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This talk provides a brief description of D=3 and D=4 world-line models for massive particles
moving in a new type of enlarged spacetime, with D—1 additional vector coordinates,
which after quantization lead to towers of massive higher spin (HS) fields.

Plan of my talk:

@ It will be presented the main features of the twistorial formulation of the massless
higher-spin fields theory and the required changes for the massive case.

@ Two classically equivalent formulations will be presented:
one with a hybrid spacetime/bispinor variables and
a second described by a free two-twistor dynamics with constraints.

@ After first quantization of the pure twistor models in the D=3 and D=4 cases,
we will obtain that the massive wave functions are given as functions
on the SL(2, R) and SL(2, C) group manifolds respectively,
which describe arbitrary on-shell momenta and spin degrees of freedom.

@ Combining the Fourier and twistor transformations we will obtain integral twistor transform
which compares conventional massive multi-spinor space-time fields
to the components in the expansion of the massive twistor field.

@ Finally, we will present some comments related to the further studies of twistor description
of massive HS fields.
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Massless case

HS particle in tensorial space-time
I.Bandos, J.Lukierski, D.Sorokin, 1999, 2000
M.A.Vasiliev 2001

@ The D=4 HS model in tensorial space (xaa,y“ﬁ, ydB) is provided by the following action
S= /dT(ﬂ'aﬁ'B)-(aB + 7ra7r5)'/o‘6 + Frdfré);ldﬁ + oy + ﬁd);/d)
yB are three additional complex coordinates; . and y* are commuting Weyl spinors.
The constraints lead to unfolded equations on HS field \lfo(xa[’ yoB y“ﬁ Yo ye):
(paﬁ TaT )\Ilofo (paﬁ—woﬂrﬁ)\llozo (pdﬁ-—wdw-)\UO:O.
@ Transition to the twistor description is achieved by Penrose incidence relatlon
—x“ﬁw +2y*Brg +ye @ —wﬁxﬁa+2y“57r +y&
Then the action can be rewritten (modulo boundary terms) as the one-twistor particle model
S— —%/dT(ZAz'AJr he) = —E/df (wa — 7sd% +he),
where the D=4 twistor ZA, A =1, ..., 4 is described by a pair of Weyl spinors
ZA = (wa ,wa)

@ At quantization in holomorphic representation twistor field ®¢(Z”) combines infinite tower
of arbitrary helicity massless fields, which are determined by the integral transformation

Yay...an (x) = /dﬂ' e Wwﬂ—"-’xv’yﬂ'a - Tan Po(m, w)|w/if7r5x5/3
Massless states with fixed helicity are eigenvectors of the helicity operator

h=1Zaz".
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Differences in the massive case

@ Basic twistor relation Pog ~ TaTy requires to use
more than one twistor in the massive case p"B Pos # 0 since 7%, = 0.
So, we have to use at least two twistors, including spinors 7}, i =1, 2.
@ In massless case, used variables reflect a generalized conformal sy(m)metry Sp(8):
Sp(8

- tensorial space-time (x*#,ye8, y&8) isthe coset space — -7 -
p (xP,yal,yor) p GL(4)» K

- Sp(8) transformations are realized as linear transformation of the twistor ZA = (7o , 0%).
- tensorial coordinates correspond to the generalized momenta generators in M-theory
extension of the N=1 Poincare superalgebra o _

{QQ7QB}:PQB7 {Qa,Qﬁ}:Zaﬁy {QéHQB}:ZdB‘

@ In massive case we do not know what supergroup is
HS generalization of the Poincare group.
The use of two (super) twistors involves consideration B
of N = 2 Poincare supersymmetry with generators Qi,, Ql..

One of the possible generalizations is superalgebras with the most common right-hand
side in the following anticommutators

{QL,Q}} = (0a)'P2; =P + (o)PL,,  @=0,1,23, r=123.

This involves the use of three additional vector variables yf‘ﬁ in addition to the position
vector x5,
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HS massive generalization of Shirafuji model

@ HS massless generalization of Shirafuji model is defined by the action
(I.Bandos, J.Lukierski, D.Sorokin, 2000; M.A.Vasiliev 2001)
s(m=0) /dT TafyX X 4 romgy P +Tafty YO8 4 may® + 7y )
This system possesses the constraints
paﬁ—woﬂr ~0, Pap — Tamg R0, pdé—ﬁdfrB%O,
which produce unfolded equations for HS wave function.
@ We consider the following HS massive generalization of Shirafuji model:
0 _ Zai
Sr(nnil# ) /dT 7ra7r6| X8 4 i ( ) 7'('6] . 7"aY| + Ty
+p (myw® + 2M) + p (7L 78 +2M)]
where y,* # are three additional vector coordinates. As we will see below, these variables
play the role of conjugated coordinates to the phase coordinates, which define

Pauli-Lubanski vector.
@ Proposed HS massive Shirafuji action leads to the constraints

a

a
Pas ~Yas ® 0

uaB :ﬂ-i)é(o'a)ijﬁfjj ’ a:07172737

which give massive generalization of HS unfolded equations after quatization and
imply at a = 0 massive particle spectrum:

PasP™” = p¥pu = 2M? = m?
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Bitwistorial description

Group-theoretic analysis of the model has a more effective after pass to pure twistor formulation.
@ One half of the twistor variables are the spinors 7\, 7.
The second half of the twistors is defined by the following HS generalization
of the incidence relations
@4 = ahxPE 4 a (oYY + Y, Wl = xRy P N R Y

@ The D=4 twistors (Sp(8) spinors in HS massless limit and SU (2, 2) spinors in fixed
helicity limit) can be expressed by two pairs of two-component Weyl spinors

: i _
zA':( =& ) Zn = (wf, ~Tai),  A=1,234.
@ Two-twistorial realization of the D=4 Poincaré algebra is the following

POLB = ﬂ—ilﬁBi s Maﬁ = Wl(awﬁ)i s Mc’xB = ‘Dl(dﬁB)i .

The Pauli-Lubanski four-vector W,, = % €uvpoc PYMP? can be written as follows

wed —=s u* | r=1,2,3,

where S =-1 (Wiawf‘ = ;rde—Jai> (o )il
It follows that .
WHW, = —-m?S2 .

After quantization, we obtain the well known relativistic spin square spectrum with S2
replaced by s(s +1) (s =0,%,1,...).
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Two-twistor formulation

@ Applying incidence relations in mixed action
we get twistor formulation of HS massive particle:

s(m70) _ /dT[ﬂ'ia G + T 0 4 (o +2M) + (7R +2M) |
In these formulation there are presented basic constraints
G=n 7 +2M ~0, G=747%+2M ~0.
@ These constraints mean that the spinors
gh =MY27L o Ga =M 27, e“Pgl gl =€~ .
constitute a pair of complex-conjugated spinorial D=4 Lorentz harmonics (I.Bandos, 1990;

F.Delduc, A.Galperin, E.Sokatchev, 1992; SF, V.Zima, 1995).
Composite real four-vectors

= o (Uﬂ)aﬁuZB ’ el—baeub =Mab, Tab = (17 =dl, =il _1)

describe an orthonormal vectorial Lorentz frame defining D=4 vectorial Lorentz
harmonics (E.Sokatchev, 1986).
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Two-twistor formulation

@ For the local gauge transformations generated by the constraints G, G
we introduce the gauge fixing conditions

i (n‘awf‘ - ﬁdiw‘j‘i> ~0, 7hof 4+ Fuw ~0.
The Dirac brackets for the twistor components are the following
{8 b = {m, 7y }s =0,
{we, Ty te = 850, + Apmemy, (@, mhh. =0,
{wl‘()‘,wjﬁ}* = —% (W?Djﬁ —Wjﬁ(:)l?) , {w{j‘,u_ﬁj}* =0.

@ We will consider the (7, 7)-realization of quantized version of the DB algebra.
In such a realization, after using the ordering with 7’s at the left and w’s at the right,
we obtain % = 7K, T4 = T4k and
.0 i i 0 a4 .0 i _g 17}
G =i+ o Mo Ty —, R === —_ﬁakﬁa.f.
aﬂ’JB OT ak 2M ) 8”5]

The quantum counterparts of the spin operators
A 1/, 0 _ 0] K
Sr:z(ﬂ—aﬂ_ﬂ-dkﬁ) (O’r)i .

The square of the Pauli-Lubanski vector becomes W #\W,, = —m28' 8",
which will be used below to define spin states.
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Two-twistor formulation Wave function

Thus, the twistorial wave function is defined on the space parametrized by wl, Tai which satisfy
the constraints G, G and the matrix go' = Mfl/zw'a defines the SL(2, C) group manifold. _
Thus, the twistorial wave function W = W(x!,, 7s;) is defined on SL(2, C) parametrized by .
Let us analyze the twistorial wave function.
@ One can use the well known decomposition of SL(2, C) elements
g=hv, gai:hakvki7
in terms of the product of an hermitian matrix h = ht with unit determinant and an SU(2)
matrix v, viv = 1.
@ The three parameters of the matrix h parametrize the coset SL(2, C)/SU(2) which defines
the three-dimensional mass hyperboloid for timelike four-momenta:
pﬂB = hal hBi .
@ The unitary matrix v paramerizes S ~ SU(2) and is linked with the spin degrees of a
massive particle. In particular, the spin operators take the form
& _ 1 Ky
Sr=3 (ov)i V|Jav—ik
@ We can consider the variables v; ¥ as the harmonic variables that were introduced early to
describe N=2 superfield formulations (GIKOS) In the notation

Vi X = (Vi lvvi ) (V|+7v| )7 vy = =1, (Vii)* = :qu:i ,
the spin operators take the form
0 0 a A
=28 =v— v —, D¥=§+iS=vF——,
Yovit ! oy ! 270 auF

|
and the square of the Pauli- Lubansk| vector is given by the formula

Wi, = -2 [(0°)% +2{D**,D~"}] .
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Two-twistor formulation Wave function

@ Since the variables vii parametrize a compact space, the general wave function on
SL(2, C) has the following harmonic expansion (we use the SU(2)-covariant expansion)

V(ha' 7V| )_ Z V o 'N 11 Vj})fllmlel'"JK(h)y
K,N=0
where the coefficient fields f(i Wnl1-ik)(h) are symmetric with respect to all indices and
depend on the on-shell four-momenta Pu-
Each monomial in the expansion is an eigenvector of the Casimir operator:

V’V#W# (Vi+)N(Vj7)K fFNG )k = —m?2 s(s+1) (Vi+)N (Vji)K £00nG )k , S= % .
So, the wave function expression is the general expansion into arbitrary spin states.
@ By means of the nonsingular transformation vii — 7% or vi]F — Frf where
(ﬂ-;?ﬂ';) = (71'(])'”71"21)7 (7_1-:;77?;) = (ﬁd27_ﬁ'dl)7
and by redefining component fields the expansion can be rewritten in SL(2, C)-covar. form.

@ But we would like to stress that the spin content in the expansion is degenerate.
This degeneracy can be however removed by the harmonic condition D+ W(+) = 0.

As a solution of this condition, we obtain the following wave function
oo
0 i yE iq..i
TO(ha',vF) =D vt oyt ).
N=0
This twistor wave function rewritten in Lorentz covariant way takes the form
o0
0 ~+
Y (nd,73) = Z Ty - Moy YL N (D) -

Note that these twistor wave functlon also depends on 7, and 7r through p,,.
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Two-twistor formulation HS massive states

@ Spin s=L/2 massive particles are described by the fields 1L (p,,).
The corresponding multispinor spacetime fields are obtained by an integral Fourier-twistor
transform which combines the Fourier and twistor transformations:

baya (X) = /dﬁﬂe—ix“pm—...ﬂ—@<+>(ﬂi,7—ri),

oo P1(x) /dﬁﬂe Whns | rm mAOE) (k7 E) |

$PrPx) = /dﬁﬂe—iX“pu,—r—Bl AT (| 7
where p,, is defined as a bilinear product of twistors. In the integrals for a given L, only the
term wgl 260 ng 1L (p,,) in the twistorial wave function gives non-zero contribution.

@ We can show that the multispinors ¢a;...ay B1---Bwm satisfy automatically the following
sequence of Dirac-Fierz-Pauli field equations

|8 ¢a1 aNB P mqbaal...aNBlmBM_l s
iaaBM(z)aal...aN Br---Bu—1 = m(bal...aNBlmBM
and the generalized Lorenz conditions

85a¢a1 B---Bu— 1=0.

an_108
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Two-twistor formulation D = 3 HS massive particle

In D=3 case twistorial formulation of massive HS particle is similar to the D=4 case.
@ D=3 twistors are real four-dimensional Sp(4; R) = SO(3, 2) spinors:

' i

A — ( Ao ) . a=12, i=12, A=1,...,4.
oW

Pure twistor action of massive HS particle takes the form

tW|stor /d l.‘ai +¢ ()\io)\ia + \/im) ] .

@ Due to the mass constraint A\LA* +v2m ~ 0 the real matrices h,' = 21/4m=1/2),/
have determinant equal to one and characterize the SL(2; R) group manifold.
So, HS D=3 twistor wave function is given as function on the SL(2; R) group manifold.

Spin operator - epr*‘M”” = S is realized as follows § = 5 €j AL 8—‘
Ao
@ Let us decompose twistor wave function into a superposition of momentum-dependent
eigenfunctions of the spin operator.
For it we pass to corresponding SU(1, 1) matrix

g=UhU~!,  U=e T/t 9=(§g)’ RS =S
(L,1)m

One can introduce the natural parametrization of the SU(1, 1) matrices

a = cosh(r/2)e!(¥+#)/2 b = sinh(r/2)e!(v=¥)/2

where0 < p <27, 0<r<oo, —2r<Y<2rm.
In terms of the angle v, the spin operator takes the simple form

s 2
O
i.e., it describes the D=3 U(1) spin.
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Two-twistor formulation D = 3 HS massive particle

@ To obtain the Hilbert space of the quantized model we use the SU(1, 1) regular
representation on the SU(1, 1) manifold when the wave function is square-integrable and
satisfies the periodicity conditions

V(p,1,9) =W(p+4m,1,¢) =V(p, 1, ¢+ 4m) = U(p +2m,1,9 + 27).
One can use the double Fourier expansion

[ee]

oo
V(e g)= Y fa(n)e e = % 7 e ™E(r, ¢),
k,n=—o0 n=—o0

where the pairs (k, n) such that the numbers k and n are both integer or half-integer.
@ The eigenvalues of the operator S coincide with parameter n in the expansion.

As a result, the spin in our model takes quantized integer and half-integer values.

The functions Fn(r, ) = Fn(p,; m) describe states with definite D=3 spin equal to n.
@ Lorentz covariant expansion is obtained after transition to the SU(1, 1) spinor coordinates

e=vm(3), E-E) =vm@EE), &@ale=m,

when anti-holomorphic wave functions ( V(€)= O) is given by the power series

Zsﬂl EN YD oy () -
@ The corresponding spacetime flelds are then given by
Boronl) = [ 1O eTEMO e, g0, w(E).

where £ = €8(v0) 5 is the Dirac conjugated spinor.
These fields satisfy automatically the D=3 Bargmann-Wigner equations
8#(7”)6a1¢a1a2---aN - m‘z’Baz...aN =0 s
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Conclusion

*]

*]

*]

We present D=3 and D=4 massive HS particle models in a mixed formulation as well as
in a pure twistor formulation.

In pure twistor formulation the D=3 and D=4 wave functions are given as functions on the
SL(2,R) and SL(2, C) group manifolds respectively, which describe arbitrary on-shell
momenta and spin degrees of freedom.

There were presented massive field twistor transformations, which associate the HS
twistor wave functions with tower of conventional space-time fields.

In mixed formulation the wave functions are defined by a massive version of Vasiliev’s free
unfolded equations. For example, considering the differential realization of the spinorial
variables #l, = —i0/0y in D=4, and leaving only position space-time vector we will
obtain the unfolded equation supplemented with the mass quantum constraints:

82
05— ———= | V(x,y,¥) =0,
aff ayia a)—/ Bi ( y y)
0? 0? -
—— —2M | V(Xx,y,y) =0, ———— —2M | V(x,y,y) =0.
Yoy, (xy.¥) Yoy (x,¥,¥)
It is interesting to make a generalization of these equations to the case of the (A)dS
spacetime and HS gravity background.
The discussed models give the same mass for all HS fields, that is very strict condition.

In a physical HS case, when considering e.g. spin excitations in string theory, the masses

are spin-dependent: m? — m2(S?) .

In the twistor formulation, the spinorial mass-shell conditions may be considered as
‘complex roots’ of the standard mass-shell condition. It is an interesting problem to see
how to introduce, in the complex mass parameter M, a dependence on the twistor
variables that could lead to HS multiplets with masses on a Regge trajectory.
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THANK YOU FOR YOUR ATTENTION!
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