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P-brane dynamics for any (D, p)

The Dirac action for a p-brane

S = T
∫ √

|G|dp+1ξ,

G is the determinant of the induced metric

Gαβ := ∂αxm∂βxm.

The Euler-Lagrange equations and p + 1 primary constraints

∂τP
m = −T∂r (

√
|G|Grα∂αxm), Pm = T

√
|G|Gτβ∂βxm, (1)

T̃r := Pm∂r xm ≈ 0, Ũ := PmPm − T2| det Grs | ≈ 0. (2)
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We use the orthogonal gauge

Lτ = x0 ≡ t , Gτr = −L(~̇x · ∂r~x) = 0, (3)

grs := ∂r~x · ∂s~x, Gαβ =

 L2(1 − ~̇x
2
) 0

0 −grs


with ~̇x := ∂t~x = L−1∂τ~x.
The solution of constraint Ũ

P0 =

√
~P2 + T2|g|, g = det(grs). (4)

P0 becomes Hamiltonian density H0 since Ṗ0 = 0.
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Definition of P0 (1) and Gττ = 1/L2(1 − ~̇x2) results in

P0 := TL
√
|detG|Gττ = T

√
|g|

1 − ~̇x2
. (5)

Density ~P and its evolution are

~P = P0~̇x, ~̇P = T2∂r

(
|g|
P0

grs∂s~x
)
. (6)

PDE for ~x

~̈x =
T
P0

∂r

(
T
P0
|g|grs∂s~x

)
. (7)
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The canonical Hamiltonian generates

~̇x = {H0, ~x}, ~̇P = {H0, ~P}, {Pi(σ), xj(σ̃)} = δijδ
(2)(σr − σ̃r )

with integrated density H0(= P0)

H0 =

∫
dpσ

√
~P2 + T2|g|. (8)

Residual symmetry of orthonormal gauge

t̃ = t , σ̃r = f r (σs). (9)

Reduced constraints T̃r

Tr := ~P∂r~x = 0 ⇔ ~̇x∂r~x = 0, (r = 1, 2, . , p). (10)
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U(1) × U(1) × . . .U(1) invariant p-branes

We consider p-branes evolving in D = (2p + 1)-dimensional Minkowski
space-time and assume that their shape is invariant under the direct product
U :=

∏p
a=1 Ua(1). Each of these U(1) symmetries is locally isomorphic to one of

the O(2) subgroups of the SO(2p, 1) group of rotations.
Anzats for ~x

~xT = (q1 cos θ1, q1 sin θ1, q2 cos θ2, q2 sin θ2, . . . , qp cos θp , qp sin θp), (11)

qa = qa(t), (a = 1, . . . , p); θr = θr (σ
s), (r , s = 1, . . . , p).

Vector ~x lies in 2p-dim subspace and satisfies ~̇x∂r~x = 0. Anzats (11) originates
from realization of a 2p-dimensional vector ~x defined by p pairs of its ”polar”
coordinates

~xT (t , σr ) = (q1 cos θ1, q1 sin θ1, . . . , qp cos θp , qp sin θp) (12)

with qa , θa depending on t , σ1, ..., σp .
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Our anzats (11) is obtained by excluding the time dependence for all ”polar”
angles θa = θa(σr ) as well as the σr dependence for all ”radial” coordinates
ma = ma(t).
At any moment t vector ~xT (11) is produced from ~x0

T
= (q1, 0, q2, 0, . . . , qp , 0) by

rotations of the diagonal subgroupU ∈ SO(2p), parametrized by the angles θa

and rotating the planes x1x2, x3x4 ,...,x2p−1x2p .
World-volume metric Gαβ becomes

Gtt = 1 − q̇2, q := (q1, .., qp), grs =

p∑
a=1

q2
aθa,rθa,s , (13)

where θs,r := ∂rθs and q̇ ≡ ∂t q and yields ds2 on Σp+1

ds2
p+1 = (1 − q̇2)dt2 −

p∑
a=1

q2
a(t)dθadθa (14)

independent of σr .
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Change of σr by new parameters θa(σr ) makes metric independent of σr with
Killing vectors ∂

∂θa
on Σp .

It shows that Σp has zero curvature and is isomorphic to a flat p-dimensional
torus S1 × S1 × . . .S1 at any moment.
Canonical components πa = ∂L

∂q̇a
= ~P ∂~̇x

∂q̇a
or π := (π1, ..., πp) for q are

π = P0q̇, P0 = T

√
|g|

1 − q̇2
, g = det(

p∑
a=1

q2
aθa,rθa,s) (15)

and ~x2 = q2, ~̇x2 = q̇2.
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Hamiltonian density in (q,π) phase space

H0 = P0 =
√
π2 + T2|g|, Ṗ0 = 0. (16)

Hamiltonian equations

q̇ = {H0,q} =
1
P0
π, π̇ = {H0,π}. (17)

Canonical PB’s and Hamiltonian

{πa , qb } = δab , H0 =

∫
dpσ

√
π2 + T2|g|. (18)
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Equations ofU invariant p-branes

To simplify equations of motion we simplify Anzats by fixing gauge for residual
symmetry (9): θa = δarσ

r

θ1(σr ) = σ1, θ2(σr ) = σ2, . . . , θp(σr ) = σp . (19)

Then Anzats and grs are expressed

~xT (t) = (q1 cosσ1, q1 sinσ1, . . . , qp cosσp , qp sinσp), (20)

grs(t) = q2
r (t)δrs , g = (q1q2...qp)2 (21)

with diagonalized metric grs(t) depending on t .
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In gauge (19) interval and grs on Σp are

ds2
p =

p∑
r=1

q2
r (t)(dσr )2, grs(t) =

1
q2

r
δrs . (22)

This gauge clarifies sense of coordinates q(t) = (q1, q2, . . . , qp) as time
dependent radii R(t) = (R1,R2, . . . ,Rp) of flat hypertorus Σp .
Hamiltonian density H0 becomes independent of σr

H0 = P0 =

√√
π2 + T2

p∏
r=1

q2
r = C , Ṗ0 = 0,

∂

∂σr
P0 = 0. (23)
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This property yields condition for the initial data

P0 = C → T

√
|g|

1 − q̇2
≡ T

√
(q1q2 . . . qp)2

1 − q̇2
= C . (24)

Eqs. (6) for ~x are simplified

~̈x − (
T
C

)2ggrs∂rs~x = 0. (25)

Taking into account

ggrs =
δrs

q2
r

p∏
t=1

q2
t , ∂r∂r~x = −~x (26)

we present Eqs. (25) in terms of q

q̈r + (
T
C

)2(q1 . . . qr−1qr+1 . . . qp)2qr = 0, r = (1, 2, . . . , p). (27)
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Multiplication (27) by qr results in the first integral

q̇2 + (
T
C

)2(q1q2...qp)2 = c (28)

which coincides with initial data (24) if c = 1. Eqs. (27) are presented as

Cq̈ = −
∂V
∂q

, (29)

where elastic energy density V(q) turns out to be proportional to g

V(q) :=
T2

2C
g ≡

T2

2C
(q1...qp)2. (30)
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U invariant p-branes and p-dimensional anharmonic oscillators

General equations of elastic non relativistic media with mass density ρ

ρüi =
∂σik

∂xk
. (31)

We observe that Eqs. (29) have form of relativistic generalization (31)

Cq̈r = −
T2

2C
δrs

∂g
∂qs

(32)

with stress tensor σrs

σrs := −pδrs , p :=
T2

2C
g ≡

T2

2C

p∏
s=1

q2
s , r = (1, 2, . . . , p). (33)
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Eqs. (33) shows that p is isotropic pressure per unit area of its p-brane
hypersurface, and C is a relativistic generalization of mass density ρ.
Pressure p is created by forces Fr

Fr (t) := −
∂V
∂qr
≡ −

T2

C
(q1 . . . qr−1qr+1 . . . qp)2qr (34)

associated with p-brane potential V (30).
It is instructive to note that the discussed equations are generated by Hamiltonian
H free from the square root present in H0 (18).
Constant C can be used to write square root free Hamiltonian density

H =
H2

0

2C
= C/2

and Hamiltonian H

H :=

∫
dpσH , H =

1
2C

(π2 + T2
p∏

s=1

q2
s ), (35)
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with standard PB’s

{πa , qb } = δab , {qa , qb } = 0, {πa , πb } = 0.

Hamiltonian H describes p-dimensional anharmonic oscillators without quadratic
terms, and reproduces Eqs. (27).
The set of Hamiltonians (35) contains quartic potential energy for p=2 or the
higher degree monomials in components of q for p > 2 respectively.

Cyclic ”frequency” ωr of a coordinate qr is proportional to products of remaining
coordinates

ωr (t) =
T
C
|q1 . . . qr−1qr+1 . . . qp |, r = (1, 2, . . . , p). (36)

These frequencies ωr in Eqs. (27) can not be infinitely large because of the initial
data (28) with c = 1
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√
1 − q̇2 =

T
C
|q1q2...qp |, (37)

which shows that

0 ≤ |q̇| ≤ 1, 0 ≤
T
C
|q1q2...qp | ≤ 1 (38)

i.e. velocity |q̇| grows when hypervolume ∼ |q1q2...qp | diminishes and achieves
velocity of light.

If T = 0 nonlinear system (27) reduces to equations

T = 0 : ⇒ q̈ = 0, |q̇| = 1, (39)

similar to equations of free massless particles in effective p-dimensional space.
In general case the system (27) is rather complicate because of monomial
entanglement of coordinates qr in interaction potential V (35).
However, there is a special solvable case that we discuss below.
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Elliptic and hyperelliptic solutions

Degenerate case is characterized by coincidence q1 = q2 = ... = qp ≡ q.
System (27) reduces to nonlinear diff. eqn.

q̈ + (
T
C

)2q(2p−1) = 0 (40)

equivalent to initial data constraint (37) for q(t)

pq̇2 + (
T
C

)2q2p = 1. (41)

After change of q by y = Ω
1
p
√

pq, and introduction of frequency Ω := T
C p−

p
2 , Eq.

(41) takes form

(
dy

dt̃
)2 =

1
2

(1 − yp)(1 + yp), (42)

with new variable t̃ :=
√

2Ω
1
p t .
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In membrane case (p = 2) Eq. (42) coincides with eqn. defining Jacobi elliptic
cosine cn(x; k)

(
dy
dx

)2 = (1 − y2)(1 − k 2 + k 2y2), (43)

if elliptic modulus k = 1
√

2
.

Thus, y(t) = cn(
√

2ωt ; 1
√

2
) with 2ω = T/C.

Using relation q ≡ y/
√

2ω we obtain elliptic cosine solution

q(t) =
1
√

2ω
cn(
√

2ω(t + t0);
1
√

2
) ≡

√
C
T

cn(

√
T
C

(t + t0);
1
√

2
). (44)
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If initial data are q̇(t0) > 0 then solution (44) describes expanding torus which at

some point reaches the maximal size qmax =
√

C
T and then shrinks to a point

after a finite time K(1/
√

2)
√

C
T (where K(1/

√
2) = 1, 8451 is quarter period of

elliptic cosine).
Equation of surface Σ2(t) of contracting torus (44) in D = 5 is

x2
1 + x2

2 + x2
3 + x2

4 = 4
C
T

cn

√ T
C

(t + t0),
1
√

2

2

, x1x4 = x2x3.

For p > 2 integration of Eq. (42) defines implicit dependence of q on time

t̃ = ±
√

2
∫

dy√
1 − y2p

+ const . (45)

The integral (45) is an hyperelliptic integral, thus general solution of Eq. (41) is
expressed in terms of hyperelliptic functions.
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After change of variable z = y2p hyperelliptic solution takes form

t̃ − t̃0 = ±
1
√

2p

∫ z
1

2p

0
dz z( 1

2p −1)
· (1 − z)−

1
2 . (46)

Using (46) one can find the time of contraction ∆t̃c of p-torus from the maximal
value of the radii qmax = ( C

T )
1
p to qmin = 0

∆t̃c =
1
√

2p

∫ 1

0
dz z( 1

2p −1)
· (1 − z)

1
2 −1 =

1
√

2p
B(

1
2p

,
1
2

), (47)

where B( 1
2p ,
√

2) is the Euler beta function B(α, β).
Coming back to the real time t we obtain

∆tc ≡
1
√

2
Ω−

1
p ∆t̃c =

1
2
√

p
(

2E
T

)
1
p B(

1
2p

,
1
2

).

So, the case of degenerate p-torus with coinciding radii q turns out to be
integrable and reveals connection of p-brane equations with (hyper)elliptic curves
and Euler beta function.
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Summary

Exact solvability of brane equations is studied, and a new U(1) × U(1) × . . .U(1)
invariant anzats for the solution of p-brane equations in
D = (2p + 1)-dimensional Minkowski space is proposed.

The reduction of the p-brane Hamiltonian to the Hamiltonian of p-dimensional
relativistic anharmonic oscillator with the monomial potential of the degree equal
to 2p is revealed.

It is shown that the case of degenerate p-torus with equal radii is integrable and
that the p-brane solutions are expressed in terms of elliptic (p = 2) or
hyperelliptic (p > 2) functions.
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