and the following conditions must be satisfied:
x1+x +x3 =1,

2
X1X2 S12 + X1X3 S13 + Xox3 S23 + mp = 0.
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Vertex type integral

To solve this FE means to express the integral I3(d)(07 0,0; s, 513, 512) in terms of
functions with fewer variables.

By choosing arbitrary parameters we will try to express integrals in the right—hand side in
terms of integrals with lesser number of variables. This means that we can try to impose
some conditions on new variables s, mj like

si0=0, s10—50 =0, s10—50=0, s0=0, s0—50=0, s3=0,

sio—512=0, s0—52=0, s30—512=0, s10—53=0, 50— =0,

s00—53=0, swo—s53=0, $0—53=0, s30—53=0, s10—mp=0,

sgofmS:O, 530,,"(2):07 SerngO7 520+m(2):0, S3o+m§:O.
We considered 1330 systems of equations, each consisting of 3 equations composed out
of the above 21 equations

In 35 sec of CPU time, 7 solutions without square roots of Gram determinants were
discovered.
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Vertex type integral

Substituting these solutions into the FE we found that one of them gives the most
compact and simple relationship:

I3(d)(0a070; 3, 513, 512)

1) (d
=r1(2% g)

(h123, 523) + riay €57 (1123, s13) + riag €7 (pazs, s12),

where

fgd)(llm% sij) = /3(d)(07 0, t123; — p123, —f4123, Sif),

Jn _ O ri SISk Sk
ik = 2 = — ijis
am" mj=m;=m; =0 Sik Sjk

SijSik Sjk
b
55 + si2k + SJZk — 25,’1'5,'/( — 2Siijk — 25ik5jk

I —
Hijk uk|m,:mj:mk:o

Thus, we expressed integral depending on 3 variables in terms integrals depending on 2
variables.
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Vertex type integral

We can check that the obtained solution is a solution of the initial FE:

/3(d)(0, 0,0; go3, q13, g12)
=2z /3(d)(0,0,0; §23, 430, G20)
+ 2z /éd)(0,0,0; q30, G13, G10)
+ 2z /3(d)(0,0,0; G20, G105 G12)-
Substituting the solution into the left —hand side and the right —hand side of this
equation we obtain 12 terms. After algebraic simplification, taking into account algebraic

conditions on z- parameters, we found that 6 terms with one arbitrary parameters z on
the right —hand side cancel. The remaining 3 terms cancel 3 terms on the left —hand side.
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Vertex type integral

d . . . .
Integral £§ )(m2, qZ) can be evaluated as a solution of simple dimensional recurrence
relation:

(d —2) &7 (m?, ¢*) = —2m® £V (m?, ¢%) — £57(P),

where , J
3/2( ~2\2-2
@(g2) = 1 D0 0 o) = T (=)
62 (q) 2 ( I aq) 2d*3r(d§1)sm”—d’
and
52:q2+4in, r7;2*m27111

d—2 ~2
(dy; 2 2y _ 1 (), 2 1,%5=; —q
s (mha) =5t (@) QFl[ e, 4572}

—+

(d=26"(m*) | (|, @+ VPP +4m)
2m?\/q*(q? + 4m?) .
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Box type integral

Let's consider integral with 4 propagators:

yd | 1
/( )(m2 m2 m2 I‘T12' S12, S23, S34, S14, S24 513) = i S S
1 2 3 4 - .
4 ’ ’ ’ ’ ’ ’ ’ ’ I7Td/2 P1P2P3ID4

where

Pi=(ki—p)’ —mi+in,  sp=pj  Pj=pi—p

P12 ki — po P23
ky —py ki —p3
Pa1 ki — 4 D34
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Box type integral

To obtain FE we use relation for product of 4 propagators:

1

X1 X2 X3

D1D>D3 Dy - Do D> D3 Dy + D1 Do D3 Dy + D1 D> Do Dy + D1D,D3Dy’

where

and parameters x;, Mo

x1 +

X1X2512 + X1X3513 + X1X4514 + X2X3523 + X2X4524 + X3X4534

Po = x1p1 + Xop2 + X3p3 + X4p4,
obey the following conditions:

X0+ x3+ x5 =1,

2 2 2 2 2
—Xx1mj — xom5 — xamz — xamy + mg = 0.

Integration of this relationship with respect to k; yields FE:

/()

4

2> 2 2 2
(mi, m3, m5, my; S12, 523, 534, S14, S24, 513)

o I(d) 2 2 2 2
=1 I, (mg, my, m3, my; 20, 523, S34, Sa0, 524, S30)

+ 30 [D(m2, m3, m3, m3; s10, 30, 34, S14, 540, 513)
2y (M1, mo, m3, mi; Sio, S30, S34, S14, Sa0, S13
+x3 [D(m2, m3, m3, m3; 12,520, Sa0, S14, S24, S10)
3 1y ' (mi, my, mg, my; S12, 520, S0, S14, S24, S10

2 2

I(d) 2 2,
+ Xxq I (ml,mz,m3,m0, 51275237530751075207513).
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Box type integral

At mp = my = m3 = ms = mp = 0 we have FE for massless integral lid)

Iéd)(o7 0,0,0; gi2, G23, 34, G14, G24, G13)
= z /fd)(0,0,0,0; G20, 423, G345 G40, G24, G30)
+2z /id)((], 0,0,0; g10, G30, G34, 14, G40, G13)
+z3 /A{d)(o, 0,0, 0; g12, G20, G40, G14, G24, G10)
+ 2z I}d)(0,070,0;Q12,Q23,<73o,q107q20,CI13)-
In this case
G0 = qua — quuz1 + (g2 — z14) 22 + (q13 — Gua)z3,
G20 = qoa + (12 — qoa)z1 — 22524 + (Go3 — qoa) z3,
930 = G4 + (q13 — gaa)z1 + (G23 — G34)22 — G3az3,
Qa0 = Q1421 + Q2422 + §3423,
and the following conditions to be hold:
nt+zntzntza=1,

Z120 Q12 + 2123 Q13 + 2124 Qia + 2223 Qo3 + 22024 Goa + 2324 q3a = O.

0.V. Tarasov (JINR) Derivation and solution of functional equations for Fe 36 / 48



Box-type integral

Further reduction is possible. Again we used more general equation and computer search
of solutions of systems of equations. Second step of functional reduction gives:

By (1a; i, Sik, Sik)

i d
= ¢

j d k d
(huiir a5 5i) + 1) €67 (e, pai si) + ) €47 (i, as si),

where
(), . el — l(d) 0.0. u: e s I _ _ .
& (i poas sip) = 1,7(0, 0, puijicy fha; Sijy — fhijks fhijk — Fa, —fha, —fia, — fLijk)-

Ha = 1123] py eno

The function with 4 variables was expressed in terms of function with 3 variables. Two of
them are 'effective masses’.
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Box-type integral

Combining formulae obtained on the first and second steps of reductions we find that
one-loop box type integral with massless propagators depending on 6 variables is a
combination of 12 integrals depending on 3 variables.

la(s12, 523, S34, S14, S24, S13)

3
= YSQ [fa(i)a 4 (M234»M47534)+ ’2(34)15 )(M2347M41524) + f234§4 (M2347M47523 }

)

1) o(d 3) o (d

+r1234 [r1(3z)154(1 )(M134,M47 S34) + r1(3z)1§z(; )(,u1347 Ua, S14) + rf;‘i&i (11134, pas 513)]
(3) d)

T 1234 r12454 (U124aﬂ47524) + ’12454 (N1247.“47514) + ”12454 (K124, ta, S12)

+ri [rl(g{ﬁd)(ng,m,sm) + rE (s, pa, 513) + rpel’ (u123,u47512)] :

We checked that this formula is a solution of the FE containing Iﬁfd) only with massless
propagators. Substituting the above solution into the left —hand side and the right— hand
side of the FE with two arbitrary parameters gives 60 terms. After nontrivial algebraic
simplification 36 terms on the right —hand side cancel and the remaining 12 terms cancel
12 terms in the left — hand side.
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Box-type integral

d . . . .
To evaluate @(1 ) we used simple dimensional recurrence relation

d ~ (d d
(d - 3)51(1 {2)(M37 a, SU) = _2/‘451(1 )(M37 a, SU) - gg )(N’?’ﬂ SU)‘
Exploiting the method similar to that used for égd) we get

1 d (d)
(d) oy ™M (§ (na) | (172)
S (k3 pai si) 2,2 (%2) (sU—|—4u3)Z "\1+z

22028 o (u)QF{ b ;7 1—@]|n<1+ﬂ>

ApzpaR Ha

1
1 13 2 (d) d-31 d—1 —5; —?,j
= ~ ij F; 77717 VT~ ) T~ .
- 2u3pa <s,-j+4u3) RSN 2

where

si(ua — pz) \V°
sij(sij + 4413) Z= <u4(5"+4u3)>
if

and F; is the Appell function. Numerical comparison of our result for

Iéd)(slg., 23, S34, S14, S24, 513) With the result obtained by using package SecDec reveals
perfect agreement.
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Pentagon type integral

Now let's consider pentagon type integral:

d 2 2 2 2 2
/5( )(m1,mz,m37m4,ms;51275237534,5457515,5137514,524,525,535)

[ d% 1
o I'7'l'd/2 D1D2D3D4D5.

where

D; = (kl — p,')2 — I'I“I,2 +in, Sj = Pi2j7 pi = pi —

P23

P12 P34

k1 —p1 k1 — s
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Pentagon type integral

To obtain FE we use relation for product of 5 propagators:

1

D1D>D3D4Ds
X1 X2 X3 X4 X5

~ DoD2DsD4Ds + D1 Do D3 D4 Ds * D1 Dy Do Dy Ds + Dy Dy D3 Do Ds + D1 D, D3 D4 Dy
Integration of this relationship with respect to k; yields FE:

dy 2 2 2 2 2 .
(m17m2,m3,m4,m5,512,S23,534,S45,515,513,5147524,525,535)

_ I(d) 2 2 2 2 2

= X1 (mo,mz,m3,m4,ms,520,523,5347545,5507530,540,524,5257535)

—|—X2/

+X3

2 2 2
m17m07m37m47m5,510,530,534,5457515 513,514,540,5507535)

2 2
m17 m27 Mg, My, m5, S12, 520, 5S40, S45, S15, S10, S14, 524, S25, S50

2
m1, m27 fT737 My, mo, S12, S23, S34, S40, S10, S13, S14, S24, 520, S30 ) -

A

t )
+X4 (m17 m27 m3, mo7 m5, S12, $23, S30, S50, S15; S13, S10, 520, 525, 535)
+xslg”( )
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Pentagon type integral

Setting all masses mf = 0 we get FE for the integral I5(d) with massless propagators

/s(d)(o, 0,0,0,0; gi2, g23, G34, Gas, G1s; 13, G14, 24, G25, G35)

= zlls(d)(07 0,0,0,0; 920, 923, 934, Gas, Gs0, 430, G40, G24, G25, G35)
+22/5(d)(0, 0,0,0,0; 10, G30, §34, qas, G15; G13, 14, G40, G50, G35)
—|—23l5(d)(0, 0,0,0,0; g12, G20, G40, Gas, G15, G10, 14, 24, G25, G50)
+Z4/5(d)(0, 0,0,0,0; gi2, ¢23, 30, G50, G15; G13, 10, G20, G25, G35)
+25/5(d)(0, 0,0,0,0; gi2, ¢23, 34, Gao, G10, 13, 14, G24, G20, G30)-

To solve this FE we will use more general FE setting in the initial one

m} =m3 =mi=mj; =m: =0, keeping m3 # 0
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Pentagon with off-shell momenta

The one-loop massless pentagon integral depending on 10 variables was reduced to 60
integrals depending on 4 variables:

d
( )(512,523,534,545,515,513,5147524,525,535)

=[r 23)457233)4 é )(r 234, F2345, [l S24) JF755;)457223)452(1)(723%72345:ﬁ57 S34)

Jrr2345 23555 ( r235, 12345, fI5, $23) + T r2345 235 5 ( F235, 2345, s, $25)
—|—rg345r235£5 )( F235, F2345, I, S35) + T r2345r245 5 ( Fo4s, 2345, [l S24)
+r233£57245 5 )(7 245, T2345, [, 525) + T "2345 24555 ( 245, T2345, [, 545)
+r223)457345 5 )( F345, T2345, s, $34) + f2345f3455 ( T345, 72345, [, S35)
P s TomsEn”) (Faas, Psas, Tis, Sa5) + PosgsTomsln- (Fasa, Fasas, T, 523)]Fisaas

+ 4 similar sets of terms where

d
fé )(/LL3HU‘4HLL57UU)
_ l(d) 0.0 . _ _ P _ _ _ _ _ _
5 (/’L57.u47 , U, U3, Ha M5, —Ha, Ujj, — 3, 43 M5, — M5, — 5, — 4, 13 Ha, ‘LL3)
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Pentagon type integral

The on-shell case:
s12=0, s:3=0, s3=0, 545 =0, s55=0
Solution of the FE reads:
I5(d)(07 0,0,0,0, 513, S14, S24, S25, S35) = “rﬁ%45F(d)(ﬁ5; 0,0,0, sy, S25, S35)
+ Foras F9 (115:.0, 0,0, 514, 513, 535) + Figsas F ¥ (7i5; 0,0, 0, S14, 524, 525)
+71(245F(d)(;75; 0,0,0, s13, 535, S25) +7§2%45F(d)(ﬁ5; 0,0,0, s13, 514, S24)

where
F(d)(ﬁs; 07 0, 07 Sik y Sin SJ”)

> (d ~ > (d ~ > (d ~
= *Sinpijknﬁg)( )(Sim ijkns [b5) + Sjnpijkn§5( )(Sjn, Lijkns 45) + Sikpijkn§5( )(Sik, Lijkns 115 )
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Pentagon-type integral

The function é;(d)(s,',,, ijkns [15) 1S Iéd) integral with one massive line

éd)(sim [ijkny ﬁ5) - l5(d)(07 07 Oa O> ﬁ5; 07 07 O> _/757 _lj57 Siny Wijkny [ijkn, _ﬁ57 _/75)7
where
1 ~ Js
Mijkn = SikSjnPijkn, Pijkn = m7 H5 = _57

and Js, gu are the on-shell values of As, Ga:

05 = —2513514524525535,
8a = 254535(2513524 — 2513525 — $24535) — 4(S25 + 535) 513514524

— 2533(524 — S25)° + 2(S25 — S35)514[ 2525513 — 2524535 — (S25 — S35)S14)-

The on-shell massless pentagon type integral depending on 5 variables is a combination

of 15 integrals depending on 3 variables.

45 /48
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Pentagon type integral

Analytical result for the most elementary integral
& (s13, s14, m*) = 1£9(0,0,0,0, m*;0,0,0, —m?, —m?, 513, s14, 514, —m°, —m°),
can be obtained as a solution of a simple dimensional recurrence relation:
(d - 4)5(5‘”2)(513, Sia, m2) = —2r772§~(5d)(513, S14, m2) — /id)(sm, s1a),
where

11 (513, 512) = 1£%(0,0,0,0:0,0,0, 514, 514, 513)

4Hd-3) @ 1,94 S (d —3) ) 3
= T onse(d—4)" F: d-3 ~ | — | 1——=—.
si3s(d — 4) 2 (o) % ;. Sia S1351 2 (s14)In S14
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Pentagon type integral

For the case of [313/4/m?| < 1, |514/4/m?| < 1, the solution is:

. d—3 —2;
lgfd)(m2;513,514):Ifr,d)(m2;513,514)+u { 3 ' 514}

m2 513514 m2

2 1,44

2££d)(513) F 1.1 1 d—4 d-— 1 §14 —§13
S13m? (514 + 4m?) 2T 27 2 s 4+-4m? Am? )]
where
—(d), 2 (d — 2)(d — 4)tW (d), 2 w 1 5
/ ; 513, = (—) — - = .
5 (m S13 514) 4m3(1 . t)Q(W2 _ 1)51 (m ) ¢ t + ¢(tW) 2¢(W) 2 In“t
Here
@(x) = Liz(x) + InxIn(1 — x),
t:1+§13+R13 W_1+§14+R14 (d)(mz)__ 7T(~2)%_1
2m? a 2m? ! - r(%) sin"%d7
G°=q" +4in,
Derivation and solution of functional equations for Fe



Conclusions and outlook

Conclusions and outlook

Lorentz invariance and cancellation of Landau singularities between different terms
determine form of functional equations for Feynman integrals

Solution of FE significantly simplify analytic evaluation of Feynman integrals.

o Master integrals are not the simplest integrals. By applying the method of functional
reduction master integrals can be reduced to elementary integrals.

The next direction of investigation will be functional reduction of multiloop integrals.

@ New ansatz for FE respecting different invariances is under investigation
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