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Variational Principle in Class. Mech.

[ m( e OPTIMIZATION
(%)=, 2( it j —V(x(1) mmmm=)  Newton equation

X(t,)=a, X(tz)=b



Path Integral Approach

(a\b) = _TI[DX] exp(il ) mmmm) All paths contribute!




Even quantum path still satisfies
the law of optimization.

To see this, we need to extend the formulation of
the variational method.






Punip cruises

Optimized path ?




Optimized path ?




Optimized path ?




Optimized path !




We cannot follow
the optimized path!!
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Effect of variableshm
which we cannot
control.

(X )—j dt[ (d);it)j -V (x (t))} mmmmmm) Newion 2quation
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Nelson, Quantum Fluctuations (Princeton, NJ: Princeton University Press, 1985)
* Guerra and Morato, Phys. Rev. D27 1774 (1983)
* Pavon, J. Math. Phys. 36 6774 (1995)
» Nagasawa, Stochastic Process in Quantum Physics (Bassel:Birkhaeuser, 2000)
* Cresson and Darses , J. Math. Phys. 48 072703 (2007)
* Holm, arXiv:1410.8311 [math-ph]

Stochastic Variational method

is one approach to calculate optimization
including such a fluctuation.



'Formulation of SVM
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Definition of velocity!

5 Important steps
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Veloci oty
dr(t) =r(t+dt)—r(t)

‘ = (idt




CLASSICALTRAJECTORY

.

Velocioty

dr (t) = F(t + dt) — F(t)

‘ = tdt

noise intensity

dr (t) = U (r(t), t)dt +21)- dW (t)
> () =

Gaussian white noise
(Wiener process)
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~ Bernstein Process
/

Forward stochastic differential equation (dt = O) —

dr(t) = U(F(t),t)dt +/2v - dW (t)

i

-
/ -_qe

Backward stochastic differential equation (dt < O %“_

- F = G(F(t), t)dt+/2v - dW (t) -

We employ the variational procedure to determine
these unknown functions.




1ition
p(X,t)=E[s(X—F(t))]

~“Consistency Con

The Fokker-Plank equation (forward)

O p=-V(U-W)p =

The Fokker-Plank equation (backward)

8tp:—V(ﬁ+VV)p -

2

||_ [ U= (_f +2WIn yo, ] Caticha, JPA44, 225303(2011)

Kodama&Koide, arXiv:1412.6472

These two should be equivalent




Time Drivative Operations

Because of the two different definitions of velocities,
we can introduce the two different time derivatives.
(Nelson)

Mean forward derivative Dr =uU

2

Mean backward derivative DF =(



~ Partial InteW

CLASSICAL
j dt =[X (b)Y (b) - X (a)Y (a)] - j dtX - O(';t(
STOCHASTIC 1

” [ dtE[(DX)-Y]
= E[X (b)Y (b) - X (a)Y (a)]—j:’ dtE| X - (DY) |

See, Koide et al., arXiv:1412.5865.



MormulaW

This is a kind of Tayler expansion for stochastic variables.

dr = udt
Taylor
df (F(t),t) =dt[o, +u- V] f (F(t),t)+O(dt?)

a dr = Gdt +~/2vdW

Ito

df (F(t),t) =dt| 8, +u-V+ W7 | £ (r(t),t) +~/2vVf -dW
+O(dt?)
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Let’s apply!!
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"Alea iacta est”




~Stochastic Representati

ction

Classical action _jdt[ (dr(t)j —V(f(’[))}

For example

We consider 3)

Stochastic
action

jth{m = ;(Dr) —V(f)}

~

J




" Stochastic VM

[ ST ror
5@ dtg E[(DF)- (DF)] = mj:th [(DF)-(DST)]
= m?th[U-(DéF)]

= —mi dtE [Duw]

[ Ito formula Bl (8t +G-V—VA)G ]




~ Variation of Actio

51 =0 = [ (8t+Um-V)Um—2v2V(,01’2V2\/;)=—%VV(F)]




/ iation of Actio




/ iation of Action

51 =0 = [ (8t+Um-V)Um—2v2V(,01’2V2\/;)=—%VV(F)]

7

0 =(U+0)/2

m

(6, +10,-V) when 1 =0 =) The Newton lefuation
i

—U. =——VVI(r
dt m (r)

S|




~ Variation of Actio

51 =0 = [ (8t+Um-V)Um—2v2V(,01’2V2\/;)=—%VV(F)]

= 7

am=(u+ﬁ)/2/

(8t+Um-V):% when v =) == The Newton eguation

The dynamics of p is given by the FP equation.

o p=-V(Ui-W)p=-V(pl,)



rivation of Schrodinger Equation

—

Introduction of phase va=u_I(2v)

Eqg. of [ b 1
vz?riation 8t9+v(V9)2 _V(P 1/2V2\/;)+EVV =0

= i9
Introduction of wave function P = \/;e

Yasue, JFA 41, 327 ('81)
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The Schrédinger equation



/t;fo re

The Newton equation The Schrédinger equation



_ Canonical Quantization an

optimization daL oL -0

——> dtor or

LEGENDREHRANSFORIVI
f={r,H }P

optimization °
p - { P, H }PB

p=oL/or



/ nonical Quantization an

SVM

optimization doL oL

— ﬁ:dt or  or

LEGENDREHRANSFQRM canonical quantization
i ={r, H}

e 2 PB
optimization —)l[f,I-AI]
—> i
; P :{p’ H}PB

p=0oL/or —>%[|5,I-AI]
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/ nonical Quantization an

SVM
optimization doL oL
——> Jf dtor or
D oL @L
G(Dr) o(Dr) or
LEGENDREHRANSFQRM canonical quantization
t={r,H}

. . . PB
optimization —)l[f,I-AI]
—> .
' - p:{p;H}PB

p=0L/aor —%[fm]



- Noether Theorem







~Invariance for | ation

—— : dtE[ L(F + A, DF, BF) |-



If the action is invariant for the spatial translation,

conserved momentum operator!

. /

= E| DF +Dr | = j d*x ¢ (X,t)(—i70,) (X, 1)



As approximation method




Classical Many-Body Dynamics

& »

coase-grainings

——————>

Positions and velocities Mass density and
of all particles velocity of fluid




Classical Many-Body Dynamics

» 4
5_‘# H & V.

coase-grainings

——————>

Positions and velocities Mass density and
of all particles velocity of fluid

classical classical
variation variation

N-body

Ideal fluid eq.
Newton’s eq.



Classical Many-Body Dynamics

» 4
s_lﬁ S & V.

coase-grainings

——————>

of all particles velocity of fluid

cIa§S|paI SVM cIa§S|F:aI SVM
variation variation

N-body N-body Ideal fluid eq. 2
Newton’'s eq. Scrodinger eq.

Loffredo&Morato, JPA40,8709(°07), Koide, arXiv:1412.6321

{Positions and velocities ] { Mass density and ]




Classical variation of fluid
Action of (ideal) fluid

1(p,, V) =f dtjdsx{p“" (Zi’t) VA (X,t) —&( oy )}

- f

Mass density Internal energy density

Classical variation

Euler equation
4 )

1 d g
0. +V-V)V=—-VP P=-—
( t ) Pwm d(llpM)[pMj

- \ J

Pressure




Application of SVM

Applying SVM to the same action of (ideal) fluid,

Noise intensity Koide&Kodama, JPA45, 255204 (*12)
1 -
B / ]‘ d < } V&= 2— Um
i@tgﬂ — _VA + 7 gD 4 _
i 2V dIOM ) P = \/;elg

When we choose

4 2 )

h - oy 1 Jo,
y = v 2w 2y |—M|
oM £lpn) =V )T +5Us |

? t )

guantum fluctuation external force two-body interaction

o




Application of SVM

Koide&Kodama, JPA45, 255204 (*12)

. K )
|hat§0: —NA-FV +UO‘(D‘ @

Gross-Pitaevskii
equation

The Navier-Stokes-Fourier equation
also can be formulated in SVM.

A\ -



Concluding Remarks

SVM is a useful method of for quantization of non-
relativistic particles and bosonic fileds (Klein-Gordon,
Abelian Gauge).

T. Koide and T. Kodama, JPA45 255204 (2012) , arXiv:1306.6922, arXiv:1406.6295

SVM is applicable as a method for coase-grainings of

dynamics (Navier-Stokes, Gross-Pitaevskii).
T. Koide and T. Kodama, JPA45 255204 (2012)

The Noether theorem
T. Misawa, JMP29 2178 (1988)

The uncertainty relations
T. Koide and T. Kodama, arXiv:1208.0258

Classicalization of quantum variables
T. Koide, arXiv:1412.6321



These successes are just accidental?

A8

FERMION is a biggest open question!

See, also, Koide et al., arXiv:1412.5865.
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