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Motivation and background

Quite different from conventional picture of clustering (Brink w.f.)

1R

2R

Characterized by relative-distance  parameters R’s 
between clusters.

Localized clustering



This, in general, gives ``container’’ picture of nuclear clustering

B

Characterized by a size parameter B of the 
container, corresponding to nuclear size.  

Nonlocalized clustering

Motivation and background

12C(01
+)

Almost equivalent to the w.fs. obtained by the corresponding full cal. (RGM/GCM)

Providing basic understanding of the nuclear clustering 

Y. F. et al., PTP108, 297(2002)；

Y. F. et al., PRC67, 051306(R)(2003)；PRC80, 064326(2009).

B. Zhou,Y. F. et al., PRC86, 014301 (2012)； PRL 110, 262501(2013);  
PRC  89, 034319 (2014).

T. Suhara, Y. F. et al., PRL112, 062501 (2014)

M. Lyu, Y. F. et al., PRC91, 014313(2015).

Y. F. et al., PTEP 2014, 113D01

Y. F. H. Horiuchi, A. Tohsaki, PPNP82, 78-132 (2015).

8Be(0+)

12C(02
+)

20Ne (16O-α)

9Be (α- α-n)

3α and 4α linear chain states

9
ΛBe(0+)

Y. F. et al., PRC80, 064326(2009).  B. Zhou, Y. F. et al., PTEP 2014, 101D01.



Alpha condensate state

Rrms ≈ 3.8 fm
αcluster
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Condensed into the lowest orbit
（lowest config. of gas)

excitation dissolution

shell-model –
like structure

0
Rrms ≈ 2.4 fm



Rrms ≈ 3.8 fm
αcluster

0 03 5 ～

Cluster gas

Condensed into the lowest orbit
（lowest config. of gas)

excitation dissolution

shell-model –like 
structure

0
Rrms ≈ 2.4 fm

First example of alpha cond. state
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This gives 99.3 % squared overlap with RGM w.f.

3αTHSR w.f. 

Total c.o.m.c.o.m. of i-th α particle

(B⊥, Bz)=(7.6 fm, 2.5 fm) gives the very Hoyle state w.f.

Y. F. et al., PRC 67, 051306(2003)
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Comparison with exp. data for the Hoyle state (THSR w.f.)

Very nicely reproduced by THSR w.f. (BEC-type)

M. Chernykh. et al., PRL 98, 032501 (2007)

©T. Neff
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Inelastic electron scattering (01
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M. Itoh  al., PRC 84, 054308 (2011).

Broad 0+ state
at10.3 MeV

・AMD: linear-chain-like: (04
+)

・OCM+CSM: family of αcond. (03
+)

+ linear-chain-like (04
+ )

・Kamimura CSM: 
exactly confirmed two states

(03
+, 04

+)

0+ states and rotational states in 12C

M. Freer et al., PRC  83, 034314 (2011)4＋ :

M. Itoh et al., NPA  738, 268 (2004)2＋ :
M. Freer et al., PRC  80, 041303 (2009)

W. R. Zimerman et al., PRC  84, 027304 (2011)

・Ali-Bodmer 3α by Ishikawa: 
monopole strength func. 03

+, 04
+

・Two 0+ states 
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Deformed extended THSR (based on container picture), 
applied to 12C
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Alpha can occupy different orbit.
8Be + alpha correlation can be taken into account.

 
3

THSR THSR

1

ˆ( , , ) ( , , : )J x y z J x y z G i
i

B B B B B B  


 
   

 
  iX X

2 2 22 ( , , )k kB b k x y z   

For the g.s. B. Zhou , Y. F. et al.,  PTEP 2011,101D01.

Total c.o.m.c.o.m. of i-th α particle



The way of calculating energy spectra using ext.-THSR w.f.

Spurious continuum components are effectively eliminated by r2 constraint method.

 
3

THSR (1) (1) (2) (2) THSR (1) (1) (2) (2)

1

ˆ( , , , ) ( , , , : )J z z J z z G i
i

B B B B B B B B     


 
   

 
  iX X

       
(1) (1) (2) (2)

(1) (1) (2) (2) (1) (1) (2) (2) (1) (1) (2) (2)

, , ,

, , , , , , , , , 0
J J

z z

z z z z z zH E f 
   

           
 

     
   

          

12
( ) ( )

1

NN C
i G

i
H T T V V



   

Ext. THSR w.f.

Hamiltonian (NN force: Volkov No.2 force)

Hill-Wheeler eq.
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See Y. F. et al., PTP 115, 115 (2006).
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Rich alpha cluster dynamics built on the Hoyle state, 
as if the Hoyle state were the g.s. of cluster excitations

Large rms radii except for the g.s. band  ->  well developed cluster states
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Rotational structure of the Hoyle band

Specificity of the Hoyle state as the 3-alpha condensate
The Hoyle state is not a simple bandhead of α+8Be rotation
Fragmented into the Hoyle state and 03

+ state

Y. F. arXiv: 1408.5855 (submitted to PRC(R))

α rotates outside the core -> α rotates inside the core (α cond.)
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Analogue in 16O

06
+

Y. F. et al., PTPS 196, 439 (2012).



03
+ state: higher nodal excitation of the Hoyle state

RWAs of the 01
+ , 02

+ , 03
+ states for 8Be(0+)+α(S) channel

01
+ state: 2 nodes

02
+ state: 3 nodal oscillation (nodes disappear due to the dissolution of 8Be core) 

03
+ state: 4 nodes (higher nodal structure)

2 1c.f. ( 0;  0 0 ) 6.4M E   

3 2( 0;  0 0 ) 34.5M E   
Very large monopole transition strength 
between the 02

+ and 03
+ states
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RWA of 03
+ , 23

+ , 43
+ states: 8Be(0+) + alpha(l) rotational band

8Be + alpha : well developed,  constructed on the Hoyle state
03

+ :  higher nodal  behavior (4S)
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Large components from 
[2,2] channel
-> corresponding to vibrational mode ?

S
D

Two α’s jump into D-orbit, coupling to J=0,2,4 ?



Possible interpretations of these bands
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excited

excited

Triplets
[2,2]J

02
+ : 3alphas sit in S-orbit

22
+ : one alpha jumps into D-orbit

42
+ : one alpha jumps into G-orbit     

(+ 2 alphas jump into D-orbit)
Mixture between
8Be + alpha rotation and vibration ?

24

Y. F. in preparation

(Uegaki et al.)

Rich alpha cluster dynamics built on the Hoyle state, 
as if the Hoyle state were the g.s. of cluster excitations

Vibrational picture:



High TemperatureLow Temperature

12C*(02
+)

By way of Holy state
(12C resonance)

8Be*

Binary collision
(8Be resonance)

Direct 3-alpha collision

Dominant 12C synthesis process depends on temperature

4He

4He

4He
12C(21

+) 12C(01
+)

Total angular momentum 0

92 keV 379 keV

Triple-alpha thermonuclear reaction rate
co-worked with T. Akahori (Hitachi) and K.Yabana (U. Tsukuba)



CDCC, Ogata, Kan, Kamimura,, 
Prog. Theor. Phys. 122 (2009) 1055.

Faddeev+HyperSpherical
+R-matrix,   Nguyen, 
Nunes,Thompson, Brown
PRL109, 141101 (2012)

NACRE compilation
C. Angulo et.al, Nucl. Phys. A656 (1999) 3.








Faddeev: S. Ishikawa, 
Phys. Rev. C87 055804 (2013)

Imaginary-time theory,
Akahori, Funaki, Yabana, submitted to PRC(R)

arXiv: 1401.4390

Calculated rates deviates among theories at low temperature
1026 order of magnitude difference at 107 K
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Reaction rate
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nP  1ˆ

Projector to remove bound states.

bound wave function 
after photo-emission

eliminate scattering 
wave function

Imaginary-time 
evolution operator

Our formulation (Imaginary-time method)
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Basic expression for the reaction rate in the imaginary-time theory

Imaginary-time algorithm for practical computations
1. Prepare initial wave function

2. Solve imaginary time equation

3. Take overlap to obtain reaction rate
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- No need to solve scattering problem.
(No boundary condition required)

- Solving in finite space amounts to bound state approximation.
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K.Yabana and Y.Funaki. PRC85,055803(2012)
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3

Convergence with respect to spatial size ( max max)



Why does CDCC give extremely large reaction rate at low temperature ?

Nmax=1 (single channel): overestimate by 1015

Nmax=400 (E=45.4 MeV): still overestimate by 1012

Nmax=1200 (all channels) coincides with result without channel expansion.

Very slow convergence with respect to increase of channel number.

CDCC : 176 keV (122 ch.)

Demonstrated by expanding our imaginary-time w.f. w.r.t. 8Be+alpha 



Summary

By using the extended version of the THSR w.f.,. based on the fact that the THSR w.f.  nicely 
reproduces the Hoyle state.

12C : 02
+ , 22

+ , 42
+ , 03

+ , 23
+ , 43

+ , 04
+ , 24

+ , 44
+ wave functions can be obtained.

02
+ 22

+ 42
+ : large 8Be+α components -> 8Be+α rotational picture (however, not a simple 

rotation: kink in the J(J+1) line, due to the specificity of the Hoyle state (alpha condensate))

03
+ 23

+ 43
+ : higher nodal 8Be+αrotational band

04
+ 24

+ 44
+ : apparently large 8Be(2)+α(D) components, 

possibly…,   2alphas jump into D-orbit, coupling to J=0,2,4 triplets.             

Rich alpha cluster dynamics built on the Hoyle state, 
as if the Hoyle state were the g.s. of cluster excitations.

We have developed the imaginary-time theory for the radiative capture reaction rate.

The calculated triple-alpha reaction rate accurately coincides with that of NACRE

Truncation in the coupled-channel method gives larger reaction   
rate at low temperature.
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Why the single channel calculation 
so much overestimates the reaction rate?

n=14(E=0.092MeV , 
8Be ground state resonance)

2α wave function (wn(r))

2α distance: r [fm]

n=1(E=0.013MeV)

Most wave functions localize 
outside the Coulomb barrier.

Diagonal (folding) potential (Vnn(R))

2α-α distance : R [fm]

n=14(E=0.092MeV , 
8Be ground state resonance)

n=1(E=0.013MeV)

Very small barrier for n=n’=1 channel.
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n=14(E=0.092MeV , 
8Be ground state resonance)

2α wave function (vnl(r))

2α distance: r [fm]

n=1(E=0.013MeV)

Most wave functions localize 
outside the Coulomb barrier.

Diagonal (folding) potential (Vnn(R))

2α-α distance : R [fm]

n=14(E=0.092MeV , 
8Be ground state resonance)

n=1(E=0.013MeV)

Very small barrier for n=n’=1 channel.

Coulomb barrier for “Channel-1”

1

2

3

Since 1 and 2 are far away,
3 feels very small barrier.
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This, in general, gives ``container’’ picture of nuclear clustering
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Characterized by a size parameter B of the 
container, corresponding to nuclear size.  

Nonlocalized clustering

Motivation and background

Providing basic understanding of the nuclear clustering 
Y. F. H. Horiuchi, A. Tohsaki, PPNP82, 78-132 (2015).

Where is spatial localization ?

``空間局在化’’はクラスター構造の基本
H. Horiuchi, K. Ikeda, Y. Suzuki, PTPS 52, 89 (1972).

Essential in reproducing α+16O 
inversion doublet bands.
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This, in general, gives ``container’’ picture of nuclear clustering
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Characterized by a size parameter B of the 
container, corresponding to nuclear size.  

Nonlocalized clustering

Motivation and background

Providing basic understanding of the nuclear clustering 
Y. F. H. Horiuchi, A. Tohsaki, PPNP82, 78-132 (2015).

B

  
Spatial localization: coming from antisymmetrization

``The core-like repulsion is attributed to the 
strong exchange kernels due to the Pauli principle 

and less repulsive as L goes larger; …’’

J. Hiura and R. Tamagaki, PTPS52, 25 (1972).

I. Shimodaya, R. Tamagaki, H. Tanaka, 
PTP 27, 793 (1962).



Basic expression for the reaction rate in the imaginary-time theory

Imaginary-time algorithm for practical computations
1. Prepare initial wave function

2. Solve imaginary time equation

3. Take overlap to obtain reaction rate
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- No need to solve scattering problem.
(No boundary condition required)

- Solving in finite space amounts to bound state approximation.
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Imaginary-time method (3/3): Computational procedure

K.Yabana and Y.Funaki. PRC85,055803(2012)


