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Main result

We studied the highest weight representations of RT T-algebras for

R—matrix sp(2n) and so(2n) types by the Nested algebraic Bethe
ansatz.

The aim of my talk is to show the construction for sp,(2n).
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The formulation of the quantum inverse scattering method, or algebraic Bethe ansatz,
by the Leningrad school provides eigenvectors and eigenvalues of the transfer matrix.
The latter is the generating function of the conserved quantities of a large family of
quantum integrable models. The transfer matrix eigenvectors are constructed from the
representation theory of the RTT-algebras. In order to construct these eigenvectors,
one should first prepare Bethe vectors, depending on a set of complex variables. The
first formulation of Bethe vectors for gl(n)-invariant models was given by P.P. Kulish
and N.Yu. Reshetikhin in [4] where the nested algebraic Bethe ansatz was introduced.
These vectors are given by recursion on the rank of the algebra and use of the
embedding gl(n — 1) C gl(n) and for gl(2) case is well know. We will describe this
construction for know case of RTT-algebra of gl(3) type. The crucial fact for this
construction is that RTT-algebra of gl(2) type is RTT-subalgebra of RTT-algebra gl(3).
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[1] P. P. Kulish, N. Yu. Reshetikhin, Diagonalization of GL(N) invariant
transfer matrices and quantum N-wave system (Lee model), J. Phys.
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Let ua remember the normalized R—matrix of gl(n) type

X—y 1 1 g(x,¥)
R =" sl P= el P, !
(Xay) X—y+1 ®+X_y+1 f(x,y)®+f(Xy) ()
where
n n 1 X—y+1
| = E‘, P= E®E X, = 9 fX’ T T x—y
HE PRRSCE iy =T
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and then the R—matrix of sp(4) type,
_1
X—y+1

_ (X1’ 53 (1814 90x.y)P - h(x.)Q).

R(x,y)

((x—y)l@l—i—P—%Q): @)

where
2 2 . 2 ., X
I= Y Ef, P= > Ei®E, Q= > 0ikEx®E7,,
k=-2 ik=—2 i k=—2

1 .
h(x,y) = X—y+3’ 0ik = sgn(f) - sgn(k).

In these formulas E¥ are elementary matrices with 1 in the i-th row and k-th collum
and 0 elsewhere. So | is the unit matrix and the relations E}E; = 6.E}, are hold.
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These R—matrices fulfill the Yang—Baxter equation

Ri2(X, ¥)R13(x, Z)R23(y, 2) = Ro3(y, 2)R1 3(x, 2)R1 2(X, y) (3)

The RTT-algebra is an associative algebra .4 with unity, which is generated by the
elements T;(x), where T;(x) are defined by means of the monodromy matrix

T(x) = ZE @ Ta(x),
ik
for which the RTT—equation

Ri2(x, Y)T1(X)T2(y) = T2(¥)T1(x)R1,2(X, y) (4)

holds.
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Next we define the elements
H(x) = Tr(T(x)) = ST (x).
i

Since in both cases R—matrices are invertible, we obtain from the RTT—equation that
the operators H(x) and H(y) commute for any x and y, i.e. for any x and y the relation
H(x)H(y) = H(y)H(x) is valid.
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We assume that in the vector space of the representation of the RTT-algebra A there
is an element w, the vacuum vector for which is

Ti(X)w=0 for i>k, (orfori< k)
TH(xX)w = Ai(X)w.

In the vector space W = Aw we will search eigenvectors of the operators H(x), i.e.
non-zero elements w € W which are for any x solution of the equation

Hx)w = E(x)w.
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The RTT—equations (4) give us in the case of gl(n) relations

Tk()TEW) + 906V TE)TE(Y) = TeW) Th(x) + 9(x, ¥) Ti(y) Té(x)
() T(y) + 9y, ) Ts() Te(y) = Ts(y) T(x) + gy, ) Ts(y) Te(x)
It is easy to see that the RTT-algebra of gl(n — 1) is a RTT-subalgebra of gl(n).

This fact is used by Kulish and Reshetikhin for formulation of of The Nested Bethe
ansatz in the paper [4].
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In the case of the R—matrix of sp(4) type,the RTT-algebra A is generated by the
elements T;(x), where i, k = +1, +2 and RTT-equations (4) give us

THOTH) + 006 TOTAY) + 5 hlx,y) 32 00 TECT(9) =

= TE)TU) + 90 THNTE) + 8 —sh(x.3) 3 Oro AT 53
THOTE) + 00 THOTAY) + 8 -shly, ) 32 BooTHOOTZp(1) =

= TE0)Ti00) + 90 T 00 + . 05" 3 01 TE) T, (30

For this RTT-algebra we do not see any RTT-subalgebra structure similar to the gl(n)
case but as we show latter we can still formulate the nested Bethe ansatz.
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The applications to integrable systems are connected with the highest weight
representations of RTT-algebras. For the RTT-algebra of gl(2) type the vacuum vector
w fulfils

TE()w=0, TX)w=MXw, TEX)w=I(x)w.
We always denote the set of variables by a bar
u={uy,Up,...,Un}, U =u\{uk}.

For the highest weight representation the vector space of representation W is defined
by the elements

U) =T (U)w, where T5(U)= Ta(u)Ts(ta)... Ta(un).
|4)
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From the commutation relations (5) we will use

T () T3 (u) = f(u, ) T (W) T (x) = g(u, ) T3 (x) T{ (u),
TE(X)T3(u) = f(x, W) T (W) TZ(x) — g(x, ) T3 (X) TE(u) -

By induction it is possible to obtain formulas

T () T3(U) = F(U, ) T3 (U) T} (x) = 3 g(uk, X)F(Ux, u) T3 ({Ui, x}) T (i) ,
TZ(x)T3(U) = F(x, ) T3 (U) TE(x) — kE 9(x, i) F(uk, U) T3 ({Ui, x}) TZ (uk)

ugeu

where
F(u,x) = T] f(uk,x), F(x,u) = TJ f(x, ux).

uxcu uxcu
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If we apply these relations to the vacuum vector w, we get relationships

T (x)|T) = M()F(@,x)|T) — 3 A (u)g(uk, X)F (Ui, u) | {Tk; X} ) ,

ugeu

TZ()|U) = Xe(X)F(x, T)|U) — > Xo(uk)g(X, uk)F (uk, Uk) |{Tk, X} ) ,

ugeu

HE[B) = (MOF(@,X) + Xe(X)F(x, 1)) [0)+
+ 5 g6, k) (M (Uk) F (T, k) — Na(U)F (U, ) ) [{T, X}

ugeu
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Theorem Let for any ux € U the Bethe conditions

M (uk) F(Uk, uk) = o(uk) F(uk, Uk)

are fulfilled. Then for any x is vector |t) eigenvectors of operators H(x) with
eigenvalue
E(x;u) = M(x)F(u, x) + X2(x)F(x,0).
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To fix the notation, we will take the vacuum vector w for highest weight
representation of RTT—algebra of gl(3) type as

T2(x)w =0, T3(X)w=0, T3 (X)w=0,
T (X)w = M (X)w, T2(X)w = Ao(X)w, T3(X)w = Ag(X)w .
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For further calculation we denote the R—matrix of gl(3) restricted to
indices 1, 2 as R(x, y). Namely,

1

ﬁzﬂ&w

"~ - - 2 . 2
((®1+g(x,y)P), where T= Y EZ, P= Y EZ®EL.
a=1 a,b=1

Similarly, T(x) denotes the monodromy matrix

2
Tx)= ¥ E3@ TE(x).
a,b=1

Since the R—matrix R(x, y) evidently fulfils thr Yang—Baxter equation,
we can define by means of RTT-equation for T(x) RTT-subalgebra A.
This subalgebra is RTT-algebra of the gl(2) type.
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The idea of nested Bethe ansatz formulated in [4] is to take the
eigenvectors of operators H(x) = T; (x) + TZ(x) + T3(x), in the form

2
> T )T (V). T3 (V) ay ap.....ams (6)
ai,ans,...,ay=1

where vV = (v, Vo, ..., V) is ordered set of different numbers and
Dy, a0,....ay € Aw = Wp.
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The matrices E} can be identify with operators on vector space V using the relation
Eje. = EZEJ = 62E; = 62ep

For these operators the relations EZES = 65E are hold.
As usual, we define in the dual space V* linear operators (E?,)* = F% using the
relationship

@kﬁ%:ﬁﬁk%@:ﬁ@&&@:@m@m7
i.e. F2#9 = §2f°. Contrary to relation for operators EZ, the operators FZ fulfill relations

FoFS = 63F2.
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The shape (6) for the eigenvectors can then be write then as

(Bi,...m(V), ®),
2
where B(v) = >~ e, ® T§(v) and
a=1

Bi.. .m(V) =Bi(v1)Ba(w2)...Bu(vu) =

2
= Y ey®..0e4®Tl'(vi)...T{"(vm)
ai,...,ay=1
2
o= Y f1ef2g.. .00, b,-

by, by =1
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What we will do now. We will apply on the vector(6) elements T3 (x), TZ(x) and T (x).
To do this purpose we use the commutation relations (5). So let me prepare some
systematic way. For calculation is easy to show that the next lemma is true.
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Lemma
(a) For all & € W, the relation

T3 (x) = T3(x)® =0, T3 (x)® = Xa(x)®
is hold.
(b) The following relations are true:
B1(x)B2(y) = Ra,1 (¥, X)B2(y)B1(x), B1(x)Ba(y) = Ry 2B2(x)B1(y),

where
. - . 2
Ri2 =Ria(x,x) =Pi2= > Ej®E;.
a,b=1

We can write the first relation as
<B1(X)Bg(y),fb‘ @ 2) = <Bz(y)B1(x),ﬁZ*71*(y, X) (o @fb2)>,

where

=y * 1 * * 2 * 2
R2*,1*(y7x):f(y X)(I ®I +g(an)ZF§®FZ)7 1 :ZFg'

a,b=1 a=1
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(c) The relations
T3(x)B(v) = f(x, V)B(V) T3 (x) — g(x, v)B(x) T3 (v),
'T'o(x)<B1(v),I®fb>1 = (v, ) (B1(v), Tos (x; V) (1 ®fb)>1—
~9(v, ) (B1(), Tos (M (191)) |
where

To.1(X; v) = Ro 1+ (x, v)To(x),

D . _ 1 * 2 a b
Ro+(:V) = 70, (|®| +g(v,x)a£1eb®|=a)

A ~ . . _ 2
To,1(v) = To,1(v; v) = Ro,1-To(v), Ro,1+ = Ro1+(v,v) = > EZ@F3,
a,b=1

are valid.
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(d) If we denote

Br1,...,m(X, Vi) = Br(X)B1(v1) ... Bx—1(Vk—1)Bks1(Vkr1) - . Bn(vim) ,
ﬁ;ﬂ,.,.,k(‘?) = ﬁ;A(Vk: )R ﬁz,kq(vk: Vk—1) Rit 1(V) =1

we have

<B1,A.A,M(‘7),fb‘ ®... ®fbM> = <Bk;1,...,M(Vk, Vi) Rt x(D) (" ... ®fb"”)>.
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Further we define

m(x \7) = ﬁo,1(X7 V1)ﬁo,2(X7 V2) ... ﬁo,M(X, VM)TO(X)a

TK;O,L.‘.,M(V) = ?0,1,...,M(Vk; \7) .

TO1

PLERS
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Now we will formulate the theorem which can found in the original work by Kulish and
Reshetikhin [4].

Theorem Let ® be an eigenvector of the operator

m(Xx; V) = p(x; V)@ is valid. If for any v, € V the relations

As3(Vie) F(Vk, Vi) = p(vi; V) F (Vic, Vi),

.....

is hold, the vector (By,...u(V), ®) is eigenvectors of operator
H(x) = T{(x) + TZ(x) + T3(x) with eigenvalue

E(x; V, 1) = Aa(X)F(x,V) + u(x; V)F(V, x) .
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The proof of the theorem follows from following lemma

2
Lemma Forany® = > f1@..f"Qd, ., where &y 5 € Wy, itis
by,...,by=1
true

()  TEO)(Brm(¥),®) = a(x)F(x, V) (B1,...u(V), ®) -
= 5 Aa(v)g(x, Vi) F (Ve Vi) (Bt (X, 7). Rica (7)),

VKEV
(6)  FoO)(Br..m(?),®) = F(7.x)(Br...m(¥), Tos...u(x; V)@ )~
— 3 gvi, X)F (Vi i) (B, W), R 4(P) o 1,.. m(D)® ),

VKEV

€ Burdik (JINR, Dubna and CVUT, Prague ) Nested Bethe Ansatz SQS19, Yerevan, 27.8.2019 27 /58



Now we will study the eigenvectors of Iflh,,M(x; V). The following lemma converts this
problem to the gl(2) case.

Lemma The operators ?071,_,_,M(x; V) satisfy the RTT-equation

ﬁo,O/(X,yﬁo,L...,M(X; \7)?0’,1,..‘,M(,V; ‘7) = ?0/,1,...,/\/1(}’; \7)?0,1,...,M(X; V)ﬁo,O'()C Y) .
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PROOF. From the definition of the operators To 1. u(x; V) we obtain
To,1,..m(X; V) Tor 1, m(¥: V) = Ro1(xX; v1) ... Rom(x; vin)To(x)
Ror.1(¥: 1) oy vin)Tor (v) =
= (ﬁo,1(x; vi)Ro 1 (v: V1)) S (ﬁo,M(X; vir)Ro (Y vM)) (To(X)To'(y))
Since for the operators Ty(x) the RTT-equation
Ro.or (X, ¥)To(¥)To (¥) = Tor (¥)To(X)Ro,0r (X, )
are valid, it is enough to show that for each vx € v the relationship holds
Ro.0' (X, ¥)Ro.k(X; Vi)Ror k(¥; Vi) = Ro (¥: Vi) Rok(X; Vi) Roo (X, )

which can be verified by direct calculation.
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Now we must only find the vacuum vectors of I?IL,_,,M(X; V). The following lemma will
give us the answer.

Lemma For the vector

we have
T2 9)Q=0, TIx:VQ=mx;V)Q,  Ti(x:V)Q = pu(x; V)Q,
where
69 = 2%
The proof of this lemma will omit.

p2(X; V) = A2(x).
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So we can now formulate the final theorem for the gl(3) case.
Theorem Let for any u; € U and v, € v the Bethe conditions
A (U/)F(U,’, U,') = )\Q(U/)F(V, U,')F(U,',U,’) 9
As(Vk)F(Vk,Vk) = )\g(vk)F(V;ﬁ Vk)F(Vk,E)

,,,,,

E(x;T; V) = M (X)F(T, X)F(V, x) + X2(X)F(x, U)F(V, x) + Xa(x)F(x, V)
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PROOF: According to lemma 4.3, apply to operators T0,1 ,,,,, w(x; V) RTT-algebra of the
¢l(2) type. The vector Q is the vacuum vector with weights

)\1 (X)
F(v,x)’

(X V) = H2(X; V) = X2(X)
According of Theorem 3.1, if for any u; € u the relation
(Ui V)F(Ti, ui) = pe(uis V)F (i, Ti)
is true, the vector ®(U; V) = 7’12(U; ¥)Q is an eigenvector of the operators
Tro(?o,u...(X; V) = H,
with eigenvalue
E(x;T; V) = 1 (x; V)F(T, X) + pa(x; V)F(x,T),

Further, according to Theorem 4.1, the vector ]\7, U) is an eigenvector of the operator
H(x), if the condition

Aa(Vk)F(Vk,Vk) = /.L(Vk; V)F(Vk, Vk) = )\g(Vk)F(Vk,U)F(Vk, Vk)

is met.
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Eigenvectors and Bethe condition for Uy (sp(2n)) case.
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We will consider the R-matrix of Uy (sp(2n)) which has the shape

R(x) = 1 ( > E’®E£+f(x)ZE§®E§+f( e 1)ZE’@E i+
(X) ik 2k
+Q(X)ZEL®Ek g(x )Y E, 9 Ef—

k<i i<k

g(an+1)qu IelekEk®E_k+g( —1 —n 1)qu I€:6kEk®E_k)

i<k

where ¢; = sign(/) and

X _X71 =1 X _ A1 _
=229 gu=2=0) a-1+12L
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This R-Matrix satisfies the Yang-Baxter equation

Ri2(X)R13(xy)Rz,3(y) = R2,3(¥)R1,3(xy)R12(X)

and is invertible.
By using RTT-equation

Ri2(y ™ )T (X)T2(y) = To(y)T1 ()R 2(xy ).
we can define RTT-algebra A of Uy (sp(2n)) type.
From invertibility of R—matrix we have :
If we define

HO) = Te(T(x) = 32 TH(x)

I=—n

fulfills the equation H(x)H(y) = H(y)H(x) for any x and y.
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We suppose that in the representation space W of the RTT-algebra A there exists a
vacuum vector w € W, for which W = Aw and

Ti(X)w=0 pro i<k, T/(X)w=X(X)w pro i==+1,+2 ... +n.
In the vector space W = Aw, we will look for eigenvectors for which

H(x)w = E(x)w.
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In the RTT-algebra .4, we have the RTT-subalgebras A and A7), that are
generated by the elements Ty(x) and T—-/(x), where i, k=1,2, ..., n
First, we will study the subspace

Wo = ADAS) y cw = Aw.
Lemmai.Foranyi,k=1,2, ..., nandany Q € W, Tk"(x)Q = 0 is valid.
Lemma 2. If we denote

D)= SEeTK, TOx= SE*eTiM),

k=1 i, k=1
then on the space W, for any ¢, ec = £+

RIL 2 0 T2 () = T2 ()T ORI 2 00 7)
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where

R(+ 1) (X)

R, (x) =

x) =

2700 =

is valid.

n X n . .
(X EeE+i0YE eEt
FOX) \i kS ik i=1
+9(x) ¥ E(®Ef-g(x) ¥ Ei®Ef)
1<k<i<n 1<i<k<n
1 n
E'@E K+ f(x)> EI®@E I+
70 72 1003,
+g(x) ¥ E®Ef-g(x7) ¥ ET,@E)
1<i<k<n 1<k<i<n
n X n . 5
> EI®@EI +f(x'q)y Ei®EI-
i,k=1; i#£k i=1
-9(xa") ¥ dEQEL+9(x'q) > ¢ EL®E],
1<k<i<n 1<i<k<n

n . n . .
> BBl DY E 0B
ik=1;i i=
-g(xq™") ¥ ¢ FE @E.+g(x'g"") X ¢ FEZ,®Ej

1<i<k<n 1<k<i<n
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Proposition 1.
If we define

Ri2(x) = R{57(0) + R (0 + RV () + Rz (x)
T(x) = TOM) + T (x)
on the space W, the RTT—equation

Ri2(xy )T (0)Ta(y) = T2 (1) Ti ()R12(xy )

is valid. ~
Also, the R—matrix R(x) fulfills the Yang—Baxter equation

R 2(x)R13(xy)Rz23(y) = Ras(y)R13(xy)R1 2(x)
and has the inverse matrix

(Ri2(x) " = RGV00) "+ R 00) " + RGV0) ™ + (R (x) ™

So the R-matrix R(x) defines the RTT-algebra as A,.
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We find out by the standard procedure from the RTT—equation

T100T2(y) = Ri2007 ") T2 Ti ()R 200 7")

that the operators H(x) and H(y), where

Fi(x) = Teee o (F00) = Te (TO()) + T (TO(x)) = (T + TH(0)

=

commutate with each other. Futher in the RTT-algebra A, for any ¢4, e2 = + the
RTT—equations

(RITDxy T )T () = TE ()T ()R (xy )

are valid for any e1, ex = +. ~ B B
It follows that in the RTT-algebra A, all operators H*)(x) a H*)(y), where

HO0) = Te (TH0)) = 2T, AOx) =T (TO(x)) = T5(x),

commute.

€ Burdik (JINR, Dubna and CVUT, Prague ) Nested Bethe Ansatz SQS19, Yerevan, 27.8.2019 40/58




We denote by G = (u1, Us, . . ., Uy) an ordered set of mutually different complex
numbers.
We will look for eigenvectors in the form

— 4 j i Ky oKose ook
B(u) = > T2k1 (u1)TEk2(U2) e TTKM(UM)¢i11,12,24.4,- Y
T yeeesipgsKq e kg =1 M
where 2K ¢ Yy
i2oeiyy
We selec

n .
Buy= Y ef @ T (u)eV, oV oA
i k=1

where e; is the basis of the space V. and ¥ is the basis of the space V* and define
By, m(0) =B1(u1) ® Ba(tr) ® ... ® Bu(um) =

= )Y e&9..0ecfNe. . .ofMeT (u)... T (u)

i seeesing K ooy
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On the space Vo ® Vy, ® Vi ® A we define

706w = RETD 0w ) T CORS, ) (w )
Té Yy = RS ™) T (0ORG T (xu )
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where
= 1 n . n_. :
(RS (x)) 7 (Xq)( > E@Fel +f(x )Y EoF el +
i,k=T1; ik i=1
+9x") T E(eFfel--g(x) ¥ EieFfol)
1<i<k<n 1<k<i<n
RPN = S EleFiel +i(xLE eFal +
i,k=1; i#k i=1
+9(xq) > ELeFel—gx'g) ¥ JELeFol
1<i<k<n 1<k<i<n

n ., n . .
RN = 3 E@ne@EX+f(x ")) E el oE i+
i,k=T1; ik i=1
+9(x7'q) ¥ dEi®IL®E;,-9g(xq7") ¥ dEi®ll®EZ,

1<i<k<n 1<k<i<n

P 1 n :
R (x) = W( > E®I®Ef+ f(x)zE_, ®ILQEI+

i k=T: itk
+9(x) > E@ligEf-g(x) ¥ E el ®E})
1<i<k<n 1<k<i<n
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Introduce operators
- . B _ 1
T67. w06 D) = (RGO ) ™ - (RE (xuy ) ™' T6P (%)

R O R )
’+)(XU_1)) (_)(X)

RéTA;,_)(quj,1) .. R(()]’_)(Xu;‘)

?E):)M(X ﬁ):( 01" (XU1 )) (

o,M

Brt,...m(X; Uk) = Be(X) @ B1(U1) ® ... @ Bx—1(Uk—1) @ Biy1(Uk11) ® ... @ By(um)
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The following statement, which gives part of the Bethe conditions, follows from the
previous part.

Theorem 1. Let $ be common eigenvector operators

A u0) = To(T60_ (i 8)) 2 HC) 0 8) = Tro(T5) (i ),

FERRRY. /A S e A W U PPRRRY |7 e A

which means that
HY wOao)e = EfD (aiye,  HD 06009 = Ef) (D)o
If the relations for each ux € U
EFD il DF (U T) = Ef7) (v 0)F (i Ty ')

are true
then <B1 (D), > is the eigenvector of the operator H(x) = H™) (x) + H)(x),

where H®)(x) = Tr(T$(x)), and

HOO(Br..mn(@), @) = () 406 B)F O 0)+E() (i ©)F (T ")) (Br...m(@), @)

are valid.
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So we can find the proper vectors of the H(x) common eigenvectors of the operators
H D a(x; ) and H) y(x; 0).

Theorem 2. The operators ?Bﬁ?‘_.,M(X; 4) fulfill RTT—equation

RSSO0 TG G DTS (i @) =T6) i 0T (ORS00
for any & and ¢, ¢ = =+ and thus generate RTT - algebra A,. ;
This RTT-equation we couldn’t write the equation for M = 1 using a matrix B(u).
Therefore, we prefer to use the formulation using spaces V+ a Vi.
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Theorem 3. The vector

0=fx.. . 9frge 1 ®...0e_1Qw

Mx Mx

is a vacuum vector for representing RTT-algebra A, with the weights
(% 0) = M (x)F(x"q: ) u(x:0) = MO)F(xq T k=2,...,n
po1 (X 0) = A1 (x)F(xq;u™") pk(x;0) = A\_k(X)F(x"'qg";u) k=2,...,n.

So to find our own vectors of the operator H(x) for the RTT-algebra of Ug(sp(2n))
type, just formulate the Bethe ansatz for the RTT-algebra A,.
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2. Common eigenvectors of the operators H(*)(x) and
H)(x) in the RTT-algebra A,
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Specific forms of commutation relations in RTT - type algebra A are listed in
Appendix. Among other things, for every x and y

TR Y) = R TE(),
TEOT-

\|z
,—\
8
\|z
N
—~
<

-
Il

—
SN
=
—
N
X

holds.
Let & be a vacuum vector for representation of the RTT-algebra .4z, so we have

Bo=T2xo=0, TE)o=pux)o i=1,2.

Common eigenvectors of the operators H*)(x) and H~)(x) will be searched for in the
form
’V; W> = 7'12(V1)7'12(vz) e 7'12(VP) 7': (W1)T (W2) 7—_21(WQ)(:) = ~12(V) 7'_21 (W)@,

where vand w are the sets V.= {vy, v2,...,vp} and W = {ws, wz,..., wo}.
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Propositin 2. In the RTT-algebra .4, we have
H)TW) = FoV ) TR T () = X g0y ) F(ves v ) TR (x, V) T (vr)

Be0T2) = Fo RO 00 + & 000 V(w70 206, 7) ()
T T @) = Fo ) T3 @ T 0+

£ gl V(s s T3 0 ) P (we)
F200T (@) = Focw )T T 200 — 5 g0ows VF(we; w5 ") T3 06, ws) T2
0T 3) = Fog 2w D FJ@ T o0+

+ 3 glxws 'q 2 F(ws; ws ) TR(X) 7o) (Ws) T2 (ws)
T200T-3() = FOc ) T () T2 ()

— Y glxws g R F(ws W) TR(x) T3 (W) T (ws)
100 T20) = Fx'q-29) T30 -1 ()~

— > 9V ') F (v V) TRV T (X) T2 (vr)
T-200) T2(0) = Fxa?s v ) T2(0) T2(0) + g PR )R TL0TH ()

Using Proposition 2 we obtain next proposition

€ Burdik (JINR, Dubna and CVUT, Prague ) Nested Bethe Ansatz SQS19, Yerevan, 27.8.2019 50/ 58




Proposition 3. For any x, v and w we have
T ()|[vi W) = m(x)F(x; v ) F(xg 3w ") |v; w)—
=3 m(v)g(xve (v v YF(veg 2w ) | X, Vi W)+

+V§7M—2(Ws)g(xw§1q_Z)F(quz;Vq)F(Ws;W§1)|X,V;Ws>
T200)[V: W) = pa () F(x " V) F(x " 62 ) [v; W)+

+2,uz(w)g(xvr‘)F( V(Y W)X, Vi W) —

S pa(we)gws g2 F(ws g R V) F(ws W) |x, Vi W)

T/ (X)|ViW) = p1(X)F(x g 5 V)F(x s w)|[v; wy—
=2 pe(v)g(xvr 'GP )F (v V) (v 7 W) [V x, W)+

VrEV
+ 3 poa(we)g(xws ) F(ws 'q % V)F(ws ' Ws) [V X, Ws)

WsEW

T2()|[V:W) = po(X)F(xg% v ) FOx; W) v w)+
+ 3 (v g(xvi P)F (v v YF(veg 2w )|V X, W) —

VrEV

— 3 pa(ws)gOxws ) F(wsq?; V) F(ws; W )|V X, Ws).

WsEW
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From this statement we obtain for the action of the operators H(*)(x)
HO) v w) = T () [viw) + T2(x)|[viw) =
= (mEIFCGVF(G 2 W) + pe(OF (x5 V)F(x g% w)) [vi w)
- ZﬁQ(Xqu)(/M(Vr)F(Vr;V,_1)F(v,q*Z;W“)—
- —Mz(Vr)F(VF1;Vr)F(v,“qz;W))]x,V,;W>_
— 3 gOows ' q2) (s (W) F(ws ' q % V)F(wy ' We)—
wsEW —M72(W5)F(qu2;V71)F(WS;W;1))‘X,V;W5>
x)|[viw) = T/ () [viw) + TZ(x)|viw) =
- (“‘1(X)F( XTqEV)F(XT W) + pa(x )F(qu;V*‘)F(x;W*‘)) v W)+
+VZ€:VQ(XVF1 2)(#1(Vr) (v Vv, YF(vig 3w ')—
’ —p2(ve)F (v, Vi) F (v g% W) )]V,;X,W>+
+ 30 g0 ) (1 (we) F(ws ' g% V) F(ws " Ws)—

wsew

—-a(we)F(wsG? V) F(ws; W5 ) ) [V: X, We)
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The following statement is

Proposition 4. If for each v, € v and ws € w the Bethe conditions are fulfilled
(V) F(vi V7 Y F(veg 2 W) = pa(vi) F(ve S V) F (v ' g7 w) -

p—1(Ws)F(ws g2 V) F(ws s Ws) = p_a(ws) F(wsG® V1) F(ws; W5 ')

the vectors |V, W) = T2(u) T} (W) are common eigenvectors of the operators
H®)(x) and A7) (x) with eigenvalues
EO06viW) = m(OF(6 Y )FOq %W ) 4+ i) F (x5 V)F(x ' ¢ w)
ECO(x;viw) = p_1(X)F(x'q % V)F(x~ ;W) + p_a(X)F(xq% v ) F(x; w ")
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3. Bethe conditons and Bethe eigenvectors for the
RTT-algebra of U,(sp(4)) type
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We have mentioned that the operators T} (x; &) and T/ (x; &), where i, k = 1, 2,
generate each U RTT-algebra A, and the vector €2 is for this algebra a vacuum vector
with weights

pi(x;T) = M(X)F(x~"q; ) pa(X;0) = e(X)F(xq~ ;T ")

pot(60) = A4 (F(xq: ") 2 0) = A2(X)F(x g7 0)
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Propositin 4 says if for every v, € v and ws € w the Bethe conditions are fulfilled

(Vi O)F (v Vi )F(vrg % W) = pa(v D) F (v 3 V) F (v g5 W)
pt (Wsi U)F (W ' W) F(Ws ' q 2, V) = o (Wsi O)F(We; Ws ) F(WsG?5 V™
the vectors R R
O(U; v, w) = T{(0; V)T, (4; W)Q
are common eigenvectors of the operators l:I1(+) w(x; 0) and Iflﬁf_)q w(x; ) with
eigenvalues

ED 06T VW) = (GO FOGV ) F(xq 3 W) + pe(x; 0)F(x " V)F(x % w)

) (G viw) = po (GO F (T 2 V)F (xS W) + pea (G O)F (x v ) F (s W
From Proposition 1 it follows that if for every ux € u we have
Fue TS (Ui B:v;w) = Fui U )ES (0 B v; w)

then the vector

B(U; v; w) = <B1,A.A,M)(U)»¢(H;V; W)> ©

is the eigenvector of the operator H(x). From this we obtain the following theorem:
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Theorem. Let the Bethe condition

A (k) F (U ' Tk F(u " q: T ) F(u V) F(ukg 2w ) =

= A1 (k) F(uk; T ) F(uk G Ty ) F (U 'q 3 V) F(u ' W,
MVF(v g 0)F(vi v YF(vg 3w ') =

= X(V)F(veq S u YF(v ) F (v P w)
A1 (ws)F(wsq: U )F(ws 'q 2 V) F(ws ' W) =

= A o(ws)F(ws 'q ™" U)F(wsq?; V1) F(ws; W ')

be fulfilled for any for any ux € u, v, € v and wy, € w, then the vectors (9) are
eigenvectors of H(x) with eigenvalues

E(x; T, v;w) = M(X)F(x ", 0)F(x 'q; u)F(x; v ) F(xg 3w )+
+X(X)F(x LU F(xg ' u YF(x L VF(x T P w)+
FAA(X)F(GT YF(xq T ) F(x g 5 V)F(x Y w)+
+A(X)F(GT YF(x'g L 0)F(xg? v ) F(aw )
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