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parameter(s)

» no quark confinement: quark-antiquark thresholds in quark loops, " free"
quarks in hadronic phase

@ Nonlocality
Eliminate ultraviolet divergences — unique extension beyond mean field

@ Nonlocality + effective potential of Polyakov loops
Description of hadron phase, where the fluctuations plays major role



Nonlocal SU(2) chiral quark model at mean field. Lagrangian.

The quark part of Lagrangian of the nonlocal model of the NJL type has the form

L, =A@~ mea@) + o (@) o @) + J2@)I2(a)]

where m.. is the current quark mass and nonlocal quark currents are

Jr(z) = /d4$1d4x2 f@)f(z2) @z —21)Trq(z + 22), To=1,TL=1iy"7"
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Nonlocal SU(2) chiral quark model at mean field. Lagrangian.

The quark part of Lagrangian of the nonlocal model of the NJL type has the form

Ly = q(@)(i0 —me)a(z) + %[Jo(x)nfa(x) + Jx (@) J7 (2)]

where m.. is the current quark mass and nonlocal quark currents are

Jr(z) = /d4$1d4x2 f@)f(z2) @z —21)Trq(z + 22), To=1,TL=1iy"7"

1 o . o
Z(n,m) = N/D@qum (zS(q, q) +Z/d4w[nq+77Q]>
/Dq>ex i/d%(ij@ — B®?) ) = o /d%ﬂ
D N7 P 4B
Z@mn) = /DquDUDwexp ( S(q,d,ﬁ,ﬂ)+i/d4w[né+ nq])
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Nonlocal SU(2) chiral quark model at mean field. Lagrangian.

The quark part of Lagrangian of the nonlocal model of the NJL type has the form

Ly = q(@)(i0 —me)a(z) + %[Jo(x)nfa(x) + Jx (@) J7 (2)]

where m.. is the current quark mass and nonlocal quark currents are
Ji(z) = /d4$1d49€2 f(@1)f(22) g(x — 21) Tr q(x + 33), Ty =1, s =in’7°

After linearization of the four-fermion vertices by introducing auxiliary scalar (&)
and pseudoscalar (7%) meson fields the quark sector is described by the Lagrangian

2452
2G

The scalar field & has a nonzero vacuum expectation value: (0|6|0) = oo # 0. To

arrive at the scalar field with zero expectation value, it is necessary to redefine the

field: & = 0 + 0g. As a result the chiral symmetry is spontaneously broken and
; ; 2\ _ 2(,,2 —

quark acquires a dynamical mass M (p*) = m. + mqf*(p*), where mg = —oy.

Loro = §(2)(id — me)q(z) — + J, ()5 (z) + 7% (x)J(x).
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Nonlocal chiral quark model at mean field. Meson propagator.

Mesons can be described via a Bethe-Salpeter equation.

— 0

The meson propagators are given by
1

DM= — —
P -G IV

where M is 7 or . IIyi(p?) are the polarization operators defined by

d*k
M . M M
Hp = —Z/ (27T)4TI‘ |:Sk—Fk,,k+Sk+Fk+,k,i| s
where ki = k & p/2. In Euclidean space polarization loops takes the form

dik f2 7
oM = 4N, N EY P+ [k, ok )+
D f/ (27_[_)4 DkJer, [( + ) karmkf]a

here plus corresponds to 7 and minus to o.
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Beyond mean field. N, counting rules.

In order to have correspondence with QCD the quark mass should scale as
N for large number of colors

dik

T

k? + m?(k)

md:GNC-S/

This means that four-quark coupling constant should scales as G ~ 1/N.,.
As a result meson propagator leads to 1/N, suppression of diagrams
1 1

DM=— ——— —» —
PG+t NS
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Beyond mean field. Quark propagator.

Beyond the mean-field there are corrections to dynamical quark mass and
renormalization functions, Z;,VC = ]6Ap + B,

=l
f+N _ —1 N
(S;,n ) = Slyxle
f+Ni N
gmiNe 5, — g 3Nes, 4

T o

Corresponding corrections to the quark condensate are

SR,
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Beyond mean field. Meson propagator.

Type 1 1/N, corrections

Type 2 1/N, corrections

N &
L= Y

Type 3 1/N, corrections
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Beyond mean field. Fixing model parameters.

Fit model parameters using physical values for pion mass M, + = 139.57
MeV and weak pion decay constant f; = 92.42 MeV.

N [ A MeV [ mc, MeV | mMF MeV [ mg, MeV [ mMF, MeV | GA? [ GMFA2
1 | 14792 2.82 2.63 139.2 200 13.35 14.02
2 934.8 5.58 5.51 211.2 250 14.89 15.61
3 705.9 8.64 8.59 269.1 300 17.06 17.85
4 | 670.3 9.38 9.31 281.9 311.7 17.64 | 18.45
5 580.5 11.78 11.72 3225 350 19.72 | 20.61
6 500.8 14.95 14.88 373.8 400 2283 | 23.84
7 | 4453 18.15 18.07 424.0 450 26.33 | 27.49
8 | 404.4 21.37 21.26 473.4 500 30.20 | 31.55
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Beyond mean field. Pion mass.
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Beyond mean field. Weak pion decay constant.
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Finite T. Local NJL |

L) = q(2)(i0; — me)q(x) + % ((a(z)q(2))® + (a(z)ir’Tq(2))?)

where ¢(z) = {u(z),d(x)} are the fields of u, d antiquarks, m, is the
current quark mass, (G1 is the four-quark coupling constant, 7% are the
Pauli matrices.

After bosonization the Lagrangian takes the form

o*(z) + m4(x)

£(g,q,0,7) = q(x)(i0z — me + 0() + iy57ama())g(w) - TR

where o(x), w4 () are the scalar and pseudoscalar meson fields.
Light current quarks transform to massive constituent quarks as a result of
spontaneous chiral symmetry breaking({c)o # 0).
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Finite T. Local NJL Il

Gap equation
m = me.—8mGIi(m)

Ii(m, T, u) is quadratically divergent integral. With help of cut-off over 3
momentum it takes form

A
N, p? . .
Li(m,T,p) = /dp (1 =0, 1) — 7D 1),
0

where
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Finite T. Scaled pressure in local NJL model as a function of temperature.
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scaled pressure, p/p_,
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Polyakov loop

Untraced Polyakov loop(Polyakov line)
B

L(Z) = Pexp i/dTA4(T, Z)
0

transforms under SU(3) gauge transformations as : L — ULUT

Gauge invariant object
1 = 1
d=-Tr.L & = —Tr.Lt
3 3

transform under global Z(3) transformations :

§21mn = _j2mn
b5 O d e s O

(@) = e~/

confinement (®) =0
deconfinement (®) # 0
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Polyakov loop potential ¢/

U potential |
u((b?T) o (i) _ b2(T) CI)(ID b3 @3 @3 b (p@ 2

- 5] 3]

C. Ratti, M. A. Thaler and W. Weise, Phys. Rev. D 73 (2006) 0140109.

U potential Il

TEn) —%a(T) P + b(T) In [1 — 60D +4 (0% + %) 3 (fI><I>)2]

o(T) = a0 + a1 <§)+ 2@0) , b(T):b;),(%)s.

S. Roessner, C. Ratti and W. Weise, Phys. Rev. D75 (2007) 034007.
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NJL model + Polyakov loop potential = PNJL model

Gy

L(z) = q«)(iDs —mc)q(x) + - ((@@)g(2))* + (@(@)iv*r°q(2))*) - U(®,T)

A constant temporal background gauge field ¢ = (Ay) = (iAg)P3As + dsAg is
minimally coupled to the quarks. Here ® = 5 Tr. ¢'®/T denotes the Polyakov
loop expectation value and ® its conjugate. Equations of motion of mean fields are

9)9) )9) 9)9)

m=" 28" 537"
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NJL model + Polyakov loop potential = PNJL model

A
hon T = o [k (1= - 7*(F.0).
0
&/ B (<I>+2<f>e‘$)e_% 4 e357
B = L+a¢+éa£¥)*&l+e4EW’
e (B 20e T e e=35F
T = 1+ 3(® + Pe™ ¥ﬁr%#+e4?#
P=3—1
n® (B, ) = 0@ w), 7% (B n) = 75 1)
o=3=0
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Scaled pressure in PNJL model as a function of temperature.
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Finite T. Thermodynamic potential

The model can be easily extend to the finite temperature case using ®-derivable
model together with 1/N, expansion. Thermodynamic potential per volume is

Q=4Trin(S™") —iTr(XS) + ¥(S) + U(®, ®) — Q

where S™! = (5¢)~1 + X represents the full quark propagator, X = §¥/§(iS), and
U(®, D) is the Polyakov loop potential.
The mean-field results can be obtained using “glasses” form of ¥ potential

In the nonlocal model “glasses” potential takes the form
G )
\Ilglasses = - Z 5 [—TI'(FM’LS)] o
M=m,0
Equations of motion can be obtain by minimization of the thermodynamic potential
o0 o0 of
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Finite T.Thermodynamic potential

The next step is to take into account also the “ring sum”

dw .
\Ilring = = Z 7'[,’:[‘1' In [1 - GHM:I 5
M=o
where TIM is polarization loop consist of full quark propagators.
In strict 1/, expansion scheme we have to use mean-field equation for dynamical

quark mass and modified equation for ¢35 and then calculate 1/N, corrections to
quark propagator.

Q = me+QNc
Qe = iTrln(S‘l)—iTr(ZS)—%[—Tr(l“"iS)}z—i-U((I),(i))
dM. M
One = —M:ZWUTzTrln [1-GmM]
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Nonlocal SU(3) chiral quark model.

The Lagrangian of the SU(3) x SU(3) chiral quark model contains chirally
symmetric four-quark interaction and six-quark interaction which brakes chiral
symmetry

£ = 3(a) (D — me)a(a) + 2 1I5() () + Tp(a) Jp()]

- ZTabc[JS(x)Jg(x)Jé(x) = 3J§(2) Jp(2) ()],

where ¢ (x) are the quark fields, m, is the diagonal matrix of the quark current
masses M, (i = u,d,s), G and H are the four- and six-quark coupling constants.
Second line in the Lagrangian represents the Kobayashi—-Maskawa—t'Hooft
determinant vertex with the structural constant

1
Mabe — éeijkemnl(/\a)im()\b)jn(/\c)kla

where )\, are the Gell-Mann matrices for a = 1,..,8 and \g = /2/3I. The
nonlocal structure of the model is introduced via the nonlocal quark currents

Ji(z) = /d4x1d4m2 f(z) f(z2) @z — 1) T3 q(x + x2),

where M = S, P and T'% = \*, I'p = i7°\?%, and f(x) is a form factor reflecting
the nonlocal properties of the QCD vacuum.
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Nonlocal SU(3) chiral quark model.

The model can be bosonized using the stationary phase approximation which leads
to the system of gap equations for the dynamical quark masses mgq,; (i = u,d,s)

i(k?)
D;(k2) 7
where i # j £ k, mi(k?) = me; +maif2(k?), D;(k?) = k*> + m3(k?) is the
dynamical quark propagator obtained by solving the Schwinger-Dyson equation,
f(k?) is the nonlocal form factor in the momentum representation. We take

Gaussian form factor, f2(k?) = exp(—k?/A?), in Euclidean space where A is the
parameter of nonlocality.

H d4 k 2 k2
mq; + GS; + ES]Sk =0, S;=-8N, / f
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Nonlocal SU(3) chiral quark model. Thermodynamic potential

The mean-field thermodynamic potential reads
Qe = U(D @)QTZ/dgkln[D (k. )] -
m 9 ~ (27‘(’)3 f n,f
1 [ H G
-3 2Su5d55+zf:<md,f+25f> Se |,

where summations are of flavors (f = u,d, s), color (i = 0,4+, —) and fermionic
Matsubara frequencies.

dik &3k .
Ve [ Gl o STY [ ot (6,7),

where (k}, ;)? = (wy, —ipf)* + k2. Due to the coupling to the Polyakov loop the
fermionic Matsubara frequencies w, = (2n + 1)7T are shifted
wE=wy £¢3, WO

n n

= Wy,
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Nonlocal SU(3) chiral quark model. Thermodynamic potential

The order parameters (mean field values for m4 and ¢3) are obtained by
minimization of the mean-field part of the thermodynamic potential

O -0 Ot —0 Ot -0 Ot

p— = = :0
Omg.u T Omgg T Omgs T O¢s

After calculation of mean field values one can calculate 1/N,. correction to
thermodynamic potential

Qeorr = 12/ o In[1 — GenIen (7, V)]
corr = 5 - (27‘()3 chllch(\P, Vm

where the sum is over bosonic Matsubara frequencies v, and includes full set of
mesons in the corresponding channel. Namely, (7+, K*, K° K9 7% 5, 7') in the
pseudoscalar channel and (a(980), k%, k0, k9, 7%, a8(980), &, fo(980)) in the
scalar one.
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Comparison. Observables

@ Combination of nonstrange(l) and strange(s) quark condensates — subtracted
quark condensate,

Q pressure, p = —)
] ] B

© interaction measure, I = ¢ —3p = Ta—é’, —4p

© diagonal and nondiagonal moments of conserved charge fluctuations: baryon
number g, strangeness j1s and electric charge pg,

(59 = dHtmEn(p/T*)
e (s /T)'0(ps /T)™0(ug/T)"
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Comparison. Susceptibilities

Quark chemical potentials can be expressed in terms of chemical potentials
corresponding to conserved charges:

IRV SRR SRR BT DU S
Moy = 3;UfB 3/U'Qv Hd = 3/143 3/1'Q7 Hs = SMB 3MQ Ms-

Fluctuations of conserved charges can be related with quark susceptibilities

X5 = = (6 + 2% + 23 + %)
XS == (X3 + 5x% — 4% — 2x%)
X5 =X3

(x5 — xi71)

X11

nn
Q
|
Ol = W= Wl X OO~

it = - (=x5 — 2x¥)

B
X282 =2 (= + X% + X% — 1)
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Comparison. Lattice and Hadron resonance gas

We will perform comparison with lattice QCD simulations

@ HISQ and asqtad actions, HotQCD Collaboration,
A. Bazavov et al. Phys. Rev. D 86 (2012) 0345009.
A. Bazavov et al., Phys. Rev. D 85 (2012) 054503.

@ Stout action, [Wuppertal-Budapest Collaboration],
S. Borsanyi et al. JHEP 1009 (2010) 073.

and Hadron Resonance Gas model. Thermodynamic potential for mesons and
baryons in HRG model is

Td; /dk k2 log {1 _ e(quuB+QiuQ+Sms)/Te—Ei/T)}
21

oM =+

QB _ _Td; /dk k2 log |:1 + e(BiMB+Q1NQ+SiMS)/T6_Ei/T):|
¢ 2

where E; = \/k2 + Mf and B;, Q; ,S;, d; are baryon number, charge, strangeness

and degeneracy factor of hadron. We sum all hadrons from PDG with masses up

to 2 GeV.
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Subtracted quark condensate.
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Mesonic pressure.
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Pressure.
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Polyakov loop potential &/ modded.

U potential Il

@ = —%a(T) ®® + b(T) In [1 —6PP +4 (% +@%) —3 (<T><I>)2]
with

T To\? o\
o(T) = ag + a1 (TO)MQ (TO) (T =bs (70) |
Naive modification
ap — ap/2
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Pressure with modified PL potential.
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Interaction measure.
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Interaction measure with modified PL potential.
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Nonstrange susceptibility.
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Strange susceptibility.
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Strange susceptibility for low strange mass.
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us correlation.
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Charge fluctuation.
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Baryon number fluctuation.
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Baryon number-charge correlation.
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Baryon number-strangeness fluctuation.
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Charge-strangeness fluctuation.
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Conclusions

o The nonlocal SU(3) quark model is extended beyond
mean field using a strict 1/N, expansion scheme

Nonlocality provides an unambiguous way to consider a
role of 1/N, (mesonic) corrections.
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Conclusions

(1]

The nonlocal SU(3) quark model is extended beyond
mean field using a strict 1/N, expansion scheme
Nonlocality provides an unambiguous way to consider a
role of 1/N, (mesonic) corrections.
Nonlocality+effective PL potential gives possibility to
consider "hadronic’ phase with correct degrees of
freedom.

At large temperatures 1/N,. corrections decreased
(mesons 'melts’).

No baryons — poor description of baryonic
susceptibilities and mixed susceptibilities of different
flavor.
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Thanks for your attention !
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Nonlocal chiral quark model at mean field. External fields: Weak pion

decay.

In order to obtain gauge-invariant interactions with axial external fields we
introduce Schwinger phase factor

o) = Q(z,y) = Pexp { i / 42 VA(z) + A2 (2)3s)T b q(u),

A s 72 + 62

Lqﬂ'chA = Q(lé —me—V — A'VS)q — °q + Jy0 + TFGJ;:,

Jr(z) = /d4x1d4x2 f(x1)f(z2) Qx — 21, 2) T1 Q(z, T + 22)
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Nonlocal chiral quark model at mean field. External fields: Weak pion

decay.

In order to obtain gauge-invariant interactions with axial external fields we
introduce Schwinger phase factor

o) = Q(z,y) = Pexp { i / 42 VA(z) + A2 (2)3s)T b q(u),

2 =)
oA ~ A T+ O
Lorova =q(i0 —me—V — Avs)q — “2G

+ Jyo + 72,

Jr(z) = /d4x1d4x2 f(x1)f(z2) Qx — 21, 2) T1 Q(z, T + 22)

Yy )
0
v - (4) . v o
o /dz F (z) = Fu(y), 6% (z—y) /dz F,(2) = 0.
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Nonlocal chiral quark model at mean field. External fields: Weak pion

decay.

For weak pion decay we need vertexes with longitudinal projection of axial
field with quark—anti-quark and quark—anti-quark—meson

ky

k_

As a result, the weak pion decay constant at mean field level contain two

55 / 68
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Sign of 1/N,. correction to quark condensate.

In nonlocal model 1/N, correction to quark condensate is positive for all
sets of model parameters. In local NJL model it was found that this
correction is negative. In order to study transition from nonlocal to local
models let us construct nonlocal model which contains three parameters,
namely

© parameter of nonlocality A (i.e. f?(p) = exp(—p?/A?))
@ parameter of quark loop regularization A, (Pauli-Villars regularization)
@ parameter of meson loop regularization Ay (3D regularization)

Local model can be obtained in the limit

__ ADphys __ APhys
A—oo, A,=APMws Ay = AT

Usual nonlocal model without regularization can be obtained in the limit

A=A A o0, Ay— oo
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Sign of 1/N, correction to quark condensate.

At mean field we have smooth transition from local model to nonlocal one.
The next step is to consider 1/N, corrections and investigate the role of
mesonic 3D cut-off Ayy.
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Quark mass function.
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Quark renormalization function.
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Beyond mean field. Weak pion decay.

Type 1 1/N, corrections for weak pion decay

- @

Type 2 1/N, corrections for weak pion decay

e (=
Bt amte
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Beyond mean field. Weak pion decay.

Type 3 1/N, corrections for weak pion decay

A.E. Radzhabov (IDSTU SB RAS) Fluctuations of conserved Q in NxQM at finite T 17 July 2013, 7th BLTP JINR-APCTP 61 / 68



Beyond mean field. Properties of parameterizations: first pole(s) position

and corresponding (pseudo)treshold.

The important point is the region of applicability of the model. Practically,
in the momentum region it is connected with the lowest singularities of
quark propagator. For different parametrization quark can have first pole on
real axis or pair of complex conjugated poles. First case correspond to the
real threshold of quark diagrams (after p > prnreshola they have imaginary
part) whereas second one to pseudo-threshold (they pure real and have a
cusp at PThreshold)-

N | First pole(s) position, | (pseudo)treshold,
MeV MeV

1 —0.0205502 286.7

2 —0.0528514 459.8

3 —0.1262370 710.6

4 —0.108160 + i0 957.3

5 | —0.108160 =+ ¢0.176299 793.7

6 | —0.028857 £ 70.183204 654.7

7 | 0.011703 % :0.169223 562.0

8 | 0.034359 £ :0.153559 496.0

A.E. Radzhabov (IDSTU SB RAS) Fluctuations of conserved Q in NxQM at finite T 17 July 2013, 7th BLTP JINR-APCTP 62 / 68



Beyond mean field. Fixing model parameters. Threshold.
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Finite T. Quark condensate.
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Finite T. Relative correction to the quark condensate.
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Finite T.Pressure
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Finite T.Pressure
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