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String Two-point Amplitudes



So far ...

Let us consider a string two-point tree-level amplitude.
't Is evaluated by a correlation function of two vertex
operators with conformal weight one.
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For open strings, the automorphism of upper half plane,
PSL(2,R), is partially fixed by the two points of vertex

operators. But the gauge volume of residual symmetry Is
infinity. So the amplitude vanishes as
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Two-point amplitude does not vanish

[H. Erbin, J. Maldacena and D. Skliros, “Two-Point String Amplitudes”,
arXiv:1906.06051]

Naively there is another infinity coming from on-shell
energy-momentum conservation.

5(p1 — p9)6"(p1 — p2) > 5(0)67 " (p1 — p2)
on-shell

p?Z\/p?+m2

This §(0) cancels the infinite gauge volume.
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Fadeev-Popov trick

For open strings, 3 gauge fixing functions are necessary
due to PSL(2,R).

The Fadeev-Popov determinant is given by
2
L= Ae [ Dy[]é(fi(")
For the gauge fixing functions -
fo=X"(20.20), fi=2z21—%1, fo=22—%

the Fadeev-Popov determinant becomes

A A A O [ fa [ N O A A
App = 2012022120 X" + 2012022120X ", 212 = Z12



Finally we obtain the two-point amplitude
./4 — <AFP 5(XO(Z(), Z())) V1 (21) V2(22)>
— 2p02%2<V1V2>/
_ 2p0(27_‘_)D—15D—1(p1 o p2)

where { )'means that only spacial integration remains, i.e.,

1

<9
<192

(ViVa)' = (2m)" 16" (p1 — p2)

he key point: in the calculation of the amplitude there
appears

(0X°(20)Va (21)Va(22)) ~ p° —2— (Vi V)
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Revisited by Operator Formalism

[SS and T. Takahashi, to appear]



Let us consider the two-point amplitudes in terms of ghost
fields In the operator formalism.

In this formalism, BRST symmetry can be manifest. For
example, it is valuable for constructing string field theory.



Open string

Energy conservation
(O0lpi — p2) = 278 (p7 — p5)
(0] : SL(2,R) invariant vacuum

leads to 4(0). We want to avoid this divergence.

When we introduce the eigenstate |z°) of the zero-mode of
the world-sheet field X°, the delta function changes to one.

(@° = 0[p — p3) = e PIrH) = 1



The operator corresponding to |z° = 0) is

/OO @ einO(z,E)

o 2T

We want to rewrite this operator as the BRST invariant
operator with ghost number one.

f we can find such an operator V), the open string two-
ooint amplitude on a disk is given by

<V0V1V2> ] VZ .= CV;; (”L — 1, 2)

(The total ghost number is three.)
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The answer Is

Vo(z) := / dg (c@XOeinO + z’o/q(@c)eino)

o 2T

This operator can be rewritten as

Vo(z) :/ = -1 [QB,GWXO]

o 2T 14

(5 : BRST charge

Vo(z)is mostly BRST exact, because the integrand is
singular at ¢ = 0.
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A= Vo(z0)V1(21)Va(22)), Vi(z):=cVi(z) (i=1,2)

All z; are on the real axis. V; are matter vertex operators
with conformal weight one and momentum p*'.

By the energy-momentum conservation,

A= / dg (27)°6(q — 10+ p2)5 (py — ) X - -

On-shell condition: p; = \/ p; +m;

If m? £ m3, qis replaced by non-zero value after g

integration because of pi — pg # 0.
Since the integrand of Vy(z) is BRS
amplitude A vanishes.

exact for ¢ # 0, the
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f m7 = m3, the delta function for the energy conservation
becomes §(q). Therefore the amplitude becomes
A = (c0X"(29) Vi (1) cVa(z2))
= 2°(2m)P 7167 (p1 o)

()" means that the delta function of energy conservation is
not included.

Only at ¢ = 0 the BRST exactness is broken. So the
amplitudes has non-zero value.

13



Lorentz invariance

For the infinitesimal Lorentz transformation; X* — X* 4 €2 X"

> d 0
0Vy = [QB7/ - OXV ax ]

OO27T

Since it does not have 1/q singularity, the finite Lorentz
transformation leads to

Vo = Vo + @B,

The BRST exact term does not contribute to the correlation
function for physical states. So the two-point amplitude
satisfies Lorentz invariance.
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Closed string

The application of open string amplitude to closed string

one Is not straightforward.
Anyway, in a similar way to open string,

dg 1 0 .
Vo:/ d Qp,e""" ] (Qp = Qp + Qp: BRST charge)

27 1q

/ (c@XO—I—EgXO)einO | wjlq

\

(Dc + JE)eirX’

(Vo(zo) céVi(z1) ccVa(z9)) does not work. Because each

term in it has ghost number £1.

A relevant correlation function on a sphere
ghost number O.

should have
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A prescription is

dg 1 0
V() — / d - [QB, 6ZqX ] ] Vl — (C@C)évl . VQ — CEVQ
(V; : matter vertex operator with conformal weight (1,1))

Then one can calculates

Vo (20, 20)V1(21, 21)Va(22, 22))

— <65XO(Z()) (C@C)évl (21, Zl) CéVQ(ZQ, 52)>/

2p0

2 - - —
Z12<012027<12

— (QW)D_l(SD_l(Pl — p2)2%2501502512
_ 2p0(27T)D—15D—1(p1 .
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Summary
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String tree-level two-point function

(VoY1 Vo) = 2p°(2m) "~ 167 (p1 — po)

Open string

(mostly) BRST exact operator
> dqg 1 0
Vo:/ 2q —[Qp, e ]
oo 2T Qg

Vl — CV1 ] VQ — CV2

Closed string

Vi = (cOc)cVy, Vo =ccVs

but we want a more beautiful prescription.
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