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Fields of the Nonlinear System

Infinite set of spins s:

one-forms w(Y; K |x) = > ws(y,y; K |x)
S

zero-forms C(Y; K |z) =Y. Cs(y,y;, K |x)
S
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Klein operators K = (k. k) : ky® = —y%%k, ky® = 5%k, kk=kk=1.
Nonlinear equations via doubling of spinors

w(Y; Klx) — W(Z,Y; K|x), C(Y;K|lx) — B(Z;Y; K|z)



Nonlinear HS Equations

dW +WxW =0

dB4+W xB—-BxW =0

L AdS+W xS+ S+«W =0 Vasiliev 1992
SxB—B%x5=0

| S xS =i(dZAdZ 4 + ndz®dzaB x k x k + 7dz%dZ, B x k x F)

n, n-free parameters

HS star product

(f*9)(2,Y) = [dSATF(Z+8,Y + S)g(Z —T,Y +T) exp —iS T

[YA7 YB]* — _[ZA7 ZB]* — QiCABa

Inner Klein operators:

kK = expizay®, K = exp iZdﬂd, kxf(y,y) = f(—y,y)*k, kxk = 1



Perturbative Analysis

Linearization around some vacuum solution.
By =0, Wo = w(Y; K|z), So = ZdZ4, dew+wxw=0.

w(Y|z) = — 5w (2)yays + 5% (2)747; + 2h*P (2)yaT;) describes AdsSy.

0
_ : _ 37A
[So, flx = —2idzf, dz = dz 97A
First-order fluctuations
B =C(Y), S =50+ 51, W =Wpo(Y) +w(Y)+ Wo(Y)C(Y)

w(Y) and C(Y) to be identified with the one-forms and zero-forms

of the original formulation of free fields belong to the d; cohomology.
_ ne 2 n2, 2 ~2 me 2 ~2 —
drw = —wrxw+TNws,C)+TT (W, C)+TT (W, C)+...+ (n < 10),
doC = —[w, Clad- TN (wC2)+TT (WC3) YWY 4. . .+ (n o 7)

TN w?2,C)="" 4+ 4+

wwC Cww wCw """



Reconstruction of Z4 Dependence

Perturbatively, equations containing S have the form
d,Un(Z;Y|dZ) = V[U<n](Z;Y|dZ), d,VIUn](Z;Y|dZ) =0
can be solved as (discarding the 0,z sector for brevity)
Un(z,Y|0) =d3V[UR](Z;Y]0) + h(Y) 4+ dze(Z;Y|0), 6 :.:=d..
Shifted resolution operator d; = A,

8qB

8ZA=O.

AV (z,Y|dz) = (24 + ¢ — /dt V(tz— (1 —t)q;Y;t0) ,

06A

gives the resolution of identlty with the cohomology projector hq

{d27 AQ} =1- hC] ) hq.f(zae):f(_Q7 O)

Proper shift ¢ = local corrections Y7(wC?)+ T (wC?) to field

equations in the zero-form sector Didenko, OG, Korybut, Vasiliev (2018)



p-shifted Resolutions

Local corrections Y7 (w2C?)+ T (w2C?) to field equations in the one-

form sector demand S-shifted resolution: z — z 4 q + 68% B — —o0
Didenko, OG, Korybut, Vasiliev (2019)

2’(1, 2
Aq’BJ:Z/d(Q:)Q exp(zuavo‘)/ —(z—l—q ’U)a—J(TZ (1—7)(g—v); y+Bu; 76)

Resolution of identity

{dz, Ay gt =1—hyp
the cohomology projector to the z, /-independent part
d2u d2v

hg:gJ (2,9, 0) = (2m)? exp(iuav®)J(—q + v;y + Bu; 0)

Normalized notations A| 5= A 1_g) g, hl.s = hy(1_p):p



Pfaffian Locality Theorem

PLT holds for g-shifted resolutions (OG,Vasiliev, 2018,2019)

Order-n corrections in C (neglecting w and 0)

/dTC(yl) ...C(yn)p(7,p,y, 2) ER ER p=0,1

y~=0

‘ . . 1 . . 9
5(ﬂA,B,P,p|Z,y) :expZ(TZ’nyY_Ajp%/zly_B]pf]yyfy_l_ipz]pzvp]’}’)k‘p) p%g :_(La—ya
J
7 o Integration parameters over some compact domain,
T, A*(7), B (1), PY(r) : polynomials in 7, p(,p,y,z) is a polynomial

Even-class holomorphic exponentials E}% satisfy: p = n|p,

. n .
(-1)’B; =0, Zl(—l)zPij =By
1=

NE
0
)
>
|
|
“’ﬂ
it

Even resolution: if ¢ = Y v/p; + pu, with zgzl(—njv]— =0 then v <1
ALg:  ER(T,A,B,Pplz,y) — ER(T, A, B, Pllzy)

leaves even class invariant.



(Anti-)Holomorphic T (w,w,C,...,C) : Even class ,

3

Even resolutions reduce the degree of non-locality in all

(anti-)holomorphic vertices T (w,w,C,C,...,C)

n

By PLT local (anti-)holomorphic vertex T (w,w,C,C,...,C) has to be

n
ultra-local containing no dependence on y or y in C(Y|x).

y or y independence of bilinear in C vertex T (w,w,C,C) implies

ultra-locality

2 .
Z(—l)zpij:Bj : Bj:O—>P7;j:O
1=1



Star-Product Functions

Analysis of locality is most convenient for p-forms in 6 f,(z,y,0)
1
Hp D fo(z,y,0) = /O dro(rz, (1 — 1)y, 70, 7) expliTzay®] M.A. Vasiliev (2015

$(r2,(1=1)y, 70, 7) = =

—)y, ] T)+5(T)¢2(y)+5(1—7)5 (0)v3(2)

The poles at + and (1—7) are fictitious:

¢1(07y7070)207 w]_(Z,0,0,l):O.
i 2
H = @pZOHP
1 1 5
f1 % fo :/O d7'1/0 dTQ/Cl sd“texpi[ry o Tozay® + sat?]

Xp1(T1((1 —7m2)z —my+s),(1 —71)((1 —712)y — 702+ 5),710,71)
Xpo(m2((1 —71)z+ 711y —1), (L —7m)((1 —711)y + 112+ 1), 720,72),

710 =7171(1 —7m) + (1 —71).
The product law o is commutative and associative.



Magic Square

1

(1—11)7m

(1—7m)(1—m)

T172

T1(1—"m)

72

l—mom =i+ (1-m)(1-7)<1

T1 0T =71(1—72) + (1 —71)m2< 1



Algebra H

Space ‘H forms an algebra under the star product.

1
f1 % fo= /O AT exp il T zay® é1 2(Tz, (1 — Ty, T6,T)

1 1
P10 = /O dT]_/O A0 (T —11 072)/d23d2t exp i[sat?]
$1(10Tz—o11(1=T)y + 118, 000(1 =T )y + p1 T2+ (1 —71)s,710,71)
$o(a21Tz+ a11(1—=T)y—"ot,a00(1=T)y + o127z + (L —12)t, 700, 12) .

Since

1 1 1 5
/ d7-1/ drad(r — 11 0 m) = — = log((1 — 27)2)
0 0 2
log((1 — 27)2) has simple zeroes both at - — 0 and at r — 1;

Ji,Jo€eH= fixfroE€H



Classes H1O9, #9091 and Ideal 7
fPen O |@071—P+5¢(w,u,9,7) =0, Je >0,

—1+p+e

fPeryt:  lim(1-1) d(w,u,0,7) =0, Je > 0
T—1

Any f € H decomposes as f = fOT 4+ 710 by virtue of

T+ (1-7)=1
Easy to check:
HOT > 1Ot 1O OO O,
HOT xHTO CcHTO,  HTO w0 c ™o,

H#O9t  forms a subalgebra of H
7T =HTOn#OT forms a two-sided ideal in ‘H



Factorization Lemma and Ultra-Locality
T heorem

Factorization Lemma

/ +0N __ / . . /
hg—co(HTY) =0, hg—oo i= _lim hl g.

B——00

Ultra-Locality Theorem:

AQIL_OO(AQD,_OO(”H;'O) xHp) is well defined and y-independent

The limit 8 — —oo is highly important



Structure Relation

The equation on S> in the holomorphic sector
21d2Sy = S1 % S1 —iBoxy ~ Ag 0l 0(7) x7 — Ay 0(7) x Bp (7).
Structure relation:

Do 0Dy oY) x 7 — Daoly) x Dpo(y) € HFO.

Hence the second-order part of W5 generated by 5S> is well defined
in the limit 8 —- —occ. Note that

S1xS1¢ HIO, nBox~y ¢ HIO

Each leads to divergency, their difference does not



Conclusions

Proper classes of star-product functions compatible with the limiting

resolution action are introduced
PLT i1s extended to shifted resolution formalism

8 — —oo leads to ultra-local vertices by virtue of Ultra-locality Theorem
and Factorization Lemma provided that the right-hand-sides of the
HS equations in the 62 sector is in ’Hé"o. Structure relation is proven,

showing that this is the case.

Analysis of the mixed nn vertices turns out to be g-independent, also

leading to local w2C? vertices Didenko, OG, Korybut, Vasiliev (2019)

For explicit form of local vertices see Slava’s talk



Odd-class exponentials E} satisfy p= (n+1)|,

n . n . n .
Z(—l)]Aj:O, Z(—l)]B]‘:].—T, Z(_l)zpij:_Aj
j=1 j=1 i=1

Odd resolution: If ¢ = 3" v/p;, with 2;?:1(—1)%]- — 1 then Vg
A;,ﬁ : ES(T, A,B,P,p|2,y) — ETIL)(T/7A/7 Bl) P/lzay)kp

maps odd class to odd .

T(w,C,...,C) : Odd class

N

Odd resolutions reduce the degree of non-locality in all

(anti-)holomorphic vertices T (w,C,C,...,C)

n

T (wC?H and Y1 (wC?) are local Didenko, OG, Korybut, Vasiliev (2018)



Inequalities

(1—-71)(1—12)

T172

a11(7) = R ao(T) 1= [ —riory a11(7) + aga(7) =1,
- 11(1—1p) - (=7
ao(7) = ors an1(7) = ory a12(7) +an1(7) =1.

A part is smaller than entire 0 < q;;(7) <1

Important inequalities

0<7m71(1-7m)<T110m(l—T10m)<T110mom(l—T10mo0m3)<...<1



Limiting Resolution and Ultra-Locality

In 8 — —oco limit

3
Ay oo (fP) =/d2’vd2ud3ﬂ9(71)19(72)19(73)5(1— Z 7;)exp i[vau®+712ay® +72q5y"]

=1

1 1P (2P —¢®) +m3(uf—¢P) o TOT3 T1
[ j ¢<le_ u+TQQ7U+T3y797 )
T1+T T1+73 065 T1+73 T1+73
Since

1-71 ek 1
Vn > 1 / d 1 1— 771y U7 at 7 — 0
n> o Tty noptTT )~ matm

y-dependent part is in H1O;

1—71 371" 5
d7'3 1 N(Tl) at ’7'1—>O,
/0 (3 + 1)

Hence 8 — —oo limit eliminates y. For T (w,w,C, C) -vertices this leads to

ultra-locality by PLT and Factorization Lemma explained below



Factorization Lemma

, 1 1 o | o1
hq,ﬂ(f) = /O dT(l ~ 5y /d2vd2uexpz[1}au ]expi (Tya(l — B)q 1 57')>
1

1 .
o (rut 1= gy =) (v ) i)

1 1
18] /0(1—67>2+n

Extra degree in 7 vields zero:

= (n+1)"le+0(?).

E =

2,,12
ool = [ o [ G expilau +oynd 1 (o (- v+ (1 =)y 0.7) |,



