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Motivation. I

1 The well-developed methods of perturbative QCD are applicable for
description of the hard processes, with small distances between quarks
and gluons.

2 Most of the data deals with processes where the momentum transfer
between the quarks and gluons is of the order 1 GeV or less → should
be the subject of nonperturbative study.

3 The same situation takes place for the QCD phase diagram where the
most interesting region of the small and moderate temperatures T (and
chemical potentials µ) is also in nonperturbative regime.

4 The only nonperturbative ab initio calculations are performed in lattice
QCD and (besides of some limitations) the theoretical interpretation, or
interpolation to inaccessible region, of numerical simulations is need.

5 Effective theories based on symmetries in nonperturbative region are
legitimate tools.
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Motivation. II

1 One of the successful effective model is the local Nambu–Jona-Lasinio
model.
NJL is one of the simplest models for description of ”nonperturbative”
dynamics. It provides for spontaneous chiral symmetry breaking and the
formation of a quark condensate. The spectrum, low-energy dynamics,
the main strong and electromagnetic decays of mesons have a
reasonable explanation within this model.

Problems

ultraviolet divergences: regularization scheme dependence, cut-off
parameter(s)

no quark confinement: quark-antiquark thresholds in quark loops, ”free”
quarks in hadronic phase

2 Nonlocality
Eliminate ultraviolet divergences → unique extension beyond mean field

3 Nonlocality + effective potential of Polyakov loops
Description of hadron phase, where the fluctuations plays major role
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Nonlocal SU(2) chiral quark model at mean field. Lagrangian.

The quark part of Lagrangian of the nonlocal model of the NJL type has the form

Lq = q̄(x)(i∂̂ −mc)q(x) +
G

2
[Jσ(x)Jσ(x) + Jaπ(x)Jaπ(x)]

where mc is the current quark mass and nonlocal quark currents are

JI(x) =

∫
d4x1d

4x2 f(x1)f(x2) q̄(x− x1) ΓI q(x+ x2), Γσ = 1, Γaπ = iγ5τa
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Z(η̄, η) =
1

N

∫
Dq̄Dq exp

(
iS(q̄, q) + i

∫
d4x[ηq̄ + η̄q]

)
∫
DΦ exp

(
i

∫
d4x(±JΦ−BΦ2)

)
=

1

N ′
exp

(
i

∫
d4x

J2

4B

)
Z(η̄, η) =

1

N ′′

∫
Dq̄DqDσ̃Dπ exp

(
iS(q, q̄, σ̃, π) + i

∫
d4x[ηq̄ + η̄q]

)
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G

2
[Jσ(x)Jσ(x) + Jaπ(x)Jaπ(x)]

where mc is the current quark mass and nonlocal quark currents are

JI(x) =

∫
d4x1d

4x2 f(x1)f(x2) q̄(x− x1) ΓI q(x+ x2), Γσ = 1, Γaπ = iγ5τa

After linearization of the four-fermion vertices by introducing auxiliary scalar (σ̃)
and pseudoscalar (πa) meson fields the quark sector is described by the Lagrangian

Lqπσ = q̄(x)(i∂̂ −mc)q(x)− π2
a + σ̃2

2G
+ Jσ(x)σ̃(x) + πa(x)Jaπ(x).

The scalar field σ̃ has a nonzero vacuum expectation value: 〈0|σ̃|0〉 = σ0 6= 0. To
arrive at the scalar field with zero expectation value, it is necessary to redefine the
field: σ̃ = σ + σ0. As a result the chiral symmetry is spontaneously broken and
quark acquires a dynamical mass M(p2) = mc +mdf

2(p2), where md = −σ0.
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Nonlocal chiral quark model at mean field. Meson propagator.

Mesons can be described via a Bethe-Salpeter equation.

= +

The meson propagators are given by

DM
p =

1

−G−1 + ΠM
p

,

where M is π or σ. ΠM(p2) are the polarization operators defined by

ΠM
p = −i

∫
d4k

(2π)4
Tr
[
Sk−ΓM

k−,k+Sk+ΓM
k+,k−

]
,

where k± = k ± p/2. In Euclidean space polarization loops takes the form

ΠM
p = 4NcNf

∫
d4
Ek

(2π)4

f2
k+
f2
k−

Dk+Dk−

[
(k+ · k−)±mk+mk−

]
,

here plus corresponds to π and minus to σ.
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Beyond mean field. Nc counting rules.

In order to have correspondence with QCD the quark mass should scale as
N0
c for large number of colors

md = GNc · 8
∫

d4
Ek

(2π)4
f2(k)

m(k)

k2 +m2(k)

This means that four-quark coupling constant should scales as G ∼ 1/Nc.
As a result meson propagator leads to 1/Nc suppression of diagrams

DM
p =

1

−G−1 + ΠM
p

→ 1

Nc
,
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Beyond mean field. Quark propagator.

Beyond the mean-field there are corrections to dynamical quark mass and
renormalization functions, ΣNc

p = p/Ap +Bp.(
Smf+Nc
p

)−1
= S−1

p + ΣNc
p

Smf+Nc
p ≈ Sp − SpΣNc

p Sp + ...

Corresponding corrections to the quark condensate are
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Beyond mean field. Meson propagator.

Type 1 1/Nc corrections

Type 2 1/Nc corrections

Type 3 1/Nc corrections
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Beyond mean field. Fixing model parameters.

Fit model parameters using physical values for pion mass Mπ± = 139.57
MeV and weak pion decay constant fπ = 92.42 MeV.

N Λ, MeV mc, MeV mMF
c , MeV md, MeV mMF

d , MeV GΛ2 GMFΛ2

1 1479.2 2.82 2.63 139.2 200 13.35 14.02
2 934.8 5.58 5.51 211.2 250 14.89 15.61
3 705.9 8.64 8.59 269.1 300 17.06 17.85
4 670.3 9.38 9.31 281.9 311.7 17.64 18.45
5 580.5 11.78 11.72 322.5 350 19.72 20.61
6 500.8 14.95 14.88 373.8 400 22.83 23.84
7 445.3 18.15 18.07 424.0 450 26.33 27.49
8 404.4 21.37 21.26 473.4 500 30.20 31.55
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Beyond mean field. Pion mass.
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Beyond mean field. Weak pion decay constant.
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Finite T. Local NJL I

L(x) = q̄(x)(i∂̂x −mc)q(x) +
G1

2

(
(q̄(x)q(x))2 + (q̄(x)iγ5τaq(x))2

)
where q̄(x) = {u(x), d(x)} are the fields of u, d antiquarks, mc is the
current quark mass, G1 is the four-quark coupling constant, τa are the
Pauli matrices.
After bosonization the Lagrangian takes the form

L(q̄, q, σ, π) = q̄(x)(i∂̂x −mc + σ(x) + iγ5τaπa(x))q(x)− σ2(x) + π2
a(x)

2G1
,

where σ(x), πa(x) are the scalar and pseudoscalar meson fields.
Light current quarks transform to massive constituent quarks as a result of
spontaneous chiral symmetry breaking(〈σ〉0 6= 0).
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Finite T. Local NJL II

Gap equation

m = mc − 8mGI1(m)

I1(m,T, µ) is quadratically divergent integral. With help of cut-off over 3
momentum it takes form

I1(m,T, µ) =
Nc

(2π)2

Λ∫
0

dp
p2

E
(1− η(~p, µ)− η̃(~p, µ)) ,

where

η(~p, µ) =

(
1 + exp

E − µ
T

)−1

, η̃(~p, µ) =

(
1 + exp

E + µ

T

)−1
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Finite T. Scaled pressure in local NJL model as a function of temperature.
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Polyakov loop

Untraced Polyakov loop(Polyakov line)

L(~x) = Pexp

i
β∫

0

dτA4(τ, ~x)


transforms under SU(3) gauge transformations as : L→ ULU †

Gauge invariant object

Φ =
1

3
TrcL Φ̄ =

1

3
TrcL

+

transform under global Z(3) transformations :

Φ→ ei
2πn
3 Φ Φ̄→ e−i

2πn
3 Φ̄

〈Φ〉 = e−Fq/T

confinement 〈Φ〉 = 0
deconfinement 〈Φ〉 6= 0
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Polyakov loop potential U

U potential I

U(Φ, T )

T 4
(Φ, Φ̄) = −b2(T )

2
Φ̄Φ− b3

6
(Φ3 + Φ̄3) +

b4
4

(ΦΦ̄)2,

b2(T ) = a0 + a1

[
T0

T

]
+ a2

[
T0

T

]2

+ a3

[
T0

T

]3

C. Ratti, M. A. Thaler and W. Weise, Phys. Rev. D 73 (2006) 014019.

U potential II

U(Φ, Φ̄)

T 4
= −1

2
a(T ) Φ̄Φ + b(T ) ln

[
1− 6 Φ̄Φ + 4

(
Φ̄3 + Φ3

)
− 3

(
Φ̄Φ
)2]

with

a(T ) = a0 + a1

(
T0

T

)
+ a2

(
T0

T

)2

, b(T ) = b3

(
T0

T

)3

.

S. Roessner, C. Ratti and W. Weise, Phys. Rev. D 75 (2007) 034007.
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NJL model + Polyakov loop potential = PNJL model

L(x) = q̄(x)(iD̂x −mc)q(x) +
G1

2

(
(q̄(x)q(x))2 + (q̄(x)iγ5τaq(x))2

)
− U(Φ, T )

A constant temporal background gauge field φ ≡ 〈A4〉 = 〈iA0〉φ3λ3 + φ8λ8 is
minimally coupled to the quarks. Here Φ = 1

Nc
Trc e

iφ/T denotes the Polyakov

loop expectation value and Φ̄ its conjugate. Equations of motion of mean fields are

∂Ω

∂m
= 0,

∂Ω

∂Φ
= 0,

∂Ω

∂Φ̄
= 0
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NJL model + Polyakov loop potential = PNJL model

I1(m,T, µ) =
Nc

(2π)2

Λ∫
0

dp
p2

E

(
1− ηΦ(~p, µ)− η̃Φ(~p, µ)

)
,

ηΦ(~p, µ) =
(Φ + 2Φ̄e−

E−µ
T )e−

E−µ
T + e−3E−µ

T

1 + 3(Φ + Φ̄e−
E−µ
T )e−

E−µ
T + e−3E−µ

T

,

η̃Φ(~p, µ) =
(Φ̄ + 2Φe−

E+µ
T )e−

E+µ
T + e−3E+µ

T

1 + 3(Φ̄ + Φe−
E+µ
T )e−

E+µ
T + e−3E+µ

T

Φ = Φ̄ = 1

ηΦ(~p, µ) = η(~p, µ), η̃Φ(~p, µ) = η̃(~p, µ)

Φ = Φ̄ = 0

ηΦ(~p, µ) =
(

1 + e3E−µ
T

)−1

, η̃Φ(~p, µ) =
(

1 + e3E+µ
T

)−1
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Scaled pressure in PNJL model as a function of temperature.
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Finite T. Thermodynamic potential

The model can be easily extend to the finite temperature case using Φ-derivable
model together with 1/Nc expansion. Thermodynamic potential per volume is

Ω = iTr ln(S−1)− iTr(ΣS) + Ψ(S) + U(Φ, Φ̄)− Ω0

where S−1 = (Sc)−1 + Σ represents the full quark propagator, Σ = δΨ/δ(iS), and
U(Φ, Φ̄) is the Polyakov loop potential.
The mean-field results can be obtained using “glasses” form of Ψ potential

In the nonlocal model “glasses” potential takes the form

Ψglasses = −
∑

M=π,σ

G

2

[
−Tr(ΓMiS)

]2
,

Equations of motion can be obtain by minimization of the thermodynamic potential

∂Ω

∂S
= 0 ⇒ ∂Ω

∂md
= 0,

∂Ω

∂φ3
= 0
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Finite T.Thermodynamic potential

The next step is to take into account also the “ring sum”

+ + + ...

Ψring = −
∑

M=π,σ

dM

2
iTr ln

[
1−GΠM

]
,

where ΠM is polarization loop consist of full quark propagators.
In strict 1/Nc expansion scheme we have to use mean-field equation for dynamical
quark mass and modified equation for φ3 and then calculate 1/Nc corrections to
quark propagator.

Ω = Ωmf + ΩNc

Ωmf = iTr ln(S−1)− iTr(ΣS)− G

2
[−Tr(ΓσiS)]

2
+ U(Φ, Φ̄)

ΩNc = −
∑

M=π,σ

dM
2
iTr ln

[
1−GΠM

]
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Nonlocal SU(3) chiral quark model.

The Lagrangian of the SU(3)× SU(3) chiral quark model contains chirally
symmetric four-quark interaction and six-quark interaction which brakes chiral
symmetry

L = q̄(x)(i∂̂ −mc)q(x) +
G

2
[JaS(x)JaS(x) + JaP (x)JaP (x)]

− H

4
Tabc[J

a
S(x)JbS(x)JcS(x)− 3JaS(x)JbP (x)JcP (x)],

where q (x) are the quark fields, mc is the diagonal matrix of the quark current
masses mc,i (i = u, d, s), G and H are the four- and six-quark coupling constants.
Second line in the Lagrangian represents the Kobayashi–Maskawa–t‘Hooft
determinant vertex with the structural constant

Tabc =
1

6
εijkεmnl(λa)im(λb)jn(λc)kl,

where λa are the Gell-Mann matrices for a = 1, .., 8 and λ0 =
√

2/3I. The
nonlocal structure of the model is introduced via the nonlocal quark currents

JaM (x) =

∫
d4x1d

4x2 f(x1)f(x2) q̄(x− x1) ΓaMq(x+ x2),

where M = S, P and ΓaS = λa, ΓP = iγ5λa, and f(x) is a form factor reflecting
the nonlocal properties of the QCD vacuum.
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Nonlocal SU(3) chiral quark model.

The model can be bosonized using the stationary phase approximation which leads
to the system of gap equations for the dynamical quark masses md,i (i = u, d, s)

md,i +GSi +
H

2
SjSk = 0, Si = −8Nc

∫
d4
Ek

(2π)4

f2(k2)mi(k
2)

Di(k2)
,

where i 6= j 6= k, mi(k
2) = mc,i +md,if

2(k2), Di(k
2) = k2 +m2

i (k
2) is the

dynamical quark propagator obtained by solving the Schwinger-Dyson equation,
f(k2) is the nonlocal form factor in the momentum representation. We take
Gaussian form factor, f2(k2) = exp(−k2/Λ2), in Euclidean space where Λ is the
parameter of nonlocality.
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Nonlocal SU(3) chiral quark model. Thermodynamic potential

The mean-field thermodynamic potential reads

Ωmf = U(Φ, Φ̄)− 2T
∑
f,i,n

∫
d3k

(2π)3
ln
[
Df ((kin,f )2)

]
−

− 1

2

H
2
SuSdSs +

∑
f

(
md,f +

G

2
Sf

)
Sf

 ,

where summations are of flavors (f = u, d, s), color (i = 0,+,−) and fermionic
Matsubara frequencies.

Nc

∫
d4
Ek

(2π)4
If (k2) →

∑
i

T
∑
n

∫
d3k

(2π)3
If
(
(kin,f )2

)
,

where (kin,f )2 = (ωin − iµf )2 + ~k2. Due to the coupling to the Polyakov loop the

fermionic Matsubara frequencies ωn = (2n+ 1)πT are shifted

ω±n = ωn ± φ3, ω0
n = ωn.
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Nonlocal SU(3) chiral quark model. Thermodynamic potential

The order parameters (mean field values for md and φ3) are obtained by
minimization of the mean-field part of the thermodynamic potential

∂Ωmf

∂md,u
= 0,

∂Ωmf

∂md,d
= 0,

∂Ωmf

∂md,s
= 0,

∂Ωmf

∂φ3
= 0

After calculation of mean field values one can calculate 1/Nc correction to
thermodynamic potential

Ωcorr =
1

2

∑
m

∫
d3p

(2π)3
ln [1−GchΠch(~p, νm)]

where the sum is over bosonic Matsubara frequencies νm and includes full set of
mesons in the corresponding channel. Namely, (π±,K±,K0, K̄0, π0, η, η′) in the
pseudoscalar channel and (a±0 (980), κ±, κ0, κ̄0, π0, a0

0(980), σ, f0(980)) in the
scalar one.
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Comparison. Observables

1 Combination of nonstrange(l) and strange(s) quark condensates – subtracted
quark condensate,

∆l,s =
〈q̄q〉lT −

mlc
msc
〈q̄q〉sT

〈q̄q〉l − mlc
msc
〈q̄q〉s

.

2 pressure, p = −Ω

3 interaction measure, I = ε− 3p = T ∂p
∂T − 4p

4 diagonal and nondiagonal moments of conserved charge fluctuations: baryon
number µB , strangeness µS and electric charge µQ,

χBSQlmn =
∂l+m+n(p/T 4)

∂(µB/T )l∂(µS/T )m∂(µQ/T )n
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Comparison. Susceptibilities

Quark chemical potentials can be expressed in terms of chemical potentials
corresponding to conserved charges:

µu =
1

3
µB +

2

3
µQ, µd =

1

3
µB −

1

3
µQ, µs =

1

3
µB −

1

3
µQ − µs.

Fluctuations of conserved charges can be related with quark susceptibilities

χB2 =
1

9

(
χs2 + 2χu2 + 2χud11 + 4χus11

)
χQ2 =

1

9

(
χs2 + 5χu2 − 4χud11 − 2χus11

)
χS2 = χs2

χSQ11 =
1

3
(χs2 − χus11)

χSB11 =
1

3
(−χs2 − 2χus11)

χQB11 =
1

9

(
−χs2 + χu2 + χud11 − χus11

)
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Comparison. Lattice and Hadron resonance gas

We will perform comparison with lattice QCD simulations
1 HISQ and asqtad actions, HotQCD Collaboration,

A. Bazavov et al. Phys. Rev. D 86 (2012) 034509.
A. Bazavov et al., Phys. Rev. D 85 (2012) 054503.

2 Stout action, [Wuppertal-Budapest Collaboration],
S. Borsanyi et al. JHEP 1009 (2010) 073.

and Hadron Resonance Gas model. Thermodynamic potential for mesons and
baryons in HRG model is

ΩMi = +
Tdi
2π2

∫
dk k2 log

[
1− e(BiµB+QiµQ+SiµS)/T e−Ei/T )

]
ΩBi = −Tdi

2π2

∫
dk k2 log

[
1 + e(BiµB+QiµQ+SiµS)/T e−Ei/T )

]
where Ei =

√
k2 +M2

i and Bi, Qi ,Si, di are baryon number, charge, strangeness
and degeneracy factor of hadron. We sum all hadrons from PDG with masses up
to 2 GeV.
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Subtracted quark condensate.
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Mesonic pressure.
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Pressure.
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Polyakov loop potential U modded.

U potential II

U(Φ, Φ̄)

T 4
= −1

2
a(T ) Φ̄Φ + b(T ) ln

[
1− 6 Φ̄Φ + 4

(
Φ̄3 + Φ3

)
− 3

(
Φ̄Φ
)2]

with

a(T ) = a0 + a1

(
T0

T

)
+ a2

(
T0

T

)2

, b(T ) = b3

(
T0

T

)3

.

Naive modification

a′0 → a0/2
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Pressure.
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Pressure with modified PL potential.
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Interaction measure.
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Interaction measure with modified PL potential.
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Nonstrange susceptibility.
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Strange susceptibility.

0.0

0.2

0.4

0.6

0.8

1.0

   0  100  200  300  400  500

χs 2

T [MeV] 

HRG

HISQ

stout

MF+1/Nc

MF

A.E. Radzhabov (IDSTU SB RAS) Fluctuations of conserved Q in NχQM at finite T 17 July 2013, 7th BLTP JINR-APCTP 39 / 68



Strange susceptibility for low strange mass.
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ud correlation.
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us correlation.
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Charge fluctuation.
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Baryon number fluctuation.
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Baryon number-charge correlation.
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Baryon number-strangeness fluctuation.
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Charge-strangeness fluctuation.
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χs4
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Conclusions

1 The nonlocal SU(3) quark model is extended beyond
mean field using a strict 1/Nc expansion scheme

2 Nonlocality provides an unambiguous way to consider a
role of 1/Nc (mesonic) corrections.

3 Nonlocality+effective PL potential gives possibility to
consider ’hadronic’ phase with correct degrees of
freedom.

4 At large temperatures 1/Nc corrections decreased
(mesons ’melts’).

5 No baryons → poor description of baryonic
susceptibilities and mixed susceptibilities of different
flavor.
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Thanks for your attention !
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Nonlocal chiral quark model at mean field. External fields: Weak pion
decay.

In order to obtain gauge-invariant interactions with axial external fields we
introduce Schwinger phase factor

q(y)→ Q(x, y) = Pexp

i
y∫
x

dzµ[V a
µ (z) +Aaµ(z)γ5]T a

 q(y),

LqπσV A = q̄(i∂̂ −mc − V̂ − Âγ5)q − π2
a + σ̃2

2G
+ Jσσ̃ + πaJaπ ,

JI(x) =

∫
d4x1d

4x2 f(x1)f(x2) Q̄(x− x1, x) ΓI Q(x, x+ x2)
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In order to obtain gauge-invariant interactions with axial external fields we
introduce Schwinger phase factor

q(y)→ Q(x, y) = Pexp

i
y∫
x

dzµ[V a
µ (z) +Aaµ(z)γ5]T a

 q(y),

LqπσV A = q̄(i∂̂ −mc − V̂ − Âγ5)q − π2
a + σ̃2

2G
+ Jσσ̃ + πaJaπ ,

JI(x) =

∫
d4x1d

4x2 f(x1)f(x2) Q̄(x− x1, x) ΓI Q(x, x+ x2)

∂

∂yµ

y∫
x

dzν Fν(z) = Fµ(y), δ(4) (x− y)

y∫
x

dzν Fν(z) = 0.
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Nonlocal chiral quark model at mean field. External fields: Weak pion
decay.

For weak pion decay we need vertexes with longitudinal projection of axial
field with quark–anti-quark and quark–anti-quark–meson

k+

k−

p

k+

k−

p

As a result, the weak pion decay constant at mean field level contain two
pieces
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Sign of 1/Nc correction to quark condensate.

In nonlocal model 1/Nc correction to quark condensate is positive for all
sets of model parameters. In local NJL model it was found that this
correction is negative. In order to study transition from nonlocal to local
models let us construct nonlocal model which contains three parameters,
namely

1 parameter of nonlocality Λ (i.e. f2(p) = exp(−p2/Λ2))
2 parameter of quark loop regularization Λq (Pauli-Villars regularization)
3 parameter of meson loop regularization ΛM (3D regularization)

Local model can be obtained in the limit

Λ→∞ , Λq = Λphys
q , ΛM = Λphys

M

Usual nonlocal model without regularization can be obtained in the limit

Λ = Λphys , Λq →∞ , ΛM →∞
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Sign of 1/Nc correction to quark condensate.

At mean field we have smooth transition from local model to nonlocal one.
The next step is to consider 1/Nc corrections and investigate the role of
mesonic 3D cut-off ΛM .
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Quark mass function.
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Quark renormalization function.
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Beyond mean field. Weak pion decay.

Type 1 1/Nc corrections for weak pion decay

Type 2 1/Nc corrections for weak pion decay
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Beyond mean field. Weak pion decay.

Type 3 1/Nc corrections for weak pion decay
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Beyond mean field. Properties of parameterizations: first pole(s) position
and corresponding (pseudo)treshold.

The important point is the region of applicability of the model. Practically,
in the momentum region it is connected with the lowest singularities of
quark propagator. For different parametrization quark can have first pole on
real axis or pair of complex conjugated poles. First case correspond to the
real threshold of quark diagrams (after p > pThreshold they have imaginary
part) whereas second one to pseudo-threshold (they pure real and have a
cusp at pThreshold).

N First pole(s) position, (pseudo)treshold,
MeV MeV

1 −0.0205502 286.7
2 −0.0528514 459.8
3 −0.1262370 710.6
4 −0.108160± i0 957.3
5 −0.108160± i0.176299 793.7
6 −0.028857± i0.183204 654.7
7 0.011703± i0.169223 562.0
8 0.034359± i0.153559 496.0
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Beyond mean field. Fixing model parameters. Threshold.
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Best (pseudo)threshold value 17,64
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Finite T. Quark condensate.
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Finite T. Relative correction to the quark condensate.
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Finite T. Quark condensate.

0 50 100 150 200 250 300 350
0,0

0,2

0,4

0,6

0,8

1,0
qq

T /
qq

 , 

T (MeV)

  qq T/ qq   
  
  qq T

MF
/ qq

MF
  

  ChPT

A.E. Radzhabov (IDSTU SB RAS) Fluctuations of conserved Q in NχQM at finite T 17 July 2013, 7th BLTP JINR-APCTP 66 / 68



Finite T.Pressure
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Finite T.Pressure
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