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Monge-Ampeére structure

Definition
A Monge-Ampére structure on a 2n-dimensional manifold X is a
pair of differential form (Q,w) € Q2(X) x Q"(X) such that Q is

symplectic and w is Q-effective i.e. QANw = 0.



Main idea

» Let F:R"” — (/)R" be a vector-function and its graph is a
subspace in T*(R") = R"” & (i/)R".
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Main idea

» Let F:R"” — (/)R" be a vector-function and its graph is a
subspace in T*(R") = R"” & (i/)R".

» The tangent space to the graph at the point (x, F(x)) is the
graph of (dF)y - the differential of F at the point x.

» This graph is a Lagrangian subspace in T*(R”) iff (dF)x is a
symmetric endomorphism . The matrix || 2 6

Vx iff the differential form >, Fidx; € /\1(]R”) is closed or,
equivalently, exact:

R L Fovr
Ox;
» The projection of the graph of Vf on (R") is given in

coordinates by V?(f) =




Correspondence: Forms -Symplectic MAO

Let M be a smooth n—dimensional manifold and w is a differential
n-form on T*M. A (symplectic) Monge-Ampere operator
A, C®°(M) — Q"(M) is the differential operator defined by

Ay (f) = (df)"(w),

where df : M — T*M is the natural section associated to f.



Examples

| - [ a.=o
dgi N dpo — dgo N\ dpa Af =0
dg1 A dp> + dgr A dpy af =0
dp1 A dpa A\ dpz — dgi A dgo A dgs Hess(f) =1

dpi1 Adga A dgs — dpa Adgr A dgs || Af — Hess(f) =0
+dps A dq1 A dgx — dp1 A dpa A dps




Hodge-Lepage-Lychagin theorem

Figure: Lepage, Hodge and Lychagin
The next theorem stresses the fundamental role played by the
effective forms in the theory of Monge-Ampere operators :
Theorem (Hodge-Lepage-Lychagin)
» Every form w € N*(V*) can be uniquely decomposed into the

finite sum
w=w0+Tw1+T2w2+...,

where all w; are effective forms.



Hodge-Lepage-Lychagin theorem

Figure: Lepage, Hodge and Lychagin

The next theorem stresses the fundamental role played by the
effective forms in the theory of Monge-Ampere operators :

Theorem (Hodge-Lepage-Lychagin)
» Every form w € N*(V*) can be uniquely decomposed into the
finite sum
w:wo+Tw1+T2w2+...,
where all w; are effective forms.

» If two effective k-forms vanish on the same k-dimensional
isotropic vector subspaces in (V,Q), they-are proportional.



Symplectic Monge-Ampere Equations: Solutions

» A generalised solution of a MAE A, = 0 is a lagrangian
submanifold of (T*M, Q) which is an integral manifold for the
MA differential form w:

w|[_:0.



Symplectic Monge-Ampeére Equations: Solutions

» A generalised solution of a MAE A, = 0 is a lagrangian
submanifold of (T*M, Q) which is an integral manifold for the
MA differential form w:

w]L:0.

» A (generic) generalised solution locally is the graph of an
1-form df for a regular solution f.



Generalized solution

Figure: Generalised solution of a MAE



Generic types of singularities for Generalized solutions of

MAE

Specific property of the graph-like Lagrangian submanifolds: their
projection on the "configuration space" R" is a diffeomorphism.
Our generalised solutions are general Lagrangian immersions and
they have Arnold's lagrangian singularities.

Figure: Lagrangian singularities (Wave fronts, foldings etc.)

This singularities describe the formation of atmospheric fronts
(Chynoweth, Porter, Sewell 1988)



Symplectic Equivalence-1

» Two SMAE A,, =0 and A, = 0 are locally equivalent iff
there is exist a local symplectomorphism
F:(T*M,Q) — (T*M,Q) such that

F*wl = W?.



Symplectic Equivalence-1

» Two SMAE A,, =0 and A, = 0 are locally equivalent iff
there is exist a local symplectomorphism
F:(T*M,Q) — (T*M,Q) such that

F*wl = W?.

» L is a generalised solution of Ag«,, =0 iff F(L) is a
generalised solution of A, = 0.



Legendre partial transformation

Figure: Legendre

_ 2 _
Ugiqy T Ugaq, = 0% _______ > Vara1Va2q: — Vayg = 1 ‘

*

w = da1 A dpa — dap A dpy [—>——{ = dpy / dp> — da1 A da




Legendre partial transformation-2

L, = Vs
L,= (Cl17Q2,uq1,uq2) ’L) ( (q1 :;172 \L/Z,: ‘;qzz))
29 19

g2 arcsin(gpe™ M)

etcos(qp)< — — — — — — — N +\/m
2

with & : T*R2 — T*R2, (g1, q2, p1, p2) — (q1, —p2, p1, G2).




Sewell-Chynoweth SG- equation

Figure: Numerical Solution of the semi-geostrophic 3D equation (Cullen,
Sewell-Chynoweth...)

2

0“u
hess, ,(u) + 552 hess(u) (1)



Sewell-Chynoweth MAO form and its equivalence
» The effective form of (1):

w=dpANdgANdz+dxANdy Ndr—vydx AdyAdz,

(x,y,2,p,q,r)— canonical coordinates system of T*R3.
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Sewell-Chynoweth MAO form and its equivalence
» The effective form of (1):

w=dpANdgANdz+dxANdy Ndr—vydx AdyAdz,

(x,y,2,p,q,r)— canonical coordinates system of T*R3.

» This form is a sum of two decomposable 3-forms:
w=dpAdqAdz+dxAdyA(dr —~dz).

» ¢*(w) = dp Adg A dr— dx A dy A dz where ¢ is the
symplectomorphism

o(x,y,2,p,q,r) = (x,y,r,p,q,yr — z).
» The equation (1) is symplectically equivalent to the equation

hess(u) = 1. (2)



An exact solution of the SG 3D equation

f(x,y,2) = (b+463)13d¢

/\ /Xy +yz+zx

a

is a regular solution of (2). Therefore,

L={(xy, O+ y)an (v + 2)as (2 + x)asy(x + y)a - 2) |

is a generalised solution of (1) with

1 b
a=—( >+ 4)3.
2 (xy + yz + zx)2

W=




Hoskins geostrophic coordinate transformation

» The SG equations are used like a good approximation to the
Boussinesq primitive equations when the rate of the flow
momentum is smaller than the Coriolis force, or in other
words, when the Rossby number Ro << 1.
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the generation of vorticity in cyclogenesis (the birth and
development of a cyclone), especially along the polar front,
and in analyzing flow in the ocean.



Hoskins geostrophic coordinate transformation

» The SG equations are used like a good approximation to the
Boussinesq primitive equations when the rate of the flow
momentum is smaller than the Coriolis force, or in other
words, when the Rossby number Ro << 1.

» Potential vorticity is a fundamental concept for understanding
the generation of vorticity in cyclogenesis (the birth and
development of a cyclone), especially along the polar front,
and in analyzing flow in the ocean.

» B. Hoskins (1975) had proposed a remarkable coordinate
transformation ( a passage to geostrophic coordinates in x — y
directions) such that the geostrophic velocity and potential
temperature may be represented in terms of one function both
in the transformed coordinates as in physical ones



de 14 Mal 1992 . 121 00 (GMIT).




Hoskins geostrophic 3D equation

> Let ® := ¢ + 5(u2 + v2) then VO = V¢ and



Hoskins geostrophic 3D equation

> Llet o=+ %(uﬁ + ng) then V& = V¢ and
» if the potential vorticity is uniform (gg = %Nz) then one
have in the interior of the fluid for any time T =t
1
2

L

1
(Pxx + Pyy) — ﬁ(q’qu’yy — O%y) + e

®z7=1. (3)



Hoskins geostrophic 3D equation

> let d =9+ 5 (u +v)thenV¢ V¢ and

» if the potential vorticity is uniform (gg = %Nz) then one
have in the interior of the fluid for any time T =t

1 1
72(Pxx + Pyy) — Z(ExxPyy — O%y) + N2 —®zz=1. (3)

» Here (and in what follows) f is the Coriolis parameter taking
as a constant and N is the Brunt - Visald frequency:

a8
N=,-==
oy’

for the uniform potential vorticity g, and the constant
potential temperature 6.



Hoskins geostrophic MA effective form

» This is a 3D Monge-Ampére equation with the effective form

w= f(dp/\dy/\dz+dx/\qudz)+ dx/\dy/\dr—

f4dp/\dq/\dz—dx/\dy/\dz



Hoskins geostrophic MA effective form

» This is a 3D Monge-Ampére equation with the effective form

w= (dp/\dy/\dz+dxAdq/\dz)+ dx/\dy/\dr—

f
f4dp/\dq/\dz—dx/\dy/\dz
» This form is the sum of two decomposable forms:
1
w= dex/\dy/\dr—(dx—f—dp) (dy — fzd)/\dz



Hoskins geostrophic MA effective form : equivalence

» Consider the symplectomorphism

F(x,y,2,p,q,r) = (p,q, 2, —x + f?p, —y + f2q,r).  (4)



Hoskins geostrophic MA effective form : equivalence
» Consider the symplectomorphism

F(x,y,z,p.q,r) = (p,q,z, —x + f2p,—y + f2q,r).

pi=—x+1fp, %:=p
ji=-y+fq j:=q
Fi=r Z:=z

with = Q, provides the following effective form:



Hoskins geostrophic MA effective form : equivalence
» Consider the symplectomorphism

F(x,y,z,p.q,r) = (p,q,z, —x + f2p,—y + f2q,r).

pi=—x+1fp, %:=p
§:=-y+fq y:=gq
Fi=r Z:=z

with = Q, provides the following effective form:

| 4
1 1

(4)



Hoskins geostrophic MA effective form : equivalence

» Consider the symplectomorphism

F(x,y,z,p.q,r) = (p,q,z, —x + f2p,—y + f2q,r).

with = Q, provides the following effective form:
1
4
» The Hoskins SG (3) is equivalent to the (1):

1
@:mdﬁ/\df]/\dF— dX ANdy N dzZ.

N> (ggg)?
hess(u) = = f6500)2

by the symplectomorphism (4).



Geometric Structures on T*R2.

Let (Q,w) be a Monge-Ampere structure on X = R*. The field of
endomorphisms A, : X — TX ® T*X is defined by

REMARK The tensor

Jpy = —F——
VIpf(w)
gives

» an almost-complex structure on X if pf(w) > 0.



Geometric Structures on T*R2.

Let (Q,w) be a Monge-Ampere structure on X = R*. The field of
endomorphisms A, : X — TX ® T*X is defined by

REMARK The tensor

Jo = —F/——=
VIpf(w)]
gives
» an almost-complex structure on X if pf(w) > 0.

» an almost-product structure on X if pf(w) < 0.
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THEOREM (Lychagin-R.)

Let w € Q2(R*) be an effective non-degenerate 2-form on (R*, Q).
» The following assertions are equivalent:

» The equation A, = 0 is locally equivalent to one of two linear
equations: Af =0 ou Of = 0;

» The tensor J, is integrable;

w

o] is closed.

» the normalized form




Table 1. Effective forms with constant coefficients in 2D

A,=0] w | pf(w) |
Af =0 | dgi A dpa — dgx A dp: 1
Of =0 | dg1 A dpz + dgz2 A dp1 -1
gzg =0 dgy N dpo 0




HyperKaler triple of MAE

The conservation law of the potential vorticity (the Ertel's theorem)
obtains (using the Hamiltonian representation of the system):

2 (589)-

d
a(l + ¢q1q1 + ¢q2q2 + det HESSQZ) ) = O’

This equation is a part of the HyperKahler triple of MAEs (R. and
Roulstone 1997, 2001):

wy = [1+ a(p11 + p22) + (2% — ) (pr1p22 — pH)dq1] A dqo
wy = [QCP12 + ac(p11p22 — sz)] dg1 A dqz )
wg = —cf2



2D balanced model MAE

» The general family of (elliptic) MAE with constant coefficients
carries all flat balanced models:

1+ Ggiq1 + 3Pgaqs + (32 — c2) det Hess ¢ = (c/f, (6)

Among them are:
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2D balanced model MAE

» The general family of (elliptic) MAE with constant coefficients
carries all flat balanced models:

1+ Ggiq1 + 3Pgaqs + (32 — c2) det Hess ¢ = (c/f, (6)

Among them are:

» The semi-geostrophic model (a =1, ¢ = 0 with ¢¢/f
positive);

» The Ly Salmon dynamics with a = ¢ = 1,

» The /3 dynamics of Mclintyre - Roulstone for a=1,c = /3
and ¢¢/f < 3/2;
Our classification theorem in 2D gives a classification of all
"almost-balanced" (0 < ¢ < v/3) models with a uniform
potential vorticity.



Courant Bracket

T —tangent bundle of M and T*— cotangent bundle.

(X6 Y +1) = S(E(V) + (X)),

-natural indefinite scalar product on T @ T*.
The Courant bracket on sections of T @ T* is

X +6Y 42 = X, Y]+ Ly — Ly€ — 2d(ixn — iv€).



Generalized Complex Geometry

Figure: Hitchin

DEFINITION [Hitchin]: An almost generalized complex structure
isabundlemapJ: T® T* — T @ T* with
P=-1,(J,)=—(10).

An almost generalized complex structure is integrable if the spaces
of sections of its two eigenspaces are closed under the Courant
bracket.



2D SMAE and Generalized Complex Geometry

» DEFINITION A Monge-Ampere equation A, = 0 has a
divergent type if there existe a function p such that the form
W' =w+ uQ is closed.



2D SMAE and Generalized Complex Geometry

» DEFINITION A Monge-Ampere equation A, = 0 has a
divergent type if there existe a function p such that the form
W' =w+ uQ is closed.

» THEOREM (B.Banos)

Let A, = 0 be a Monge-Ampere divergent type equation on
R? with closed w (which might be non-effective). The
generalized almost-complex structure defined by

I = A Q-1
CT\-QL+ A2 ) Ay

is integrable.



Hitchin pairs (after M.Crainic)

A Hitchin pair is a pair of bivectors 7 and I1, [1— non-degenerate,
satisfying

{[I’I, ] = [=, 7] @)

[M,7] =0.

PROPOSITION There is a 1-1 correspondence between
Generalized complex structure

(A ma
= (0 73)

with o non degenerate and Hitchin pairs of bivector (7, ). In this
correspondence



Hitchin pair of bivectors in 4D

I is non-degenerate = two 2-forms w and €2, not necessarily closed
and w(+,:) = Q(A-, ).

A generalized lagrangian surface: closed under A, or equivalently,
bilagrangian: w|; = Q| = 0.

Locally, L is defined by two functions u and v satisfying a first
order system:



Jacobi systems

A+ B3+ Cou +D +E8V+EdetJV_0

Qu  Ou

_ | ox o0
Juv=\ov ov
ox Oy

Such a system generalizes both MAE and Cauchy-Riemann systems
and is called a Jacobi system.

{ b8“+c8y d8V+e8y+fdetJv_o



Dritschel-Viudez MAE

Recently a new approach to modelling stably-stratified geophysical
flows was proposed by Dritschel and Viudez. This approach is
based on the explicit conservation of potential vorticity and uses a
change of variables from the usual primitive variables of velocity
and density to the components of ageostrophic horizontal vorticity
and a Monge-Ampere-like nonlinear equation with non-constant
coefficients arises. The equation changes the type from elliptic to
hyperbolic:

E (0xx®, — 92,) + Ady +2Bd,, + CO,, + D=0  (8)

with

E=1 ((Pzz - (Pxx)

N -

A=14¢y,, B=

Y

C:].—Soxz’ D:@xxwzz_gpiz_w

where ¢ is a given potential and the dimensionless PV anomaly w
may be also considered as a given quantity.



The corresponding Monge-Ampeére structure

Q=dxANdp+dzAdr
w= EdpANdr+ Adp A dz+ B(dx A dp — dz A dr)+
+Cdx A dr + Ddx A dz

The pfaffian is pf(w) = R with R the Rellich's parameter:
A 2
R=AC-ED-B*>=1+w— <¢>

A direct computation gives



Integrability of the complex/product structure

» THEOREM (B.Banos, V.R.) 2D Dritschel-Viudez equation is
locally equivalent to a Monge-Ampére equation with constant
A(p = 2C1

= C2

coefficients if and only if



Integrability of the complex/product structure
» THEOREM (B.Banos, V.R.) 2D Dritschel-Viudez equation is
locally equivalent to a Monge-Ampére equation with constant
Ap =2
coefficients if and only if v “
= C2
» for R > 0, we see that
w+ iVRQ=duAdv
with
u=x—(ca—i)z—p,+p
v=—(catio)x+ex+r



Integrability of the complex/product structure

» THEOREM (B.Banos, V.R.) 2D Dritschel-Viudez equation is
locally equivalent to a Monge-Ampére equation with constant
. Ap =2
coefficients if and only if v “
= C2
» for R > 0, we see that
w+iVRQ=duAdv
with
u=x—(ca—i)z—p,+p
v=—(a+tic)x+eox+r
» ¢ =2¢; and R = ¢ > 0 then 2D Dritschel-Viudez equation is
equivalent to Laplace equation
Pxx + Pzz = 0

modulo the Legendre transform

1
F(x,z,p,r) = ——=(x — c1z — ¢z, 02z, —Cpx, —C1X + ©x + ).

VR



Hitchin hypersymplectic geometry-1

» if our 4-dimensional manifold M, endowed with the
Monge-Ampere structure (Q2,w) admits a lagrangian fibration
(main example: M is the cotangent bundle of a smooth
2D—manifold), then it exists a conformal split metric on M4,
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Using this metric, we get an additional 2-form & defined by



Hitchin hypersymplectic geometry-1

» if our 4-dimensional manifold M, endowed with the
Monge-Ampere structure (Q2,w) admits a lagrangian fibration
(main example: M is the cotangent bundle of a smooth
2D—manifold), then it exists a conformal split metric on M4,

» When the corresponding Monge-Ampére equation is given by
(8), this metric writes as

g = C(dx)? — 2Bdxdz + A(dz)? + E/2(dpdx + dgdz), (10)
Using this metric, we get an additional 2-form & defined by
O, ) =g(Aw, -) with w(-, ) =Q(A.-, ")
In coordinates,

& = (=2AC + 2B + D) dx A dz — Bdx A dp — Cdx A dr
+ AdzANdp+ Bdz Adr—dp A dr



Hitchin hypersymplectic geometry-2
» Introducing © = \/%, we get an hypersymplectic triple
(©,w,®) satisfying

w? = &% = +0?

WA =wAO=0ANO =0



Hitchin hypersymplectic geometry-2

» Introducing © = \/%, we get an hypersymplectic triple
(©,w,®) satisfying
w? = &% = +0?
WAO=wAO=0AN0O=0
» Equivalently, we obtain 3 tensors /, S and T satisfying
P=-18=1T=1
ST=-TS=-1
TI=—-IT=S
IS=-SI=T



Hitchin hypersymplectic geometry-2
» Introducing © = —2_, we get an hypersymplectic triple
g \/> g ypersymp p

IRl
(©,w,®) satisfying

w? = &% = +0?
WAO=wAO=0AN0O=0
» Equivalently, we obtain 3 tensors /, S and T satisfying
P=-18=1T=1
ST=-TS=-1

TI=—-IT=S
IS=-SI=T

» Moreover we have



Hitchin hypersymplectic geometry-3

» When Ay = 0, then w and & are closed and satisfy

w? = —&?: they define then an integrable product structure.



Hitchin hypersymplectic geometry-3

» When Ay = 0, then w and & are closed and satisfy

w? = —&?: they define then an integrable product structure.

X = [ R(x,z)dx U=x—p,+p
» In the new coordinates:
=z V=z+pc+r
we see that
w=dUANdV —dX NdZ

O=—(dUANdV +dX ANdZ)

1

Q=

|

(dX ANdU —SdZ ANdU + RdZ AN dV) with S = / R, dx



Hitchin hypersymplectic geometry-3

» When Ay = 0, then w and & are closed and satisfy

w? = —&?: they define then an integrable product structure.

X = [ R(x,z)dx U=x—p,+p
» In the new coordinates:
=z V=z+pc+r
we see that
w=dUANdV —dX NdZ

O=—(dUANdV +dX ANdZ)

1
Q:E(dX/\dU—SdZ/\dU—i—RdZ/\dV) withS:/dex

» In other words, when ¢ is harmonic, a submanifold
L={(Z,¢z,U,%y), (Z,U) € R?} is a generalized solution
of 2D - Dritschel Viudez equation if and only if the following
Tricomi equation holds:

Yzz + Ryyy = S.



Invariants for effective 3-forms

» To each effective 3-form w € Q3(R®), we assign the following
geometric invariants:



Invariants for effective 3-forms

» To each effective 3-form w € Q3(R®), we assign the following
geometric invariants:

» the Lychagin-R. metric defined by

(exw) A (Lyw) AQ
Q3 ’

gw(Xv Y) =



Invariants for effective 3-forms

» To each effective 3-form w € Q3(R®), we assign the following
geometric invariants:

» the Lychagin-R. metric defined by

(X, v) = x) /\g(;syw) re

» the Hitchin tensor defined by

8w = Q(Aw'7 ')7



Invariants for effective 3-forms

v

To each effective 3-form w € Q3(R®), we assign the following
geometric invariants:

v

the Lychagin-R. metric defined by

(exw) A (Lyw) AQ

gw(Xa Y) = Q3 )
» the Hitchin tensor defined by
8w = Q(Aw'7 ')7

v

The Hitchin pfaffian defined by

1
pf(w) = 6trA3J.
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» A generalized almost Calabi-Yau structure on a
6D-manifold X is a 5-uple (g,9Q, A, «, B) where
» g is a (pseudo) metric on X,
» Q is a symplectic on X,

» Ais a smooth section X — TX ® T*X such that A2 = +/d
and such that
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3D Generalized Calabi-Yau structures

» A generalized almost Calabi-Yau structure on a
6D-manifold X is a 5-uple (g,9Q, A, «, B) where
» g is a (pseudo) metric on X,
» Q is a symplectic on X,
» Ais a smooth section X — TX ® T*X such that A> = +/d
and such that
g(U, V) = Q(AU, V)

for all tangent vectors U, V,
» « and 3 are (eventually complex) decomposable 3-forms whose
associated distributions are the distributions of A eigenvectors

and such that
aNp

e is constant.
» A generalized Calabi-Yau structure (g,Q, K, o, 8) is integrable
if @ and 3 are closed.



Generalized CY and MA

Each nondegenerate Monge-Ampere structure (£2,wp) defines a
generalized almost Calabi-Yau structure (q.,, Q, Ay, @, 5) with

wo

VI wo)l



The generalized Calabi-Yau structure associated with the equation
A(f) — hess(f) =0

is the canonical Calabi-Yau structure of C3

;

3

g = — > dxj.dx; + dy;.dy;

j=1
3

Azzaiy,@dxj'—%@dyj
=1 ’
3

Q:;deAd)g
J:

a=dz1 A dz N\ dz3

I
o]




The generalized Calabi-Yau associated with the equation
O(f) + hess(f) =0

is the pseudo Calabi-Yau structure
g = dxy.dxy — dxo.dxo + dx3.dx3 + dy;.dy; — dys.dys + dxs.dxs
A= 2 @dn — - @da+ g% @ do— 52 ®dyr — - ® dxg
+8ix3 ® dys

3
Q=) dx; Ady

=1

J_
=dz; Ndz N dz3

«
€

I
o]



The generalized Calabi-Yau structure associated with the equation
hess(f) =1

is the “real” Calabi-Yau structure

;

3
g = > dxj.dy;
j=1

3
AZZ%@d)(j—aiy@dyj
_]:1 J J
3
Q:;deAd)g
J:
a = dx; A dxo A dxs

B = dy1 Adys Adys
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» THEOREM A SMAE A, = 0 on R3 associated to an
effective non-degenerated form w is locally equivalent to on of
three following equations:

hess(f) =1
Af —hess(f) =0
Of + hess(f) =0

» iff the correspondingly defined generalized Calabi-Yau structure
is integrable and locally flat.



’ \ A,=0 \w \s(qw) \pf(w]
1 vhess(f) =1 —dq1 AdgoNdgz+v-dpi AdpaAdps | (3,3) | 12
2| Af —vhess(f) = 0| dp1 A dgo A dgs — dpa A dgy A dgs | (0,6) | —v?
+dp3Adqi ANdgx—v-dpi Adp2 Ndp3

3|10F +v hess(f) =0|dp1 Adga A dgs + dp> A dg1 A dgs (4, 2) —1?
+dps\dg1A\dq2+v-dp1 Adp2Adp3

4 Af =0 dp1 A dga A dgs — dpa Adgi Adgz+ | (0, 3) 0
dps A dg1 A dga

5 Of=0 dp1 Adga Adgz+dpa Adgi Adgz+ | (2,1) 0
dps A dg1 N dgo

6 Aq27q3f =0 dps A dgi A dgy — dpy A dgi A dgs (0, 1) 0

7 Dq27q3f =0 dp3 A\ dgi A\ dgo + dpa A\ dgi A dgs (1, 0) 0

8 gqg =0 dp1 A dgo A das (0,00 o

9 0 (0,0 ©

Table: Classification of effective 3-formes in dimension 6



The subjects which | had no time to describe:

» Symmetries, conservation laws and Noether theorem for MAO
and MAE;

» Self-similar solutions, shock waves and Hugoniot-Rankin
conditions;

» Variational MAE, divergent MAE and Euler-Lagrange
operators;

» 2D Euler equation as a reduction of the 2-nd Plebanski
equation;

» Generalized Calabi-Yau 3D structures and Burgers vortices;

» Many-many other interesting things...



Thank you for your attention!
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