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Currents

o In general for every rigid symmetry there is a conserved current upon using
equations of motion

® Currents from gauge couplings
For example S = fd4x[—ﬁF#,,FW + A+ ] =
o*F,, =J, 0MJ,~0
Pure gravity G, ~= 0

o Symmetric energy momentum tensor is due to Lorentz rotation invariance:
T =Ty

o When there is a conformal symmetry C. . Callan, Jr, S. R. Coleman and
R. Jackiw, Annals Phys. 59 (1970) 42-73 proved that there is a traceless
improved current © ,,, = T}, + improvement term
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ccJ

Example:
S = /d4x\/ 00’ —V(p))

has a symmetric and conserved, but not traceless canonical energy-momentum
tensor

T = a,tt(PauSD + g;u/ﬁMy 8MTHV =0, TMM = _8M908u()0 +4V

The improved energy momentum tensor

O = Thu (3 Oy — gu )’
0"0,, =0, 9#” ~0 quarticV

R~ means equation of motions Lo ~ —V, is satisfied.
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The improved energy-momentum tensor can also be obtained from the conformal
invariant gravity-coupled action.
A conventional gravity theory

S = / oy =g (35 PR+ Lu] G~ KT,

To have to conformal and Weyl symmetry, replace k=2 — k=2 — %(,02. For
the action

S= [dav=g[3(x72 = 3R + " Op00 — V()
Gl“/ ~ K/2@ZV y @ZV - T;,u/ - %(vuaV - gul/vpap)(pz + %¢2GNV

Viey, ~ 0, 0% ~0 Sor quartic V().
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Rigid Poincaré Ty = MQO&,QD + g L
Rigid conformal O = - (8 Ay — g)p?
Local conformal 0%, = T — g(vu&, — g V’0,)* + %902G;w
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From conformal action

These formulations can be obtained from a conformal action, containing apart
from the physical field o also a compensating scalar pg. Both have then Weyl
weight 1

S =/d4\/§ [~ 30000 + 300% + Ao
= [ 45 50000 — 10,90" 5 + (58 — DR+ 26|
The Finstein frame: p3 = > +6Kk~2  — No conformal part in the action,
not traceless energy-momentum tensor.

Conformal frame: 3 = 6Kk~2 — Conformal action, traceless
energy-momentum tensor.
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Supercurrents

Old Minimal DYE,s = Do/R, New Minimal D E.q = W,
VG, = 0
At the linearized level
Eog + K Jas =0 G 2T =0
as T K Jaa = — w TR, =
S. Ferrara and B. Zumino, Nucl. Phys. B134 (1978) 301-326, Z. Komargodski and N,
Seibery, JHEP 1007 (2010) 017
Old Minimal D%Jng =~ DY, New Minimal D Jng & wa
D%Jas = DoY + wy.
S. Ferrara and B. Zumino, Nucl. Phys. B134 (1978) 301-326, S. M. Kuzenko, Eur.
Phys. 7. C71 (2011) 1513.

The trace equations:
R~ —kYY, Wy~ —-k’ws — R~ —I<J2Tu“
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Supercurrent and Einstein tensor from superconformal approach.

Action and field equations

The actions of chiral multiplets in the superconformal setup are symbolically
obtained from

S = [N(XI,Xf)}D + [W(Xf)}F

X7 are chiral multiplets with (1, 1) Weyl and chiral weights. I = 0, ...,n.n
is the number of physical multiplets, O is for compensating multiplet.

N = (2,0) isreal. W = (3, 3) is holomorphic.

SO=X0, Si=2, i=1,...,n,

N(X,X)=8°899(S,5),  W(X)=(S")>W(S)
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Pure supergravity is obtained for
N=-35°8° &= -3.

This allows us to define the matter coupling function @y as
O(S,S5) = —3+43P(S5,.5) such that

N(X,X) =898%(=34+30\(5,9)),  W(X)=(S°P>PW(S)

The field equation for the compensating multiplet, I = O can be written as

Y . -
R+ e~ 0 with Y =-2(S°)2AW 4 S°T(S°AK)
R = 571(5% . The
operation T is the superconformal version of the superspace operation D?. In
the conformal frame S° = k™1, we have R + k%Y ~ 0.
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Defined

_ 1 a0\ _ i )
AK:—ﬁ<NO+3S)—S<I>MZ—<I>M
1

1 .
3502 3”

Conformal case: AK = AW = 0. Thus W is homogeneous of rank 3 and
Dy is homogeneous of rank 1 both in S* and S°, ® ij as degree zero. One

Field @y = S.S corresponds to the conformally coupled scalar of CCY.
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Non-linear form of Ferrara-Zumino equations 1975

We want to generalize the FZ equation D%E, = DyR to the non linear
level. In the superconformal formulation nonlinearities come from two sources:
compensator dependence, coupling to matter. The non linear version of E o we
denote as Eyg, .

Edgaa _ (SO)kl (Svﬁ)kQDa (R)

SO

Matching the Weyl and chiral weights on both sides we find
ki4+ke=w, ki—koe=3
We found that the non-linear version is the tensor Eq and R satisfy

. R
DEpe = (8°)°D, <50>
Generalized Bianchi identity. The scalar curvature multiplet R, with chiral and
Weyl weights (1, 1)
g0'5 o 0\( 7. GO
Eaa = —4157044S° — 2(DyS”)(DaS”)

R = (5°)17(59).
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In the components { X, Q° FO}, using Eng = ii(y“)adé’#
&, = 4iX°D, X% — 4iX°D, X° + 2/ Pry,0°
DuXI = (5’u — by — iAu) X' - %@LQI'

_ = _ =
S —SA,LXOXOi —4iX°9, X" ] ]
+ 200 Py, 00 + 2iv/24, (X000 - x°00)
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The Supercurrent

Since we have used an explicit splitting in the action we can write
IN(X, X)lp = S°5°(1 = (S, 9))

using the relation between R andY and Ey6, + Joa = 0 one finds the
conservation law for the supercurrent

2 (x5
~ —(S°)*Da (28W — (8°)72T (S°AK))

5dg7ad

Q

D" Tae ~ 0 in the conformal frame.
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For the compensator SO = { X0\, FOY and for the physical multiplets
St ={8", X', F'}

J, = —®yE,
+2i X000, + 20X 0B 0s i X"
+2i X0 X0 [2(@ miDuS" — @ M;Dﬁg) - Mip’c%x; ]
£, =4iX°D, X" — 4iX°D, X0 + 2ix",\"
Choosing a frame:
In the Einstein frame : — 3k 2= N = 3X0X0 (=14 ®y)
0= N;Qf =3X0 [(—1 + on)x° + @Mixl}

Supergravity and matter fields get mixed.
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In the conformal frame : X = k™1 Q=0
In this frame £, does not depend on matter fields, and we have
En = —8k2A "
T = 857200 Ay + 2072 [ 2@ DS’ — @D,ST) — By X v |
This is the generalization of the CC.
The bosonic part: improved currents and a modified Einstein equation with a
matter energy-momentum tensor that contains the gravity part G, @\ and a

U (1) part, such that it is conserved and traceless due to the equations of
motions.
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A, field equation

We observe that
—3(&,+ Ju) = iNyD, X! —iN/D, X" + 3iN, ;077,97
Since [W)]F does not involve A,, (the gauge field of the R-symmetry in the
conformal approach, and is the auxiliary field in the super-Poincaré action) the
A, field equation
e LSS IN(X, X)]p = iNgD, X! —iN/D, X! + LiN, ;07,07
E+Ju=0 D (Eas + Jaa) = 0

This expression is a superconformal primary, and can be used as first component
of a superconformal multiplet.
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Old minimum supergravity with a FI term

L= |-35%V 3]
D
€ is the (dimensionless) FI constant. SO transforms under an abelian gauge
group gauged by a real multiplet V.
SO 5 8% € VS V4+A+A
e 3V T (6§V§0)
(59)2

DY os = (e2V 50)3D,, + 3¢5%4V SO, .
Chirally extended supergravity in B. de Wit and P. van Nieuwenhuizen, Nucl.
Phys. B139 (1978) 216-220.

& — 0 gives the pure old minimal.
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Adding Matter

_ I I\ £V
L= |N(XT,X)e }D
N(XI, XT) = §089%(Si, §i) = S050(—3 + Byy)

The super-Einstein equations are obtained by variation of the auxiliary field A,

1 9L

T1V6a¢ SAR Eaa(S% V) + Jaa(S°,V, 57) = 0

from which - o
D*os + D"Joa =0
e 3EVT (65‘/]\76\4)
(59)2

DT s~ %(esvso)zapa

] — EW,NMeV

which is the generalization of R ~ —KZZTH‘M of general relativity.
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LM = {3L In

L
5050 ] D
pDagl, = Lwk
Adding Matter

K is the matter Kihler potential. The field equation of X o, the fermionic
component of the linear multiplet, which defines WE, WE

WEk+ Wk ~0
The A,, field equation is split as
El+J.~0
D" Jos =~ LWE
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Conclusions

o We have generalized FZ multiplet for any N' = 1 d = 4 curved
bacKk ground using superconformal approach

o Generalized Ward identities for Supercurrent and Einstein tensor
multiplet from superconformal approach
o Pure Old Minimal
o -+ matter
o Pure Old Minimal + FI
o Pure New Minimal
e + matter
e Important for
o Nonlinear realization of supersymmetry, nilpotent fields,...
o Cosmological applications

o Supergravity back grounds for localization techniques
o ..
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Tlond o

the Superconformal



The auxiliary fields are

old minimal: (Aq, u = HFO) ,
new minimal: (A, au), H' = e tehvro (Fc2ayapa - %Qzu’pra)
The actions for pure Poincaré supergravity are

1 1

k2=l Lom L 21/;“ YPDyap, — Jut+ 3A%A,
1 1 3
ng_lﬁnm _2R _ ,wll ,UV,D(DV _ %Z"Y*Ay)wp + ZHaHa

+ ;n etP?(2A, — Hy,)0va e
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the Weyl multiplet: {ej,, ¥y, by, Ap} .

chiral multiplets: {XT, Qf, FI}.

a real vector multiplet: {V, ¢, H, W, A\, D}, which in Wess—Zumino
(W2) gauge is reduced to {W,,, X\, D}.

a real linear multiplet: {L, au,, X} .

D Eas = £V2 [XTO(Q) 10 +20L0(F);] -
iCO(H) — 2W.0(D) + WX L
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