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Introduction

Consider a quantum gauge field theory

Assume existence of a gauge invariant regularized path
integral measure (no anomalies)

Task: Prove that gauge invariance 1s

preserved by renormalization R

40+ year old topic. What news can there be !

* simplified treatment for standard effective theories (YM with
higher dimensional operators, gravity)

¢ extension to effective theories (derivative expansion)

* extension to a very broad class (e.g. theories without
Lorentz invariance)




What about gauge invariance !

this is tricky ...

Gl is explicitly broken by the gauge-fixing. Instead, we have to
rely on the Slavnov-Taylor identities 0 BRST symmetry.

The latter gets deformed at each loop order and requires non-

linear field renormalization to restore ...

Use the background-field method



quantum fields background fields
(integration variables) (external)

" ¢
Gauge-fixing term invariant under simultaneous gauge
transformations of ¢ and ¢

Very efficient at 1 loop: gauge invariant
1—Iloo _ 11-loo /
% y=, =0 =119

¢, (W)

At 2 loop and higher need () # ¢ to subtract subdivergences
= need to classify the BRST cohomology.

Otherwise non-local divergences at intermediate steps
Kallosh (1974);Arefeva, Faddeev, Slavnov (1974);Abbott (1981);
Ichinose, Omote (1982); Barvinsky, Vilkovisky (1987)

Still, presence of background gauge transformations greatly
simplifies the task !



Background field extension of the BRST operator (Grassi, 1996)

Inclusion of generating functional sources into the gauge fermion

BRST structure of renormalization via decoupling of the
background field

Quantum corrected gauge fermion is a generating functional of the
field reparameterization

No power counting or use of field dimensionalities

Extension to (nonrenormalizable) effective field theories
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BRST formalism

Gauge theory:
o= S=5[¢]
0S
©

Generators of gauge transformations:

RS = R%(y), Oep™ = R,

b
o 5(‘00, o] 5@0, af” ™Y
T

structure constants

DeWitt summation rule: o= (A,z), F%,= /d:c FA2)W4(2)



Feynman-DeWitt-Faddeev-Popov functional integral

a 1/2 Sx“
e W = fdgoe 23X Oapx~J¢ (deto 5) det(LR;’;)
0p?
, : S |
gauge-breaking measure Faddeev-Popov

term % f operator

XY L\
Sle]l = Z[®] = S[y ]+baxa(¢)—_oaﬁbabﬁ_w@ (5>;QRB)wd

(10& — ¢ = ()Oaa w@,@@, bO{

BRST functional e_W[J] _ /dgbe__g[gp]_

integral



XDl =S[o]+s¥[P] BRSTaction
4 5 |
8§ = (8@)5—¢, s =20 nilpotent BRST operator

BRST transformations of @

1
3¢ ) SGOCL — Rgg(@) w®, sw” = 5057 wBUﬂ: Swq = ba, Sba = 0.

bilinear in &

_ 1
U[P] = wa (X]‘a((ﬂ) — ""2"“ O(;'B bﬁ) gauge fermion

gauge gauge-fixing
conditions matrix



gauge-fixed Local BRST cohomology

action
EL—loop - SL—loop[(p] + S,qu—loop [997 w, .. ]

ren /

gauge-invariant BRST operator  83aUgE fermion

o> [E-loop satisfies ST identities 8 <> S differinthe

sector of antighost — see below

L—loop
S F N J— O
’ ++ div must be local !

|
L—1
’ I1div P = SL+1[90] + S+TL+1[903 W, .. ]
for relativistic YM and GR:
Barnich, Brandt, Henneaux (1994)

’ subtraction and field redefinition Voronov,Tyutin(1982)

0 — O (ow,...), wr—w(p,w,...) Anselmi(1994)
Gomis,Weinberg (1996)

P (L TUIoP hag the BRST structure with Q



Assumptions on the class of theories
i) linear gauge generators: 0.¢0% = (R% " + P )s

R, (o)
ii) off-shell closure: |0..0,|p" = 0., <& = Caﬁq,sﬁn'}’

iii) local completeness:

68 a a a
X)) =0 g X(p) = RV + 1%

dp® \\ &y

iv)irreducibility: local
R% (p0)e™ =0 2 =0

v) absence of anomalies

vi)locality of divergences after removal of subdivergences

(nontrivial in Lorentz-violating theories, like Horava gravity, and
should be verified in each model) A.B. D. Blas, M. Herrero-valea.
S.Sibiryakov and C. Steinwachs (2016)



Examples:

YM: 0. AL = fRAI R 40,
. A A A
GR: 5agp,u — & 8)\9;1,1/ -+ gu)\ayg T gu)\a,ug

Also higher-derivative gravity, also non-relativistic (Lifshitz)
theories

Counterexample:

Supergravity (the algebra does not close off-shell)



Background gauge-fixing
* choose g.f.function X (¢, ?) = x5 (0) (¢ — ©)" to be

invariant under BGT: 0-¢" = Raa(@)ia 0P = Raa(gb)sf
0
Jol

anticommuting auxiliary field,
controls dependence of g.f. on background

e promote s >  — s+ ("—

> gf term at tree level: QU
Lagrange
auxiliary (anti-)fields coupled to s¢“, sw”  antighost multiplier

/\ 1& l

¥y = (3 = @ax3(8)) (0 — O T Cats® — 25n0° (0)b

—

e

Ya



Introduction of sources

\7 — Jaa éOéa fgayaa Ya, COM Qa%
\

\ J J
| |

7 AN

backgrpound
source

sources for @ = %, W™, W, ba sources for sp?, sw®

exp{—%WO[j]}

= / dd exp { - %(20 + Ja(p® — %) + Law® + £%Da + y*ba) }

Yol®,T] = Slel+Q¥[2,T]

1
Vol 0w, 3,0, 8,7, 1 = G (XG (@) (" = 67) = Z0%(9) bg)

—Ya (" — &%) + Caw®




More on background gauge transformations — linear representation of
the gauge group

5ep% = R%(p)e® ,  8:6% = R%() "

5Raa

0:(% — %) = (cp ) fundamental representation
ox“

de X = ) 6 BeY  adjoint representation

eX 50 e ‘|‘ 5gba’ e 5FYX J P

B.g.t. of sources:
OeYa = —’bebaasO‘ . 0w = —Caﬁ,y whe?

564-05 _— CBOBO&’Y‘SFY? 68904 — RabaQbsa

U

55!p0 — O, 6520 =0



Renormalization at a glance

generating 1

o W[J] = —hlog / dd exp | - - (S[2] + J®)

mean fields, B oW

effective action (@) = ST (@) =W — J(®)

subtraction  Sien — So[®] — AL 1OP[D] — R2TTOP[D] —

\/ div

local

Linearly realized global symmetries of S s> symmetries of I’
But gauge symmetries must be broken by the gauge fixing

Remaining BRST invariance is non-linear:

0p = pw ,but 0(p) # (¢){(w) =P notasymmetry of I



Apply to a gauge theory:

counterterms
-1 e
Y1 =%04+ ) WX renormalized to the order A-1

=1
Effective action:

WIT1 = T[(®),,7: ¢ 2] =W = Ja((¢") — ¢*) — &a(w®) — €4(@a) — y*(ba)

mean field

Iyo1=So+ S #rd
L-1= 20t Z L—1
=1

rfY <oo, I1<L-1 finite

Ffff)l,oo = It ol (), ¢,7,¢, 2] local = BPHZ technique

L-th order renormalization: / quantum field

ZL[@,gb”y’ ¢, Q] = 21— hLFL,oo[gpa ®,7, G, Q]




Main result

L-th order generating functional:
reparameterized fields

N\

— /d@exp { — %(EL -+ Ja(gp'aL — %) + g_a&}L + £%%0a + yozba) }

exp{ — %WL[\T] }

BRST structure of the renormalized action

EL[¢7¢777C7Q] = SL[QO] _I_QSPL[@,Qb,'Y,C,Q]

only original
Renormalized gauge fermion gauge field

- R 1 _
U, =Yrle,w,0,7,¢, 2] - EwaOQ’B(gb)bﬁ L-th loop order

Uy = —Fa(0?® — %) + Caw® tree level



Local reparameterization of quantum fields to composite

operators including external sources
(15% — @L(@awaqsa;)\/aC) ‘Q) C&% — Q%(wawaqba;)?aCa Q)

Gauge fermion is a generating function of the field redefinition

... SO Wy
a _ ga _— _ , oo =221
oL ¢ 07Ya L 0Ca

Applies to (non-renormalizable) EFT --nonlinear
dependence on sources § and C

For renormalizable theories

Uy, = 73U (0, 8) + Caw’ Vi 5 (0, ¢) linear in ¢ and ¢

7, ="+ U (¢, 0) , &L = Vi(p,¢) w?  independent of other sources
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I think you should be a little
more specific, here in Step 2



Slavnov-Taylor and Ward identities

[ )
BRST — —J +£C+£ +Q¢} =0

b.g,t, > 5a¢ 55 + 55j5j] =0 all sources
j=J’&T?€)y?’Y’C"Q

_ 4] 1
reduced W T s [=71_— 0% Al — b — —OB
action i (b waéqﬁa) (Xa (p=¢) 20 bﬁ)

L ~ _ oI
F=F[(107w5¢3/77<a9] ’Ya—’Ya_Wana =0

5b

Slavnov-Taylor and Ward identities for I’



Decoupling of background fields in Iy,

L-th order renormalization:

ST Identlty for FL,OO — FL,OO — FOO[@gw,Qb,ﬁ/,C; 'Q]

~ 5o 6 [ 6l  6Ig 6 | 6Ig 6 5.
F pom— _—_— - - Q—
Gl 5’7590+5905’7+5C5w+5w5(:+ Sp |
" 601 o
= {0, L N—— =0
nilpotent antibracket R K o .
(FO7(FOJX)) =0 FOO B %Q A Fm’{k}a[ala---aak]

K finite for any L<oo !

Applies to nonrenormalizable
EFT within gradient
expansion

Truncate in number of derivatives + locality + fermionic
statistics of ? - 0 <k < K
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trivial cohomology of Batalin, Vilkovisky (1985)

?_auge invariant single ghost term BRST exact
leld counterterm term
§S ‘
a _ p—

%



Structure of 4

ST+W identities: (go+¢q1) A =0

(90)? = (q1)? = qoq1 + q1q0 = O
0S ¢ 0

~ 1
qo0 — — — YR () — q1 — —EC’YO@W

5(04”

a8 0
dw”

Kozhul-Tate differential has a trivial conomology under the

assumption of local completeness and irreducibility of gauge

generators for A ‘
w

=0
—==0 ?f
A= E w™ .wo‘k/l{k}

[041,'--,05 ] ‘
r=1 g

I oo = SLle]l + Q41X

Batalin, Vilkovisky (19
Henneaux (1991)

85)

Vandoren, Van Proeyen (1994)

0¥ =0, x| __
= X = qOY

N

local

¢=0

=0




L-th order subtraction and Q, — Q transition via field
redefinition

EL[@: QS, s C: Q] — ZL—l _ hLFL,oo + O(hL—I_l)

gauge invariant

field redefinition ¢ — o - counterterm

o
ZLl®, 6,7, ¢ 2 = | Sp_1 — WS+ Q|

P’

gauge fermion _ L
renormalization W, =¥r_1 —h"Yy

at L-th order
oW (9')

«

U (D)
= e

Gauge fermion is a generating function of the field
redefinition



Example: 2D O(N) gauge sigma model

_ 1 > |1 PiP; iaw Gl .

Abelian gauge symmetry e’ (x) = o' (z) e(z)

One-loop renormalization

1 1 PO ; -
S1le] = (2—92+ (2 d)) fd2 {—2[ i,ﬁj] Opep 8“so~7}

i h [¢2(902+¢2) i 2¢2

o 02 ? (oD ],(so ¢) = @i’

essentially
nonlinear
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Conclusions and Outlook

Background field method is not only a convenient
calculational tool, but is also efficient for general analysis
of the structure of renormalization

BRST structure (gauge invariance) is preserved by
renormalization for non-anomalous theories whose gauge

algebra:

i) has linear generators

ii) closes off-shell can be relaxed (?)
iii) is locally complete

iv) is irreducible can be relaxed

Generalizations: open algebras, supersymmetry, composite
operators, anomalies



The power and beauty of nilpotent BRST charge

d
Q—>Qext=3‘|‘9—¢—ef&y+f C+£— Qe =0

EP—)WethLP—I—yw

2= Dext = 2 — J—+§—<+§w+yb—S+Qext!pext

e~ W/h — ] 15 o~ (5+ Qe Wext) /1
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"The beauty of this is that it is only of

theoretical importance, and there is no way
it can be of any practical use whatsoever."



