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N = 8 maximal supergravity arises as the low-energy limit of type Il strins;.

Analyzing its UV behaviour in various dimensions teaches about how sy
symmetry acts, the role of the duality symmetries (in string and field thec
and the relation between string theory and its low-energy limit

In this talk we will discuss
the role of supersymmetry in perturbative computation

the role of non-perturbative duality symmetries in string theory
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Constraints from supersymmetry

Supersymmetry implies various non-renormalisation theorems for highel
mension operators.

This constrains the candidate UV counter-terms.
But which fraction of supersymmetry is really needed? J

Since we don’t have an off-shell superspace approach this question is diff
to address J
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Constraints from supersymmetry: N = 4 MSYM

» The case oN = 4 super-Yang-Mills

S = zi Jd“xtr(Fz) +-
9vm

» Coupling constant dimensionlessin= 4

Half of supersymmetries are enough for finitenes®Not 4 SYM inD = 4J

[Mandelstam; Howe, Stelle, West; Brink, Lindgren, Nilsson]

» Four points amplitude behave as
914(1:?_) ~ A(D-AL-4¢ pd

But this is not enough for understanding thmrrectcritical ultraviolet be-
haviour in the single trace sector, and double trace sector of the 4-point
plitudes in dimensions & D < 10

[Berkovits, Green, Russo, Vanhove ], [Bern et al]
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N =4 SYM UV divergences

[*214L] AP=AL=4=2vL 520 ot  A(P—HIL—4-2BL 2B t5(trF2)?

02V tgtr(F7) DC—8 Dc—7 Dc—6 DC_ =
Rl PR .
2P g(trF2) DC_8 Dc =7 =D DC_ D

RSEIFEHEEIES (S

Some F-term are iD < 10

tgtr(F*) ~ JdSGTr(Wi;)
d%g(tr(F2))2 ~ Jdlze(Tr(Wi))2

Gaugino superfiel® s Wy, = (Y™ «p Fin
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N =4 SYM UV divergences

AD=9L—4-2vL 321 totrpd 4 A(P—4IL—4-2B1 52BL 1 ((F2)2
EEw
Yl—o Yz—l Y3—1 4—1 Y
B1=0]P2=1 2 Ba= ﬁ

[‘214|_]

Some F-term are descendant of the Konishi operatdr @) in D < 10

%tgtr(F) ~ Jdlsetr(CD-CD)
ota(tr(F2)2 ~ Jdlﬁe (tr(® - D)2

These operators are not protected from quantum corrections

25/8/2010 5/22
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N =4 SYM UV divergences

[914(1?_]] — AD=AL—4-2vL 271 goprpd ¢ A(D—4L—4-28L 2B tg(trF2)2

7

L=1 | L=2 L=3 L=4 L=5
0%V tgtr(F*) [ D=8 |Dc=7| Dc=6 | Dc=4 | Dc =2
Y1=0]v2e=1] ys3=1| ys= ys=1
d%Prtg(trF?)2 [ D=8 | Dc=7 | Dc=% | Dc=6 | D = 2
P1=0[P2=1]| B3=2 | Pa=2 | Ps=2

ForL > 4 the UV divergence is dominated by the single trace term

single trace
double trace

AP0 92etr(F4)
A[D74]L78 a4t8(trF2)2

L>2

L>3

> N = 3 superspace explains the leading UV behavigunwe, Stelle

> Confirmed by amplitude computation

[Bern, Dixon, Carrasco, Johansson,Roiban

]
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The ultraviolet behaviour of N = 8 supergravity

» Up to and including 4-loop order the critical UV behaviour is the same
for N =4 SYM andN = 8 SUGRA

[wté(l,tl)_]] - A(D74)L76 aZL fR4 2 <L<4 J

[Bern et al.] , [Green, Russo, Vanhove ]
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The ultraviolet behaviour of N = 8 supergravity

» Up to and including 4-loop order the critical UV behaviour is the same
for N =4 SYM andN = 8 SUGRA

[mé(l,tl)_]] - A(D74)L76 aZL fR4 2 <L<4 J

[Bern et al.] , [Green, Russo, Vanhove ]

» After 4-loop it is expected aorse UV behaviour than fof = 4 SYM

[Green, Russo, Vanhove ], [Vanhove ], [Green, Bjornsson ]

[ED@&?L)] ~ A(D—2)L-14 38 4 L>4 J

» At five-loop order the 4-point amplitude in

o N =4 SYM divergences for & 26/5 < D
o N =8 SUGRA divergences for 2% < D

Would imply aseven-loomivergence irD = 4 with counter-tern®®R*

Pierre Vanhove (IPhT & IHES) string dualities & sugra divergences 25/8/2010 6/22


http://arXiv.org/abs/1002.3805
http://arXiv.org/abs/1002.3805
http://arXiv.org/abs/1004.1392
http://arXiv.org/abs/1004.2692

N = 8 SUGRA critical ultraviolet behaviour

Can we decide about the critical UV behaviour of iie= 8 supergravity
without doing a high loop computation?

The ultraviolet divergences in dimensiénin the 4-graviton amplitudes are
invariant under the duality symmetry groups of the theory.

In 3 < D < 11 the vacuum oN = 8 supergravity is invariant under
Supersymmetry and the continuous duality symmetigsp(11-p)(R)

The duality group is broken to a discrete subgré&yp p(11-p)(Z) by
non-perturbative effects and the massive string modes.
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Duality symmetries

D | Eui1pu1p)(R) Kp E11 b1 p)(Z)
10A RT 1 1
108 SI2,R) s02) si2,7)

9 | SI2R) xR+ Sq2) si2,z)

8 | SI3R) x SI2R) | SA3) x SA2) | SI3,Z) x SI2,2)

7 SI(5,R) sq5) S5, 7)

6 SQ5,5 R) SQ5) x SQ5) SQ5,5,7)

5 Ee(6) (R) uUsp8) Ee(6)(Z)

4 E7 7 (R) SuU(8)/Z, Ern(Z)

3 Eg(s) (R) SQ(16) Eg(s)(Z)

> E11p(11-p) real split formsKp maximal compact subgroup.
» The vacuum of the theory is the scalar manif@d Mp = Gp/Kp
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Constraint from Supersymmetry

» Higher derivative 1/2, 1/4 and 1/8-BPS couplings corrections to the
effective action

5=z Jde\/_(JHE oby RAHIE Dy VARHFED) VR )

» Invariance under the duality symmetries

) _ —
o) (Y- @) =€) (@) J

» If no anomaliesy € Gp(IR) in perturbativéN = 8 supergravity: eg
D = 4 E7 not anomalous$varcus; Bossard, Hillmann, Nicolai]

» Broken toy € Gp(Z) by non-perturbative effects and massive string
modes
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Constraint from Supersymmetry

» Higher derivative 1/2, 1/4 and 1/8-BPS couplings corrections to the
effective action

_ D 6 ¢(D) 4, p100(D) 4md | p120(D) 64
§= {02 Jd X v/—9g <R+€D8(o,o)3% 5 € (1) V' RHIEE 7, V'R +>

» On-shell supersymmetry invariance

58 =0; 5 =02 + 1883 +---

» Leads to a set of Noether deformations at increasing derivative order

98"+ Y gtz =ans° J

ri+ro=n
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Constraint from Supersymmetry

In D = 10 dimensions the theory is invariant un@&2, IR)/SQ2) J

On-shell maximal supersymmetry = 10 dimensions implies the

differential equations(Green, Sethi | [Sinha | [Green, Vanhove ]
3
0e3 (10) (10 _ A
0:.8°~0 (A _1)8(0,0) = 0
5
0e5 10 (100 _
8985~0 (Al )—Z)e(w) = 0
0c6 | 53c3 . 10 (100 _ (10) |2
528°+838°~0 (AN —12¢e0 = —(E)

A =12 (92 + 092 ) is the invariant Laplacian foBL(2,IR)/SQ(2)
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Dimensional reduction

» Let's A(P) be the Laplace operator on the scalar manifold
Mp = E11 p(11-p)/Kir-p

D-2
A(D — A (D+1) + m(abgrz)z +

D?—-3D —58
T oy 1) aIogr2
2(D — 1)

» 1 is the radius of compactification between dimendio# 1 andD

AD) yg(D)

i (D) _
» EigenvaluegA (p,q)) (pa)

= Spq) are related

A(D) _ \(D+1) _ 2p+3(q+ 1)

2
(pa)  “(ra) — (D—1)(D-2) (D” — 3D — 53+ 4p + 60 J
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Differential equations and critical dimensions

We deduce that fob > 3

3(11-D)(D—8)\ ()

D

(A( T2 00 = 6080
5(12—D)(D — 7

(A(D)_ ( D—)(Z )) 8%1'3,())) = 80¢(2)dp-7,0
6(14—D)(D—6)\ () 0)

D - 2
(A(]__ D—2 o) = ~(&(g0) +C[3)0-60

» The eigenvalues vanish wheb8-R* appears as UV counter-term
[Green, Russo, Vanhove ]

D. — 8 forL=1
‘T la+e/L for2<L<4
» The eigenvalues are defined for> 3. ForD = 2 string theory becomes
strongly coupled and the group becomes an infinite Kac-Moody algek
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Differential equations and critical dimensions

We deduce that fob > 3

3(11-D)(D—8)\ . (o)

D

(A( - D—2 ooy = 67080
5(12— D)(D — 7

(A(D)_ 12 DIl )) e®) = 80(2)50 70
6(14— D)(D — 6

(A(D]_ ( D—)(Z )) Elon = —(E{gp)* + 318060

Field derivation of the eigenvalue equations

» dualities in field theory and superspace methods in higher dimension:
[Bossard, Stelle, Howe ]

» Soft-scalar limit analysis iD = 4

[Elvang, Kiermaier; Beisert et al. ]
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Perturbative contributions

» TheN = 8 supergravity limit is

_ 1
ls=Ipgp " — Owith {p fixedgp — oo

The perturbative expansion for tdé&R* interactions wittk = 0, 2, 3 have

(D) =238 [ aee
€(00) et 9D e (gzD +|1I00p)

D 470 (& 1
851,2)) et D o ( grfe+ 2 l1-100p + |2|00p)

D D

(D) —650 ( Agee 1 1 1
e = — + —1_ P la Ofe a

(01) | pert 9 gg + & 1—loop + & 2—loop + 13-100p + O(€ o)

» In D = 4 these couplings have moduli dependencggnihey therefore
violate E7 invariance. No allowed counter-terms.

See€lElvang et al.; Beisert et al.; Bossard et al] for field theory
arguments
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Extracting the UV divergence

» TheN = 8 supergravity limit is

1
{s=1Ipgp " — Owith {p fixedgp — oo

In the critical dimension the-loop counter-term

_ _ 4, (8) N Zj 2 2
(D - 8, L= 1) R*: 8(0,0) pert 3 Iog 98 + O(IOg 98)
2
71 — 944 (7) _ 8nm 2 2
(D=7L=2)0"R": £y  ~ g loggr +olloggy)
(D=6L=32k*: &/ ~ 15((3)logg?+ o(logg?)
(01) pert

UV divergences evaluated byern, Dixon, et al] for theL = 1 loop in

The coefficient are matching the coefficients of thie pole the field theor
D=8,L=2inD=7andL = 3inD = 6 (up to a factor of 6) T
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What about non-protected operators?

» So far we have discussed protecte@11/4 and 1/8-BPS operators

» What about non-protected operators?

that the dimensions 16 operaf@fR* could be an D-term given by the volume

ForN = 8 supergravity that with 32 supercharges dimension analysis indic
of superspace ’]E
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What about non-protected operators?

» So far we have discussed protecte@,11/4 and 1/8-BPS operators

» What about non-protected operators?

ForN = 8 supergravity that with 32 supercharges dimension analysis indic
that the dimensions 16 operaf@fR* could be an D-term given by the volume
of superspace

Hosepsiii, HO mpoBepsii!
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Linearized D = 4 N = 8 supergravity

» At the linearized level one can construct the invariants

Jd“xJ BrP2E (WW)2~ 02 RS L=0,234 J

whereWjyq andWiK = L elkimneayy, . are the70 scalar fields
parametrizing the coset spagg/(SU(8)/Z>)

» The structure of these F-terms is determined bySbg2, 2|8)
superconformal representatignsikova, Dobrev]

[Drummond, Heslop, Howe, Kerstan ]

» Classification can be obtained as well from soft limit properties of
scattering amplitudesivang et al.; Beisert et al.]

» expressiorsU(8) invariant but noEy invariant
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Harmonic superspace

Harmonic superspace is an extension of the usual super®ddeewith the
addition of extra bosonic coordinates in the flag manifeldy; Galperin,
Ivanov, Ogievetsky, Sokatchev]

Fqp = S(U(p) x U(N —p—q) x U(a))\SUN) J

» ForN = 8 at the linearized level we can consider the 1/2, 1/4, and 1/8
BPS measurebrummond, Heslop, Howe, Kerstan ]

J d4Xd]:L(8r4,|_,4,|_) (WV_V)4 ~ J d4X 82L RAP L= O, 2, 3, 4 J

dfi(gpp) = A& 20! 24 du ]
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Harmonic superspace

Only the harmonic measures with 1) can be extended to full superspa

[Bossard, Howe, Stelle, Vanhove ]

> We can make special the coordinatés:= 65 and(* := 6™ * because
of the obstruction from the dimension 1/2 torsidf, = e, ¥

EA = {Eiu Eo'cN/ dll’/ drN/ le} s 2 Sr< N-1
B Bsl = CaEe,
preserved by the structure gro8p(2,C) x U(1) x U(N — 2} x U(1)

» Normal coordinates

CA = {C(x/ za, Zrl/ iNU Z7\(1}/ J
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Harmonic superspace

Only the harmonic measures widly ; 1) can be extended to full superspa

[Bossard, Howe, Stelle, Vanhove ]

» We can make special the coordinatés:= 0% and__Z"‘ = 6N & because
of the obstruction from the dimension 1/2 torsidf, = ;" ¥

> G-analytic fieldDy 1B, 5 = DanBgyg =0

o K XaoNi for N =4,5,8
35— 3 1 1ijkl
b XBUXocGij + %XolcJ X 6ijkkl forN =6,

» Extending taN > 4 the flot equation inkuzenko et al] one shows that

5 1 - 1 S
(504 NE = ~3 B3 C%TP + 7B, §Baal (PP J
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Harmonic superspace

Only the harmonic measures withy ; 1) can be extended to full superspa

[Bossard, Howe, Stelle, Vanhove ]

» We can make special the coordinatés:= 0% andZ"‘ = 0N & because
of the obstruction from the dimension 1/2 torsioh, (, = eapx’ K

> G-analytic fieldDy 1B, 5 = Ds By =0

- 1Ij

: Lijkl —
b~ X[:’) X o Gij aF %Xolcj XB BijkkI forN =6 ,

» The supervielbein takes the very simple fomithout a quadratic term in
(22

- 1 g -
E(% ¢, C) = El¢=o (1 — 5 Bapl P + oc2c2> , J
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Harmonic superspace

Only the harmonic measures withy ; 1y can be extended to full superspa

[Bossard, Howe, Stelle, Vanhove ]

» One then defines the/N harmonic measure (ovefX¥ — 1) 6s)

| dtxae(x, ) 01, 0) = [ dixaas (D202l o J

» ForN = 8 the 1/8 BPS couplin§® R*
J d*xdi(g1) E(x,0,u) F(V) = J d*xe(f o1 (@) VER? + susy completion

» Fully supersymmetricSU(8) invariant but noE; invariant expression
V € E7/(SU(8)/Z>)
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Harmonic superspace

Only the harmonic measures withy ; 1) can be extended to full superspa

[Bossard, Howe, Stelle, Vanhove ]

» One then defines the/N harmonic measure (ovef¥ — 1) 0s)

| e, ) 01,0 = [ dixdoas (OF2(D5)20leo J

» With @ = 1 one shows that the duality invariant volume is vanishing

Jd“xd“NeE(x,e) =0, 4<NK8

» The VB8R term is explicitlyE;-invariant (dim 1/2 torsiol ~ x)

J dieg1,1) X ™ Xemix P *Xepq ~ J d*xe(VBRY +-.) J

» Protected against quantum correction?
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Full superspace integrals forN = 8

» In case there is no 7-loop divergencdin= 4, we can construct a host o
E; invariant full superspace integral, like the 8-loop candidate
counter-termkallosh; Howe, Lindstrom]

J d*xd®20E(x, 0) (x%)* ~ Jd“xe(x) VIR ... J

» SinceEy is not anomalous in perturbatignarcus; Bossard, Hillman,
Nicolail  nothing seem to rule them out as candidate counter-terms to
UV divergences
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N = 8 supergravity UV divergences road map

D=11| - - - - - L=2
- - - - - yes
> Green: explicitly — — — — — — —
checked by field D=10 L=2
theory or string - - - - yes -
theory computation D=9 - - - L=2 - -
> Blue: ruled out by - - - yes - -
duality E7 D=8 | L=1 — L=2 — - L=3
arguments
es - es - - es
> Black 'allowed’: D=7 y =2 y — y_
Allowed by not - - - - -
explicitly checked - yes - - - -
> Red: First possible D=6 - - L=3 - L=4 -
ultraviolet — — yes — yes —
divergence. D=5 | L=2 — L=24 — — L=6
Coefficient has not
been evaluated no — no — —
D=4 | L=3 | L=5 | L=6 | L=7 | L=8 L=9
no no no ! ?
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Conclusion and Outlook

We have shown how to incorporate the counter-teriN te 8 supergravity
UV divergences in a duality invariant function of the moduli

» The duality invariant coupling haweeroeigenvalue when there is a UV
divergence

» At 7-loop order
e We shown that the candidate counter-t@¥®* has aE;-invariant
supersymmetric form.

o Need to understand if this operator is protected (F-term) or not (D-term
from quantum corrections.

o Need to address this question from string theory point of view
» If no 7-loop divergence

o Need to examine the situation at 8-loop and higher where Busy
invariant counter-terms exist
e Search for unsuspected symmetries
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