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Originally suggested in 1997 
chiral doublet bands

Firstly Observed
in 2001

Chirality
 Chirality was originally suggested in 1997 and firstly observed in 2001.



Chiral and wobbling modes
 The investigation of chiral and wobbling modes in atomic nuclei has
become one of the hottest topics in nuclear physics.



“Standard” models

 Tilted axis cranking (TAC)
✔ Mean‐field approximation;
intrinsic frame; microscopic;
self‐consistent;

✖ Semi‐classical; no quantum
tunneling;

Frauendorf & Meng, NPA617, 131 (1997)
Dimitrov et al., PRL 84, 5732(2000) 
Olbratowski et al., PRL 93, 052501 (2004) 
Olbratowski et al., PRC 73, 054308 (2006)
Matta et al., PRL 114, 082501 (2015)

Frauendorf & Meng, NPA617, 131 (1997)
Peng et al., PRC 68, 044324 (2003) 
Koike et al., PRL 93, 172502 (2004) 
Zhang et al., PRC 75, 044307 (2007)
Qi et al., PLB 675, 175 (2009) 
Lawrie & Shirinda, PLB 689, 66 (2010)
Hamamoto, PRC 65, 044305 (2002)
Hamamoto & Hagemann PRC 67, 014319 (2003)
Frauendorf & Dönau, PRC 89, 014322 (2014)

 Triaxial PRM
✔ Lab frame; quantal model;
with quantum tunneling;

✖ Phenomenological

 Other models
 Projected shell model

 IBFFM

 Pairing truncated shell model

Sheikh & Hara, PRL 82, 3968(1999), 
Dar et al NPA 933, 123 (2015)

K. Higashiyama et al, PRC 72, 024315 (2005)

S. Brant et al., PRC 69, 017304 (2004) 
S. Brant et al., PRC 78, 034301 (2008)                                      
Tonev et al., PRL 96, 052501 (2006)



 TAC + RPA for chiral mode
✔ Beyond mean field; chiral
vibration

✖ Chiral rotation;

Mukhopadhyay et al., PRL 99, 172501 (2007)
Almehed et al., PRC 83, 054308 (2011)

 Cranking + RPA for wobbling
mode
✔ Beyond mean field; wobbling
excitation

✖ Anharmonic wobbling bands;

Mikhailov & Janssen, PLB 72, 303 (1978)
Marshalek, NPA 331, 429 (1979)
Shimizu & Matsuyanagi, PTP 70, 144 (1983)
Matsuzaki et al., PRC 65, 041303(R) (2002)
Matsuzaki et al., PRC 69, 034325 (2004)
Matsuzaki et al., PRC 69, 064317 (2004)
Almehed et al., PS 125, 139 (2006)
Shoji et al., PTP 121, 139 (2009)

Beyond mean field approximation:  RPA 

It is thus imperative to search a unified method for studying both chiral
and wobbling modes.



Collective Hamiltonian

In present talk, the collective Hamiltonian based on cranking
mean field is reported and applications for chiral rotation and
wobbling motion are demonstrated.

 Collective Hamiltonian, e.g. based on CDFT, has achieved great
success on applications for shape evolution/transition.

by Z. P. Li
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Microscopic basis

 Microscopic basis Collective Hamiltionian, which aims to describe large
amplitude collective motions, can be obtained by
 Generate coordinate method (GCM) Hill&Wheeler, PR 89, 1102 (1953);

Ring&Schuck1980

 Adiabatic time‐dependent Hartree‐Fock (ATDHF) method Baranger&Kumar,
NPA 122, 241 (1968); Ring&Schuck1980

 Adiabatic self‐consistent coordinate method (ASCC) Marumori et al., PTP 64, 1294
(1980); Matsuo et al., PTP 103, 959 (2000); Hinohara et al., PRC 82, 064313 (2010); Matsuyanagi et al.,
JPG 37, 064018 (2010)

 Starting point: time‐dependent Hartree‐Fock (TDHF) equation
 Assumptions: adiabatic approximation, i.e., the collective motion is
slow or collective momenta are small ( can be large)

 Procedure: expand the TDHF equations with respect to the collective
momenta up to second order



Coll. coordinate & Coll. Hamiltonian
 For chiral and wobbling modes, the orientation angles of angular momentum
can be chosen as collective coordinates.

 For simplicity, only one collective
coordinate is considered here,

 According to general Pauli quantization Pauli1933



Coll. potential & Mass parameter



Basis space
 Symmetry

 Basis states

 Box boundary condition

 Periodic boundary condition



Collective 

Hamiltonian

Q. B. Chen, S. Q. Zhang, P. W. Zhao, R. V. Jolos, J. Meng
Phys. Rev. C 87, 024314 (2013) 

Q. B. Chen, S. Q. Zhang, P. W. Zhao, J. Meng
Phys. Rev. C 90, 044306 (2014) 

minimize

A schematic illustration

TAC
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Numerical details
 For chiral modes, we consider a system of a high‐j proton particle and a high‐j
neutron hole coupled to a triaxial rotor.

 System:

 Configuration:

 Single-j shell Hamiltonian coefficients:

 Triaxial deformation: 

 Moment of inertia:                                                 



Total Routhian surfaces



Collective 

Hamiltonian
TAC

Application for chiral modes

Q. B. Chen, S. Q. Zhang, P. W. Zhao, R. V. Jolos, J. Meng

Phys. Rev. C 87, 024314 (2013) 



 Introduction

 Theoretical framework

 Chiral modes

 Wobbling modes

 Summary and perspective

Outline



Wobbling
 In Bohr & Mottelson1975, Vol. II, the concept of wobbling motion was first
proposed for a rotating triaxial nuclei.

Shi & Chen, CPC 39, 054105 (2015)

 Simple wobbler



 For a triaxial rotor coupled to a high‐j quasiparticle

Frauendorf & Dönau, PRC 89, 014322 (2014)

Wobbling

 Longitudinal wobbler:

 Transverse wobbler:



Collective potential
 For longitudinal and transverse wobblers, we consider a system of a high‐j
proton particle coupled to a triaxial rotor.

 For simple wobbler, the simple triaxial rotor does not couple any particles, the
total Routhian is degenerated to



Mass parameter (HA)

 For simple wobbler, harmonic approximation (HA) adopted Bohr &
Mottelson1975

For a harmonic oscillator:



Mass parameter (HFA)
 For longitudinal and transverse wobblers, harmonic frozen alignment (HFA)
approximation adopted Frauendorf & Dönau2014PRC

effective moment of ineritia



Numerical details
 Configuration for longitudinal and transverse wobblers: 

Deformation parameters: 

1, 2, and 3‐axis correspond to short (s), intermediate (i),  and long (l) axis

Moments of inertia: Ring&Schuck1980

Simple and longitudinal Transverse
Moments of inertia



Wobbling for a triaxial rotor

 symmetrical:
 minima:
 stiffness: larger

 Increasing trend of wobbling frequency
 Collective Hamiltonian excellently
reproduces the TRM results.

Chen, Zhang, Zhao, and Meng, 
PRC 90, 044306 (2014)



Collective potential

 symmetrical:
 minima:
 stiffness: larger

 symmetrical:
 minima: from to
 potential barrier: increase

Longitudinal wobblerLongitudinal wobbler Transverse wobblerTransverse wobbler



Mass parameter

Longitudinal wobblerLongitudinal wobbler Transverse wobblerTransverse wobbler

 Linearly increases with increasing
rotational frequency since = .

 increases with increasing rotational
frequency since the effective moment of
inertia for 1‐axis decreases.



Longitudinal wobblerLongitudinal wobbler Transverse wobblerTransverse wobbler

Comparison with PRM

 Increasing trend of wobbling frequency
 HFA results gradually deviate from PRM
with increasing n.

 Collective Hamiltonian excellently
reproduces the PRM results.

 Decreasing trend of wobbling frequency
 The onset of transitions from the
transverse to longitudinal wobbling
motions in PRM is reproduced.
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 The nuclear chirality and wobbling are fields of broad interest in nuclear
physics.

 The fruitful experimental results about chirality and wobbling in recent
years stimulate us to search a unified method to microscopically describe the
chiral doublet bands and wobbling bands.

 The collective Hamiltonian based on cranking mean field is thus developed.
It goes beyond the mean‐field approximation, includes the quantum
fluctuation in the collective coordinate, and restores the broken symmetry in
the mean‐field approximation.

 The collective Hamiltonian can reproduce the PRM results very well for
chiral and wobbling modes and also can well describe the wobbling modes
in realistic nuclei.

Summary and perspective
Summary



Summary and perspective
Perspective


