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String Two-point Amplitudes
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So far …
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Let us consider a string two-point tree-level amplitude.  
It is evaluated by a correlation function of two vertex 
operators with conformal weight one.

For open strings, the automorphism of upper half plane,       
               , is partially fixed by the two points of vertex 
operators. But the gauge volume of residual symmetry is 
infinity. So the amplitude vanishes as 

PSL(2,R)
<latexit sha1_base64="tpMAddKJPgUJIcW1eo1ubGEZkKY="></latexit>

A =
finite

1 = 0
<latexit sha1_base64="sSdjsOP5DDP4AhxtdzraWzvx6Wk="></latexit>

hV1V2i
<latexit sha1_base64="YA8UAVSbGaC7nZ/ftc6WlqcRQ4c="></latexit>



Two-point amplitude does not vanish

[H. Erbin, J. Maldacena and D. Skliros, “Two-Point String Amplitudes”,  
arXiv:1906.06051]

Naively there is another infinity coming from on-shell 
energy-momentum conservation.   

This        cancels the infinite gauge volume.  �(0)
<latexit sha1_base64="dEEdSdYVYzIGpyzWhqfTNDg7sls="></latexit>

A =
1
1 = 2p0(2⇡)D�1�D�1(p1 � p2)

<latexit sha1_base64="Ujx8EWvJxIlv3ZCSMLoISO7gK2k="></latexit>

�(p01 � p02)�
D�1(p1 � p2)

<latexit sha1_base64="jS0Yq3btn1GwVsdRFch502cSrj0="></latexit>

�(0)�D�1(p1 � p2)
<latexit sha1_base64="EmNx+bIeuiY1bDQmpHLS/gouRtM="></latexit>on-shell

p0i =
q
p2
i +m2

<latexit sha1_base64="XYaXSE5avjBN+t74sMyekL4IWCM="></latexit>
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Fadeev-Popov trick
For open strings, 3 gauge fixing functions are necessary 
due to                . PSL(2,R)

<latexit sha1_base64="tpMAddKJPgUJIcW1eo1ubGEZkKY="></latexit>

f0 = X0(ẑ0, ˆ̄z0) , f1 = z1 � ẑ1 , f2 = z2 � ẑ2
<latexit sha1_base64="O8IJz2F1XiLrZS2zNj/N5S1MlEw="></latexit>

The Fadeev-Popov determinant is given by

1 = �FP

Z
Dg

2Y

i=0

�(fi(x
g))

<latexit sha1_base64="PvlYrpVislJP2tK7UYBV2VAq7lM="></latexit>

For the gauge fixing functions

the Fadeev-Popov determinant becomes 

�FP = ẑ01ẑ02ẑ12@X
0 + ˆ̄z01 ˆ̄z02 ˆ̄z12@X

0 , ẑ12 = ˆ̄z12
<latexit sha1_base64="BWM2EF2PEbh+qB97Pr9RwvocBDo="></latexit>

 5



A = h�FP �(X0(z0, z̄0))V1(z1)V2(z2)i
= 2p0ẑ212hV1V2i0

= 2p0(2⇡)D�1�D�1(p1 � p2)
<latexit sha1_base64="snZyWQL8Ib02V9cb5rGRWTofdtg="></latexit>

Finally we obtain the two-point amplitude

where     means that only spacial integration remains, i.e.,h i0
<latexit sha1_base64="3I6zlKWD9c6eXXJ3PVOONDnxT6I="></latexit>

hV1V2i0 = (2⇡)D�1�D�1(p1 � p2)
1

ẑ212
<latexit sha1_base64="U+dNX0H3PDj1M1ZBp0S2Mp8oncM="></latexit>

The key point: in the calculation of the amplitude there 
appears

h@X0(z0)V1(z1)V2(z2)i ⇠ p0
z12

z01z02
hV1V2i

<latexit sha1_base64="5a5Dj4YoqvKT85QdSRb4Bd4NUOY="></latexit>
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Revisited by Operator Formalism

[SS and T. Takahashi, to appear]
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Let us consider the two-point amplitudes in terms of ghost 
fields in the operator formalism. 

In this formalism, BRST symmetry can be manifest. For 
example, it is valuable for constructing string field theory. 
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Open string
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h0|
<latexit sha1_base64="5v0srySh3fAXFu5CnMVjcJRotik="></latexit>

SL(2,R)
<latexit sha1_base64="97TwDgeAjp5GR2zGmZZc5YLB6YI="></latexit>

:               invariant vacuum

When we introduce the eigenstate        of the zero-mode of 
the world-sheet field      , the delta function changes to one.

|x0i
<latexit sha1_base64="yrpsKkOcoa0tzdpu4KvuEnO89gE="></latexit>

X0
<latexit sha1_base64="pTl80v362bRh/CMecdIHTriWm0o="></latexit>

Energy conservation

leads to        . We want to avoid this divergence.�(0)
<latexit sha1_base64="/oZoL+1DLFwHD3h4OR+xwwP7QpQ="></latexit>

h0|p21 � p02i = 2⇡�(p01 � p02)
<latexit sha1_base64="6iMWb9JZGU5DkUI1whukaqs/4PU="></latexit>

hx0 = 0|p01 � p02i = ei0·(p
0
1�p0

2) = 1
<latexit sha1_base64="t/X1d6IfYR/La/ZmdcoTG+KczMA="></latexit>



Z 1

�1

dq

2⇡
eiqX

0(z,z̄)

<latexit sha1_base64="yME5NNPsvBlkg5XOuavinJSyFn4="></latexit>

The operator corresponding to              is  |x0 = 0i
<latexit sha1_base64="SLE01SFG5uzNWPge41hONtIk2Z4="></latexit>

We want to rewrite this operator as the BRST invariant 
operator with ghost number one.

If we can find such an operator     , the open string two-
point amplitude on a disk is given by 

V0
<latexit sha1_base64="GcnpK4IZFJxezIv/XI86NCCpKyk="></latexit>

hV0V1V2i , Vi := cVi (i = 1, 2)
<latexit sha1_base64="CfNmjN1T1rMqt2Xmqn0PWUsYYtg="></latexit>

(The total ghost number is three.)
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V0(z) :=

Z 1

�1

dq

2⇡

⇣
c@X0eiqX

0

+ i↵0q(@c)eiqX
0
⌘

<latexit sha1_base64="GLXKRw9Z4gPEKlYscQ/MLg8p5oQ="></latexit>

This operator can be rewritten as

QB
<latexit sha1_base64="cZQwPVIsq1JJiPBzY0goODvePvQ="></latexit>

: BRST charge

         is mostly BRST exact, because the integrand is 
singular at         .
V0(z)

<latexit sha1_base64="LRKqrOQl99QHT3LVofFdDPIRXxI="></latexit>

q = 0
<latexit sha1_base64="HpqGLDNEVeZuNJc/QnTC2mOQRl4="></latexit>

The answer is 

V0(z) =

Z 1

�1

dq

2⇡

1

iq
[QB , e

iqX0

]
<latexit sha1_base64="iZeZ1QaJkInu7BEkg5XBkJSOPCs="></latexit>
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A = hV0(z0)V1(z1)V2(z2)i , Vi(z) := cVi(z) (i = 1, 2)
<latexit sha1_base64="xYxusLGGtLcTr3epFu3GycOo61A="></latexit>

zi
<latexit sha1_base64="OP+R3Ht/OsrSj4Et25Shmc1RPWE="></latexit>

All     are on the real axis.     are matter vertex operators 
with conformal weight one and momentum     .

Vi
<latexit sha1_base64="RmAGYkGw1jKoz1m9alv4Eqq6tkc="></latexit>

pµi
<latexit sha1_base64="iNBDztldOcllA7YKo3WKg/fS6bU="></latexit>

By the energy-momentum conservation, 

A =

Z 1

�1
dq (2⇡)D�1�(q � p01 + p02)�

D�1(p1 � p2)⇥ · · ·
<latexit sha1_base64="huhkPvdKKNOMfe7KWolcae7kfe0="></latexit>

On-shell condition: p0i =
q
p2
i +m2

i
<latexit sha1_base64="JLdxqLSWXwrXvO1uvxuYVsoc9Bo="></latexit>

If                ,     is replaced by non-zero value after  
integration because of                   . 
Since the integrand of           is BRST exact for          , the 
amplitude     vanishes.

m2
1 6= m2

2
<latexit sha1_base64="9GUYuRj/zW6Z7fVHb4MPXl/78Bc="></latexit>

p01 � p02 6= 0
<latexit sha1_base64="RysxcyjdrcVqgpoOjdWF0nPkvi0="></latexit>

q
<latexit sha1_base64="i2SHEukxClUsgOAOgjDYXx6ocEw="></latexit>

q
<latexit sha1_base64="i2SHEukxClUsgOAOgjDYXx6ocEw="></latexit>

V0(z)
<latexit sha1_base64="LRKqrOQl99QHT3LVofFdDPIRXxI="></latexit>

q 6= 0
<latexit sha1_base64="F6lbx2RQa5vIoAQ3yh3llSFKHl4="></latexit>

A
<latexit sha1_base64="ATF1i0vAayJsKYyl2cGQv1WFWuk="></latexit>
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m2
1 = m2

2
<latexit sha1_base64="hMabYQyFYpmv7/I5f9SM76cSJlE="></latexit>

If                , the delta function for the energy conservation 
becomes       . Therefore the amplitude becomes �(q)

<latexit sha1_base64="VqDbE/eqczIFWGcDyANBZi+8Cec="></latexit>

A = hc@X0(z0) cV1(z1) cV2(z2)i0

= 2p0(2⇡)D�1�D�1(p1 � p2)
<latexit sha1_base64="VEk/pO0sT/xY5SJ3JWZNZXw49yM="></latexit>

     means that the delta function of energy conservation is 
not included.
h i0

<latexit sha1_base64="3I6zlKWD9c6eXXJ3PVOONDnxT6I="></latexit>

Only at           the BRST exactness is broken. So the 
amplitudes has non-zero value.

q = 0
<latexit sha1_base64="HpqGLDNEVeZuNJc/QnTC2mOQRl4="></latexit>
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Lorentz invariance

For the infinitesimal Lorentz transformation; Xµ ! Xµ + ✏µ⌫X
⌫

<latexit sha1_base64="AT2KPNwBjp0kPLldkJTB17cQ2DQ="></latexit>

�V0 = [QB ,

Z 1

�1

dq

2⇡
✏0⌫X

⌫eiqX
0

]
<latexit sha1_base64="Sd9AKRrLNjeQRRcoWilz2L3+HX8="></latexit>

Since it does not have        singularity, the finite Lorentz 
transformation leads to 

1/q
<latexit sha1_base64="BOvpFOSz/UNO6TTrbLTOPloA/b0="></latexit>

V0 ! V0 + [QB , •]
<latexit sha1_base64="/9sZiqO5toMBxkCfppZvySaQD6g="></latexit>

The BRST exact term does not contribute to the correlation 
function for physical states. So the two-point amplitude 
satisfies Lorentz invariance. 
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Closed string
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The application of open string amplitude to closed string 
one is not straightforward.  
Anyway, in a similar way to open string, 

V0 =

Z
dq

2⇡

1

iq
[QB , e

iqX0

]

=

Z
dq

2⇡

⇢
(c@X0 + c̃@X0)eiqX

0

+
i↵0q

4
(@c+ @c̃)eiqX

0

�

<latexit sha1_base64="hCNiJkHQWWly+ZKb2ISp3AlxWis="></latexit>

QB = QB + Q̃B
<latexit sha1_base64="m+0umkDD4Hrt08CG0bmiix0BwqU="></latexit>

(                         : BRST charge)

                                        does not work. Because each 
term in it has ghost number      .
hV0(z0) cc̃V1(z1) cc̃V2(z2)i

<latexit sha1_base64="KcZeuLH8bHICv/oROleTyxPZ99g="></latexit>

±1
<latexit sha1_base64="CGgbuvAqY90a5dTp9oI44+eEwrc="></latexit>

A relevant correlation function on a sphere should have 
ghost number 0.



A prescription is

V0 =

Z
dq

2⇡

1

iq
[QB , e

iqX0

] , V1 = (c@c)c̃V1 , V2 = cc̃V2
<latexit sha1_base64="DEOoFtAX1siTgkE4MNdnaYeojVM="></latexit>

Then one can calculates 
hV0(z0, z̄0)V1(z1, z̄1)V2(z2, z̄2)i
= hc̃@X0(z̄0) (c@c)c̃V1(z1, z̄1) cc̃V2(z2, z̄2)i0

= (2⇡)D�1�D�1(p1 � p2)z
2
12z̄01z̄02z̄12

2p0

z212z̄01z̄02z̄12

= 2p0(2⇡)D�1�D�1(p1 � p2)
<latexit sha1_base64="nGIiYHc5XpbBkHMEyCL9IPZehzQ="></latexit>

(    : matter vertex operator with conformal weight (1,1))Vi
<latexit sha1_base64="RmAGYkGw1jKoz1m9alv4Eqq6tkc="></latexit>

 16



Summary
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Open string

Closed string

(mostly) BRST exact operator

hV0V1V2i = 2p0(2⇡)D�1�D�1(p1 � p2)
<latexit sha1_base64="Q71GFFHo2SmB7ZI9htCSoF0dnko="></latexit>

String tree-level two-point function

V1 = cV1 , V2 = cV2
<latexit sha1_base64="HI7POKHD4bU3+3xZhwAlknrB6Lg="></latexit>

V0 =

Z 1

�1

dq

2⇡

1

iq
[QB , e

iqX0

]
<latexit sha1_base64="VSe71xO/7CNGJ5TOQmD3vdbH3lY="></latexit>

V1 = (c@c)c̃V1 , V2 = cc̃V2
<latexit sha1_base64="LDcGjmCxPTxLlYzjUXHlNsW5J38="></latexit>

V0 =

Z 1

�1

dq

2⇡

1

iq
[QB , e

iqX0

]
<latexit sha1_base64="MppSh8ddj6vo4+qk786/iKxzvp0="></latexit>

but we want a more beautiful prescription.  18


