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Items to discuss:

1 Price’s Theorem for distorted Black Holes

2 Relaxation to the spherical symmetry for SMBHs

3 Small BHs and Price’s Theorem in
the Gauge/GravityDuality

4 Summary and conclusions

INST

IT
U

T
E

F
O

R
TEORETIC

A
L

P
H

Y

SICS

Slide 2/27 — SQS’2017, 04/08/17



nsc k i pt a . i . akh i e zer i n st i tute for theoret i cal phy s i c s

Price’s Theorem for distorted Black Holes
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No Hair Theorem

J. Droste Doct.Thes. Leiden 1916

Schwarzschild Black Hole (1916): Mass M

ds2 = −
(
1− 2GM

rc2

)
dt2+

(
1− 2GM

rc2

)−1
dr2+r2(dθ2+sin2 θdφ2)

Kerr-Newmann Black Holes (1963-1965):

M, Q, J

No Hair Theorem (Wheeler 1967-1969)
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Price’s Theorem

A part of the game in science consists of solid claims, which are
unproved, and theorems, which never been proved to the whole
extent.

One of the arguments behind the black hole “no-hair” theorem is
the Price’s theorem (Price 1971-72)

According to Price a BH becomes “bald” very fast, loosing all
but three hair:

the mass, the charge and the momentum.

Hence the only spherical topology of the BH horizon is admitted
for non-rotating BHs!

Q: What about distorted non-rotating BHs then? Do they really
exist in Nature?
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A few words on distorted BHs

The Israel’s uniqueness theorem (Israel 1967) selects the Schwarzschild
solution as the only static vacuum BH solution of the Einstein
eqs. in an asymtotically flat (AF) spacetime.

For a real astrophysical problem the Schwarzschild solution is
highly idealized (even if we do not take into account a possible
BH rotation).

Any presence of matter, e.g. in accretion disk, distorts the metric!

If a static distribution of matter is localized outside the BH
horizon, the spacetime at the vicinity of the horizon remains
vacuum spacetime.

The solution of a BH type, describing such a configuration, is
called a distorted BH. (Weyl 1917; Geroch&Hartle 1982).

A distortion of the static/stationary BH horizon is the modelling,
to some extent, the interaction of a BH with the external matter.
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Price’s Theorem

Q: Do distorted non-rotating BHs are just mathematical solutions
or they correspond to real astrophysical objects?

This is not a purely academic question; people now focus on
SMBHs as astrophysical objects on which many issues of BH’s
theory may be experimentally verified. (Though they’re rotating,
we can think about them as of non-rotating in the first approximation.)

The interest to experiments with Sg A* is twofold:

once the no-hair theorem will be verified, it definitely works
for astrophysical BHs;

once the no-hair theorem does not work for astrophysical
BHs, we should think about an extension(?) of the
Einstein’s General Relativity.

Consequently, the Price’s theorem, proved for only a small distortion
over the spherical background (Thorne 1970-72), is correct or not.
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Relaxation to the spherical symmetry for
SMBHs
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Relaxation to the spherical symmetry

The relaxation from the skew to the spherical geometry of a
(non-rotating in the first approximation) BH horizon is computed
accordingly to

ω ' 0.37M−1 (~ = c = G = 1)

where M is the BH mass.

This result comes from an analytic formula of computing the
frequency of gravitational perturbations (QNMs) with an angular
momentum (multipole number) l ≥ 2 for the Schwarzschild BH
of mass M :

< (ωM) ≈
[
(l − 1)(l + 2)

27
−
(

1

2
√
27

)2
]1/2

, = (ωM) ≈ 1

2
√
27

The approximation has been justified by numerics (from Chandrasekhar
1975 to improving numerics of Cho 2011), or by analytical (the WKB
and other) methods (Iyer 1986; Siopsis 2008).
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Relaxation to the spherical symmetry

Two remarks on the Master Formula

< (ωM) ≈
[
(l − 1)(l + 2)

27
−
(

1

2
√
27

)2
]1/2

, = (ωM) ≈ 1

2
√
27

It does not take into account (small) deviations in the
imaginary part of the l-wave frequencies. These deviations
are classified by a positive number n (the overtone number)
and are sharply indicated (from Chandrasekhar 1975) in
numerics;
Account of the BH (small) charge and momentum does not
essentially modify the result. In most cases (including AdS)
the Master Formula works great.

In usual Unit System taking l = 2 we have the early announced

ω ∼ 0.37
c3

MG
≈ 7.5 · 104 sec−1 M�

M

with the Sun mass M� ∼ 2 · 1030 kg.
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Relaxation to the spherical symmetry

According to the Price’s theorem all distortions from the spherically-
symmetric case have to be radiated with gravitational waves out
of the BH.

The characteristic time associated with the obtained frequency
(we have chosen this frequency as the most undamped one, whose
imaginary part, hence the damping strength, is minimal) is

τ ∼ ω−1 ∼ 1.3(3) · 10−4 M

M�
sec

For the standard (non-supermassive) black holes of tens of the
solar mass

τ ∼ 1.3(3) · 10−3 sec

The relaxation to the “perfect” state time for the SMBH with the
mass M ∼ 109M� is

τ ∼ 1.3(3) · 105 sec ∼ 37 hrs INST
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Small BHs and Price’s Theorem in
the Gauge/GravityDuality
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What is the QGP?

The Quark-Gluon Plasma is a state of the nuclear matter:
At the QCD strong coupling constant.
At non-zero temperature and finite charges densities.
Having the transverse to the HIC direction momentum flow.
And with damping the transverse momentum.

Physics of QGP

The QGP is a fluid with non-trivial shear viscosity!

Hence the theory of QGP is hydrodynamics of thermal QCD at
the strong coupling constant and the finite chemical potentials.
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What is the QGP?
QGP – QFT-type Theory

The hydrodynamic limit of thermal QFT (Shuryak’79; Bjorken’83;
Hosoya,Sakagami,Takao’84; Hosoya&Kajantie’85). Phenomenology.

Transport coefficients are determined by summing the Feynman
diagrams (BFKL’75-78; Jeon’94, McLerran& Venugopalan’94;. . . ;
Christiansen et.al 2014, Jimenes-Alba&Yee 2015)

QGP – Experiment

Early times (1980-2000) (Summarized by CERN (SPS) WA98
Group: Aggarwal et al, PRL 85 (2000) 3595, Indirect QGP
observation).

Observation (2000-2004) (RHIC (PHOBOS, STAR, PHENIX
Groups): Summarized in Gyulassy&McLerran, NPA 750, 30 (2005)).

Data improving (RHIC (PHOBOS, STAR, PHENIX, BRAHMS),
CERN LHC (ALICE, SMS, ATLAS)), JINR NICA
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What is the QGP?
Borrowed from RHIC Web-page

2/16/16 12:18 PMRHIC | Physics of the Relativistic Heavy Ion Collider

Page 1 of 2https://www.bnl.gov/rhic/physics.asp

Brookhaven National Laboratory search 

1. Ions about to
collide*

2. Ion collision 3. Quarks, gluons
freed

4. Plasma created

About Quarks & Gluons

To understand why RHIC collisions are
scientifically interesting, it is important to
know that scientists believe that all protons
and neutrons are made up of three quarks,
along with the gluons that bind them
together.

Theory holds that for a brief time at the
beginning of the universe there were no
protons and neutrons, only free quarks and

Hotter than the Sun

RHIC collisions occur thousands of times per
second. Each one acts as a microscopic
pressure cooker, producing temperatures
and pressures more extreme than exist now
even in the cores of the hottest stars.
Temperature inside a RHIC collision can be
many thousand times the temperature of the
sun.

But since the heavy ions in RHIC collisions

The Physics of RHIC
Physicists from around the world are using the Relativistic Heavy Ion Collider
to explore some of Nature's most basic -- and intriguing -- ingredients and
phenomena. Here's a look at the physics of RHIC in plain English.

Heavy Ion Collisions

RHIC is the first machine in the world capable of colliding heavy ions, which are atoms which
have had their outer cloud of electrons removed. RHIC primarily uses ions of gold, one of the
heaviest common elements, because its nucleus is densely packed with particles.

RHIC collides two beams of gold ions head-on when they're traveling at nearly the speed of
light (what physicists call relativistic speeds). The beams travel in opposite directions around
RHIC's 2.4-mile, two-lane "racetrack." At six intersections, the lanes cross, leading to an
intersection. When ions collide at such high speeds fascinating things happen.

If conditions are right, the collision "melts" the protons and neutrons and, for a brief instant,
liberates their constituent quarks and gluons. Just after the collision, thousands more
particles form as the area cools off. Each of these particles provides a clue as to what
occurred inside the collision zone. Physicists sift through those clues for interesting
information.

Physicist Peter Steinberg explains what
happens when atomic nuclei travelling
at close to the speed of light smash
together at RHIC.

RHIC's two concentric rings are made
up of 1,740 superconducting magnets,
mounted end-to-end.

Counter-rotating particle beams can
cross at six intersections around the
RHIC ring. A different detector is located
at each of the four intersection points
currently in use.

Physics of RHIC  Discoveries  STAR  PHENIX  PHOBOS & BRAHMS  Electron-Ion Collider  Accelerator Complex  Why?
The Future

Home RHIC Science News Images Videos For Scientists

The QGP parameters for fun:
Time scales: 10−24 ÷ 10−22 sec
Temperature: 5.5 · 1012 K
Energy density: 1.8 · 1015 g·cm−3
Bulk pressure: 0.52 · 1020 bar
Shear viscosity/entropy density: ≥ 6.08 · 10−13 K·s
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The QGP Theory: A remark

Due to the QGP complexity perhaps a right way is to develop a
unified approach from different, sutable at the different stages of
the QGP evolution, approaches
Fig. is borrowed from H. Song PhD, Ohio SU 2009

PCM�&�clust.�hadronization

NFD

NFD�&�hadronic�TM

PCM�&�hadronic�TM

CYM�&�LGT

string�&�hadronic�TM

initial�state

pre-equilibrium

QGP and
hydrodynamic�expansion

hadronization

hadronic�phase
and�freeze-out

Figure 1.4: Theory tools for RHIC and their range of applicability [39]. Solid bands
denotes the safe range to apply respective theoretical tools, while the dashed and
dotted bands refer to the region where the approach is still applied, but may be ques-
tionable or unsafe. CYM: Classical Yang-Mills Theory [40, 41], LGT: Lattice Gauge
Transport [42, 43], PCM: Parton Cascade Model [44], NFD: Nuclear Fluid Dynam-
ics or Hydrodynamics [45, 26, 27]. String and Hadronic TM: String and Hadronic
Transport Model [46, 47, 48].

understanding, in spite of several new theoretical developments in the past years4.

Color Glass Condensate: At very high collision energies, particle production

at mid rapidity probes the nuclear structure functions in the small-x regime (x is the

fraction between parton momentum and beam momentum). It is well known that the

gluon distribution function xG(x,Q2) increases dramatically with decreasing of x, for

large enough probe resolution Q2. When the gluon density becomes high enough,

two gluons start to recombine to one. This leads to gluon saturation below some

momentum scale Q2
s. At this momentum scale, each gluon mode has macroscopic oc-

cupation number ª 1
Æs

, which is why this state has been called a condensate. These

4These new developments include new ideas to understand thermalization [35, 36] as well as first
numerical implementations of hybrid approaches, such as hydrodynamics+hadron cascade [37, 38].

8

PCM≡ PartonClasterModels; NFD≡NuclearFluidDynamics; TM≡TransportModels

We are still far from the ultimate theory of the QGP. INST
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From Strings to the QGP

Gauge/Gravity duality is a plain version of the AdS/CFT correspondence

Minkowskid

AdSd+1 black hole 

Gravity with!
 matter in!
    AdSd+1

gauge FT

+
+ strong coupling

weak coupling

Gauge/Gravity Duality

(AdSd+1 boundary)
(black brane)

UV

IR

The black hole is the strong coupling limit of the gauge theory!

INST

IT
U

T
E

F
O

R
TEORETIC

A
L

P
H

Y

SICS

Slide 17/27 — SQS’2017, 04/08/17



nsc k i pt a . i . akh i e zer i n st i tute for theoret i cal phy s i c s

From Strings to the QGP

Within Gauge/Gravity duality properties of a gauge theory at
the strong coupling constant (QGP) are encoded in properties of
a Black Hole in anti-de Sitter space.

Q: How Black Hole models the QGP fluid viscosity?

When a ball falls into a liquid the surface waves are generated.
Due to viscosity they quickly decay, and the liquid gets to the
equilibrium back.

1.2 AdS/Real-World 5

AdS/CFT

cond-mat

nucl-th

gr-qc

nucl-ex

hep-th

hep-lat

hep-ph

quant-ph

physics

math-ph

astro-ph

hep-ex

Fig. 1.1 The AdS/CFT duality spans all physics arXivs

Fig. 1.2 When one adds perturbations, a black hole behaves like a hydrodynamical system. In
hydrodynamics, the dissipation is a consequence of viscosity

How is the black hole related to the viscosity? Here, we give an intuitive
explanation (Fig.1.2). Consider adding a perturbation to a thermal system which
is in equilibrium. For example, drop a ball in a water pond. Then, surface waves are
generated, but they decay quickly, and the water pond returns to a state of stable
equilibrium. This is a dissipation which is a consequence of viscosity.

This behavior is very similar to a black hole. Again, drop an object to a black hole.
Then, the shape of the black hole horizon becomes irregular, but such a perturbation
decays quickly, and the black hole returns to the original symmetric shape. If one
regards this as a dissipation as well, the dissipation occurs since the perturbation
is absorbed by the black hole. Thus, one can consider the notion of viscosity for
black holes as well, and the “viscosity” for black holes should be calculable from
the above process.

Fig. is borrowed from M. Natsuume, AdS/CFT Duality User Guide, Springer 2015
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From Strings to the QGP

When we drop something into a Black Hole the shape of the
horizon is changed. A part of perturbations is absorbed by the
Black Hole; another part is radiated out as gravitational waves.
Very quickly the BH returns to the equilibrium state. Effectively,
it is due to viscosity of the BH (stretched) horizon.

1.2 AdS/Real-World 5

AdS/CFT

cond-mat

nucl-th

gr-qc

nucl-ex

hep-th

hep-lat

hep-ph

quant-ph

physics

math-ph

astro-ph

hep-ex

Fig. 1.1 The AdS/CFT duality spans all physics arXivs

Fig. 1.2 When one adds perturbations, a black hole behaves like a hydrodynamical system. In
hydrodynamics, the dissipation is a consequence of viscosity

How is the black hole related to the viscosity? Here, we give an intuitive
explanation (Fig.1.2). Consider adding a perturbation to a thermal system which
is in equilibrium. For example, drop a ball in a water pond. Then, surface waves are
generated, but they decay quickly, and the water pond returns to a state of stable
equilibrium. This is a dissipation which is a consequence of viscosity.

This behavior is very similar to a black hole. Again, drop an object to a black hole.
Then, the shape of the black hole horizon becomes irregular, but such a perturbation
decays quickly, and the black hole returns to the original symmetric shape. If one
regards this as a dissipation as well, the dissipation occurs since the perturbation
is absorbed by the black hole. Thus, one can consider the notion of viscosity for
black holes as well, and the “viscosity” for black holes should be calculable from
the above process.

Fig. is borrowed from M. Natsuume, AdS/CFT Duality User Guide, Springer 2015

A Black Hole behaves like a viscous liquid!
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From Strings to the QGP

For a wide range of Black Holes (Black Branes) it turns out that

η ∼ lim
ω→0

σBH = A

where η is the effective “shear viscosity” of the BH horizon; ω
is the frequency of the scattered by the BH waves; A is the BH
area.

According to Bekenstein the entropy density-area relation for a
BH is

sBH =
kB
4G~

A

Hence,
η

s
∼ 4G~

kB
For most of Black Branes the proportionality coefficient is (16πG)−1
(Kovtun, Son, Starinets 2005)

η/s =
1

4π
= 0.08 (c = ~ = kB = 1) INST
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Price’s Theorem in the GGD
Let’s check consequencies of the Price’s theorem for the GGD.

First, let us estimate the BH horizon value r+. Applying the
gauge/gravity duality to the QGP, notice the characteristic tem-
perature of the QGP, TQGP ∼ 220MeV ∼ 2.553 · 1012 K.

The radial location of the small neutral AdS4 Schwarzschild BH
horizon is very close to the radial coordinate of the flat-space
Schwarzschild BH horizon. Hence, the small BH mass can be
computed from

T =
~c3

8πMGkB
∼ 2.553 · 1012 K ! M = 2.4 M� · 10−20

The radius of the horizon for the BH of this mass is

r+ ≈ 7.0869 · 10−17 m = 7.0869 · 10−2 fm
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Price’s Theorem in the GGD
If we naively use the obtained

τ ∼ ω−1 ∼ 1.3(3) · 10−4 M

M�
sec

we get the following relaxation to the “perfect” spherical geometry
time:

τ ∼ 3.2 · 10−24 sec

Even the naively computed relaxation time is in the remarkable
agreement with the characteristic lifetime of the QGP:

τQGP ∼
1fm

c
≈ 3.33564 · 10−24 sec

Hence, effects of the non-uniformity on the BH horizon are important
in the gauge/gravity duality.
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Price’s Theorem in the GGD
Now let’s improve the result on account of numerically computed
values of the QNMs for the AdS-Schwarzschild BH.

A brief analysis of Tables 11 and 15 in Cardoso et al gr-qc/0305037
leads to the frequency ω̂ ∼ 4 of the less damped gravitational
mode in the inverse AdS length κ units (ω̂ ≡ ω/κ).
This frequency is computed for a small BH with the horizon
location κr+ = 0.2.

From r+ ≈ 7.0869 · 10−17 m we recover κ ∼ 2.82 · 1015 m−1.
Therefore,

ω ∼ 4κ ≈ 1.128 · 1016m−1 ∼ 3.384 · 1024 sec−1

and
τ ∼ 0.3 · 10−24 sec
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Price’s Theorem in the GGD
Choosing the frequency values of the most undamped even (ω̂ ≈
3.56571) and odd (ω̂ ≈ 4.91594) gravitational modes (Cardoso
et al gr-qc/0305037) we get the following relaxation time to the
spherical geometry:

τ ≈ 0.27÷ 0.37 · 10−24 sec

This improved estimation is of the one order less than the cha-
racteristic QGP lifetime

τQGP ∼
1fm

c
≈ 3.33564 · 10−24 sec

However, at the early stage of the QGP formation the characteristic
length is of 0.1 fm (Casalderrey-Solana et al CUP 2014).

The early-time QGP is in the highly non-equilibrium state and
the difference of the BH horizon geometry from the pure spherical
one is worth to be taken into account within the gauge/gravity
duality. INST
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Summary and conclusions
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Summary and conclusions
The Price’s Theorem is one of the stories of Folklore in physics:
the complete proof of the theorem is still missing. Nevertheless,

applying the Price’s theorem in the Gauge/Gravity Duality
context we got a remarkable agreement with the experimentally
estimated life-time of the QGP!

This observation is new, and is an additional rationale to apply
Gauge/Gravity Duality to the QGP theory.

Another important observation is:

to describe the most interesting early-time highly
non-equilibrium state of the QGP within the G/GD one has to
deal with time-dependent BH solutions with a skew shape of the
horizon on the gravity side of the correspondence.

(Moskalets&AJN 2017 for the Vaidya-type BH with a skew horizon) INST
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Summary and conclusions

However, the conclusions before are applicable for non-astrophysical
BHs.

The performed (currently in the data processing stage) and planned
experiments on restoring the shape of the SMBH Sg A* horizon
shadow,

the Event Horizon Telescope

may give a new evidence on the (in)correctness of the Price’s
theorem too.

In its turn it gives us new features of the astrophysical/mathematical
BHs correspondence.
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