


Dubna 08/17

Pure Yang—Mills solutions on dS,4

Tatiana A. lvanova Olaf Lechtenfeld Alexander D. Popov

BLTP, JINR, Dubna, Russia
Leibniz Universitat Hannover, Germany

Description of de Sitter space

Reduction of Yang—Mills to matrix equations
Further reduction to quintuple-well dynamics
Yang—Mills configurations on de Sitter space
Explicit examples

Instantons on de Sitter space

What about anti-de Sitter?

Summary and outlook

arXiv:1704.07456 [hep-th] (PRL, in print) arXiv:1708.nnnnn



Four-dimensional de Sitter space dS, is a one-sheeted hyperboloid in R*1 via

5ijyiyj — (y°)? = R? where ¢, =1,...,4

Topologically, dS,; ~ R x S3. Closed-slicing global coordinates (r, x, 0, ¢):
y' = Rw'cosht , y>=Rsinht with 7€R and § ww =1
w' = w'(x, 0, $) embeds unit S with metric d$2% into R*:

ds® = R?(—d7? 4 cosh®r dQ3)

Introduce orthonormal basis {e%}, a = 1, 2, 3, of SU(2) left-invariant one-forms via

— —77% widw? = de® + ep. PAnet = 0

with self-dual 't Hooft symbols 7, dQ3 = (el)?+ (e2)? + (3)?



dS, is conf. equivalent to a finite Lorentzian cylinder Z x S3 via conformal coordinates

d 1
t = arctan(sinht) = 2arctan(tanh ) & T — coshr = ——
dt COSt
Range: TeR & teI=(-5+5) open interval
R? R?
metric: ds? = —dt? 4+ 5 ,e%0) = ds?
coth( + ab ) cos2t o

Static coordinates (o, p, 8, ¢) cover half of de Sitter space:
y* = RpA%, y* = Ry\/1—p? cosho, y°> = R\/1—p2 sinho with o€ R, pe[0,1)

M =singsing , X =sinfcos¢ , A3=cosh = Sp AP0 = 1

Induced metric on dSy:

ds? = ( (1-p?)do? + - 2+p2d§22) with  dQ2 = db2 + sin260 d¢?

useful: p=Sin« = 1—p< = Ccosa



Consider rank-N hermitian vector bundles over the cylinder Z x S3 conf. equiv. to dS,4

de Sitter space has a boundary = frame the gauge bundle over the boundary:
gauge-group elements g subjectto  ¢(8dS;) = Id  on 8dS, = Sf:Jr%USf’:_%
Gauge potential A and gauge field 7 = d A+ AAA in su(N) in temporal gauge Ag = O
SU(2)-equivariant ansatz: A = Xq(t) e with X, € su(N)
Resulting gauge field:
F = Fou eOnet + %Fbc ePnet = X, ePne + %(—Qétcha + [ X}, XC]>eb/\eC
with €0 :=dt and X, := dX,/dt

Yang—Mills equations = Xo = —4Xa+ 30 [Xp, Xe] — [Xb, [ Xa, Xb]}
three coupled ordinary differential equations for three N x N matrix functions



Restrict X, to some su(2) C su(N) by embedding spin-j of su(2) into su(25+1)

The three SU(2)-generators I, they obey
Iy, 1] = 2ef. s and  tr(Ialy) = —4C(§) 6y, for C() = 3i(G+1)(25+1)

Simplest choice for the matrices X4 :
X1 =VWVq1l;, Xo=W3yly, X3=W3l3 with W, =W, () e R
Resulting simplification of Yang—Mills Lagrangian density:
L = LtrFuF" = —2trFoaFoa + EtrFauFap
= 4C3) {FWaVa— (W1 — WaW3)? — (Wp — W3W1)? — (W3 — W W5)?)
Interpretation:  {W,} = particle coordinates in R3 = Newtonian dynamics with

potential V(W) = (W1—Wow3)? + (Wo—W3Wi)? 4 (W3—WiWwy)?






Euler-Langrange equations:

W = v +3Ww; - wi(W3+ w3)
Wy = —Wo+3W W3 — Wo(WE 4 W3)
W3 = —W343W W, — W3(W3 4 W3)

Too hard to solve analytically in general, but invariant under S, (tetrahedral symmetry)
Try to find trajectories invariant under a maximal subgroup: A4, Dg or S3

Ag: Vi =WVro=WY3=0 = trivial

Dg: V=W, =0, W3=:¢ = abelian
= Ve=2¢2 and £ = —4¢

harmonic oscillator:  £(t) = —3~ cos2(t—to)



S3: Wy =Wy =W3=:3(1+7) = nonabelian
= Vy=30-¢)? and ¢ = 2¢(1-¢?)
double well: v(t) = +1 Y(t) =0 |, 1 (t) = bounce:

V2
cosh (\@(t—to))

»(t) = \@sech(\@(t—to)) =

Y ‘energy conservation’:

\ S92 = Vo — V() = Vo — 5(1—%)?

> where V[ is the potential at turning point

Vo # 0,4: anharmonic oscillations
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For the Lorentzian cylinder:  substitute solution v (¢) into the gauge potential and field:
A = % (1 + ) e, and F = (% W eOne® — % (1—?) Epe eb/\ec>la
SU(2) color electric and magnetic fields:

Eqe = Foo = 2¢91s  and  Ba = JegpeFpe = —5 (1—92) I
Their energy densities:
pe = —4trEaEq = 30()¢%  and  pm = —3trBaBa = 3C(j) (1—¢%)°

Total field energy:
& = [ ,e'APAC (et pm) = FCG)VOI(S®) (42 + (1-2)2) = 377 C(5) Vo

For de Sitter space: time variableis 7= Rt thus

dt 1 dt 1 312 C(5) V, . .
Er = —Z&E = =——& = & = & () Vo finite at all times

dr R dr t R coshr ¢ R coshr




Action functional on the Lorentzian cylinder:

S = %/IXSO/\G AeZAe3 tr(—2F0aF0a + FapFap) = /dt VO|(S3) (pe — pm)

= 3x20G) [Tgr (17 - 4-02?) = 32000 Vo — 6200 [ g V(b )

Action functional on de Sitter space:
A= 4,8 and F = Fp, e N + 2 Fp. 8 NE
with ON system & := Rdr and &%:= R coshte®  hence

= Rcosht Ay, Fp.= R?°cosh’rFy., Fog= O0rAa = R?cosh’rd=A,

Result:

_ 1 [ =0 3 3y Pe — Pm
S = 8/dS4 AelnE2ne tr(— 2f0a.7:oa+.7:ab.7:ab) = /dT vol(S )m

agrees with the value on Lorentzian cylinder v finite and bounded below



For a very explicit representation pick some coordinates on S3:

wlzsinxsinesinqﬁ, wo = Sinx Sinf Ccos ¢ , w3:sinxcose, w4:cosx

Corresponding left-invariant one-forms:

el = sin@sin ¢ dy 4 sin y cos y (tan x cos ¢+ cosfsin ¢) df 4 sin?x sin @ (cot x cos ¢— cosfsin ¢) dg
e? = sinfcos¢dy — siny cosy (tan y sin ¢— cosh cos ¢) df — sin?y sin 6 (cot x sin ¢+ cos O cos ¢) do

e> = cosfdy — sinycosxsin@dl + sin?y sin?0 do

Define three matrices I by decomposing

eI, =: dxIy+doIy+ do I,



In the fundamental (spin j:%) representation of su(2):

cosf  —isinfe?
e
isinde~'? —cosé

; o ( —sin6 (tanx—icose)ei¢>
0 — — X X :

(tan y+icos@)e ¢ sin 0
; 2 ( sin 6 (cot x+icos 9)e‘¢>
i cot y—icosf)e 1 —siné

(cotx

Field-strength components:

_ 1dvy _1dvy _ 1 dy
Ex = 2@ Ix Eo = 54ar1lo > Eo = 2ar e
By = —3(1—¢2) Iy By = —5(1-9?) 1y By = —5(1-¢2) I



Minima Y =41 — F=0 vacua
Maximum Y =0 —
COSt 1
A= s5¢e%I, = — & = ed I
2¢ 1a 2R . 2R coshr °
2
_ 1 a b, c _ COSta~b~c _ 1 a ~b,~c
A= —ZEpc € N\ I, Y. Ep.€ Ne Iqg = _4R2COSh27'€bC€ Ne" Ig
Bu= Fou=0 and Bo= LeyF = 5t = :
« = /0o = an @ T 2fabelbe = o Rl T U5 R2 cosh2y

Purely magnetic and spatially homogeneous

action

S = —3m3C(j)

Iq



Bounce ¢ = +/2sech (\@(t—to)) —

cost{1 n V2 )}éala

2R cosh (\@(t—to)
_ COSQt {4 S|nh(\/§(t—t0)) éOAéa + (1_ 2 >€a éb/\éc} I,
4AR2 coshQ(\@(t—to)) cosh2<\@(t—t0)> be
Electric-magnetic spatially homogeneous configuration with &= 23;{ C%g{])T
S 7r/2 sinhz(\/_(t—to))
Sn—— 7r 4+ 127 /
C(j) ™/2 cosh4(\/_ )

= —3r° + VBr?(tanh(Z5+0) + tanh3(Z—5))

Bounce modulus 6§ = /2t is nontrivial because ¢t € Z = (—%,%) #R



Abelian ¢ = —%~ cos2(t—tp) —

A = —%7 cos2(t—tg) e> Iz = —%% cost cos2(t—tq) &° I3

F=dA=1 coth{sin 2(t—tg) ePNe3 4+ cos2(t—tg) €1A€2}13

~

E3 = % cos?t sin 2(t—tg) I3 and Bz = % cos’t cos2(t—tg) Iz

pe = 7°C(j) sin®2(t—tp)  and  pm = ¥°C(j) cos*2(t—tp)

dt 2712~2 C(5)
. — _/ 10 2pe3 _
T a7 Jg3© ¢ (pe + pm) R coshr

S = /I dt vol(S3) (pe—pm) = 272~2C(5) /I dt (sinQQ(t—to)—cos?z(t—to)) =0



' ' conf. equiv.
dS4 Wick rotation S4 _q) R x S3

(r,x,00) —  (e.x,0,0) —  (7.,x06,9)

T=1i(p—%) @ = 2 arctan 4 }%:eT = Sinp = coslhT
ds? = R2(dp?+sinpdQ3) = R (a2 dQ3) = R—Q(dT2+dQ§)
(r2+4R2)2 cosh?T

Euclidean dS, is conformally equivalent to Euclidean cylinder over S3

4 R4 .
d;: dxda’

Stereographic coordinates z* = rw'(x,0,v) 1  ds? = (21 )2 i




Instanton equation:  F;; = %«/detg Eijkl ki

Go to the Euclidean cylinder with  ds2, = d7T2 4+ dQ2% and temporal gauge Ag = 0

cyl
SU(2)-equivariant ansatz: A = Xq(T)e" with X, € su(N)
dX
= Fag = dTa and Foup = —2¢eupe Xe + [Xa, X3

Instanton equation reduces to generalized Nahm equation

dXa

a7 = 2Xq — %5abc [ X3, Xc]




Same ansatz as before:

X1 =WV1l1, Xo=Woly, X3=W3li3 with W, =W, (T) € R

yields Wick-rotated Newtonian dynamics in R3, or V(W) — —V (W), and thus

. oV . oU oU oU
vV, = = v, = with |V—
“ +awa “ ow, oW, OW,

for a superpotential

N —

U(W) = W4 W3+ W3 — 2W W)W

Take again
V=W =Wg = 3(14+¢) =  Up@) = ¢—30° & ¢ = 1-¢°
Simplest solution is the kink:
W(T) = tanh2(T-1p) =
_ -1 r? : 2 _ 2Ty p2
X (T) = [1+exp(—2(T—To))} I, = r2+—/\2[“ with A2 = e2ToR
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Gauge potential and field strength:

1 o

A = Xge® = Ty Nij 1o z'dx’
A2 . .
F = iy adainas

This is the familiar BPST instanton extended from R4 to S* v

1.5



Four-dimensional anti-de Sitter space AdS, is embedded in R3:2 via
W2+ @)+ @) — WM — (¥°)* = —R?
Topologically, AdS, ~ R x AdS3 , a Euclidean cylinder over PSL(2,R)

Construction for gauge group SU(V) is similar to the one on dS4 but . ..

timelike direction ‘0’ now in second factor, ‘3’ is cylinder direction

S3 ~ SU(2) replaced by AdS3 ~ PSL(2,R),noncompact

AdS, is conformally equivalentto Z x PSL(2,R)

choose axial gauge A3 =0

ansatz A = Wy lge® with a = 0,1,2 isonly U(1)-equivariant: Wgo#*= W = W,
energy and action ~ vol(PSL(2,R)) are infinite 4

vacuum JF = O is outside our ansatz

finite-action instantons exist but are unstable



Finite-action Yang—Mills solutions (without Higgs) exist in 4D de Sitter space
Rotationally symmetric solutions are spatially homogeneous and everywhere smooth
Ansatz reduces Yang—Muills to matrix equations & then to special Newtonian dynamics
Nonabelian fields from 3D particle trajectories in a tetrahedric quintuple-well potential
fields ~ (R cosh7)™2, energy ~ (R cosh)~!, action finite and > —373C(5)
Instantons extended to S# are reconstructed as a byproduct

Analog configurations on AdS, and on R3:1 have infinite energy and action

These classical fields are important in Yang—Mills path integrals on dS4
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