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“Pohlmeyer reduction”:

reformulation of gauge-fixed AdSs x S° superstring

in terms of current-type variables

preserving 2d Lorentz invariance:

a way towards exact solution of quantum AdS5 x S° superstring?

Aims:

solve string theory in AdS5 x S°
using conformal invariance,

global supersymmetry and integrability

find S-matrix and justify Bethe Ansatz for the spectrum
from first principles;
then understand theory in finite volume: closed string theory



How to solve quantum string theory in AdSs x S° ?

PSU(2,2|4)
SO(1,4)x SO (5)

not of known solvable type (cf. free oscillators; WZW)

GS string on supercoset

analogy with exact solution of O(n) model (Zamolodchikovs) or
principal chiral model (Polyakov-Wiegmann, ...) ?

2d CFT — no quantum mass generation

one problem of direct approaches:

lack of manifest 2d Lorentz symmetry

S-matrix depends on two rapidities, not on their difference,
symmetry constraints on it are not obviously clear...

An alternative approach?

Classically equivalent 2d Lorentz invariant action
describing same physical degrees of freedom

formulation in terms of currents rather than coordinate fields:



“Pohlmeyer reduction”
Integrable + 2d conformally invariant (UV finite) model —
fermionic generalization of non-abelian Toda theory

e intimately related (at least classically) to AdS5 x S° GS model
e contains fermions with standard kinetic terms

e has 2d Lorentz invariant S-matrix

for an equivalent set of 8+8 physical massive excitations

e interesting UV finite massive integrable model:

exact solution?

e deserves study regardless the issue of equivalence

to AdSs x S° superstring at the quantum level



Some history

K. Pohlmeyer (1976):

Discovery of integrability (existence of oo of conservation laws)
of classical O(3) sigma model via relation to sine-Gordon theory.
O(4) sigma model— complex sine-Gordon theory.

Integrability of O(n) model: Backlund transformations to generate
solutions and higher conserved charges.

But why reduction relevant?
Assumed classical 2d conf. inv. which is broken at quantum level

Quantum O(3) and sin-Gordon theories are different

but integrability itself extends to quantum level
[Polyakov (1977); Zamolodchikov and Zamolodchikov (1979)]



Pohlmeyer reduction was not used much in the next 20 years...
but came to light again in the context of string theory:

Technical tool: to construct classical string solutions

e construction of classical string solutions in
constant-curvature spaces like de Sitter and anti de Sitter
[Barbashov, Nesterenko, 1981; de Vega, Sanchez, 1993]

e construction of classical string solutions in AdS5 x S°
representing semiclassical string states in AAS/CFT context
[Hofman, Maldacena, 2006; Dorey et al, 2006; Jevicki et al, 2007;
Hoare, Iwashita, AT, 2009; Hollowood, Miramontes, 2009; ...]
e construction of euclidean open-string world-surfaces related
to V = 4 SYM scattering amplitudes at strong coupling
[Alday, Maldacena, 2009; Alday, Gaiotto, Maldacena, 2009;
Dorn et al, 2009; Jevicki, Jin, 20009, ...]



Deeper role: reformulation/solution of quantum string theory

Quantum AdS5 x S° string is UV finite: Pohlmeyer reduction
— reformulation in terms of integrable massive theory —

may lead to an equivalent theory also at the quantum level
[Grigoriev and A.T, 2007; Mikhailov and Schafer-Nameki, 2007]

A way to exact solution of AdSs x S° superstring?

e proof of UV finiteness of the reduced theory

[Roiban and A.T., 2009]

e equivalence of 1-loop quantum partition functions of string
theory and reduced theory [Hoare, Iwashita and A.T., 2009]

e derivation of perturbative S-matrix of reduced theory

and its similarity to AdS5 x S° magnon S-matrix [Hoare and A.T.]
tree-level (2009) and one-loop (2010, 2011)

e comparison of soliton spectra and soliton S-matrices
[Hollowood and Miramontes, 2010, 2011; Hoare et al, 2011]



Pohlmeyer reduction: bosonic coset models

Prototypical example: S?-sigma model — Sine-Gordon theory
L=0,X"0_X"™—-AX"X™—-1), m=1,2,3
Equations of motion:
0.0_X"+AX"=0, A=0,X"0_ X", X"X"=1
Stress tensor: T4+ = 0+ X0+ X™
T, =0, 0,T__ =0, 0_-T,, =0

implies T,y = f(o4), T__ =h(o-)
using the conformal transformations o — F4 (04 ) can set

0L X™MOL X™ = p? O_XMO_X™ =p?, u = const
3 unit vectors in 3-dimensional Euclidean space:

xm. X" =plto X", Xm =y, tg_xm



X™ is orthogonal to X" and X™ (X0, X™ = 0)
remaining SO(3) invariant quantity is scalar product

0L X™O_X™ = 1i? cos 2¢p

then 01 0_¢ + “72 sin2¢ = 0
following from sine-Gordon action (Pohlmeyer, 1976)

L=01p0_p+ 5 €08 2

2d Lorentz invariant despite explicit constraints

Classical solutions and integrable structures

(Lax pair, Backlund transformations, etc) are directly related
e.g., SG soliton mapped into rotating folded string on S?:
“giant magnon” in the J = oo limit (Hofman, Maldacena 06)



Analogous construction for S® model gives
Complex sine-Gordon model (Pohlmeyer; Lund, Regge 76)

_ 2
L =0,00_¢p + cot® v 0,00_0 + 'u—cos2gp
+ + 5

@, 0 are SO(4)-invariants:
pu?cos2p = 0L Xmo_X™
p3sin® 010 = Fiemuu Xm0 X"0_X 03 X!

In the case of AdS> or AdS5:
replace sin o — sinh ¢, etc.



String-theory interpretation: string on [2; x S™

(1) conformal gauge and (1) ¢ = w7 to fix conformal diffeo’s:
0+ X™94 X™ = 1?2 are Virasoro constraints

e.g., reduced theory for string on R; x S°

_ 2
L = 0,00_p + cot® v 0,00_0 + M—COSQgp
+ + 5

Similar construction for Ad.S,, case:
string on Ad.S,, X Sgb with ¢ = ur
e.g., reduced theory for string on AdS3 x S*

_ 2
L = 0,¢0_¢ + coth® ¢ 4 xO_x — % cosh 2¢



Comments:

e Virasoro constraints are solved by a special choice of variables
related nonlocally to the original coordinates

e Reduced and string theories are equivalent as classical inte-
grable systems: the respective Lax pairs are gauge-equivalent

e Although the reduction is not explicitly Lorentz invariant the
resulting Lagrangian turns out to be 2d Lorentz invariant

e Reduced theory is formulated in terms of manifestly SO(n)
invariant variables: “blind” to original global symmetry

e PR may be thought of as a formulation in terms of physical
d.o.f. — coset space analog of flat-space l.c. gauge (where 2d
Lorentz i1s unbroken)



PR for bosonic string on F'/G-coset

string on /G x Ry:
PR-theory: G/H gauged WZW model + integrable potential
F/G-coset sigma model: symmetric space

f=pdg, g.9]Cag, g, p] Cp, p,p] C g
J=fldf=A+P, Acg, Pep.
L=—-Tv (P P.), feF

(G gauge transformations f — fg;

global F'-symmetry: f — fof, fo € F;

classical conformal invariance

J = A + P as fundamental variables

D.P =0, D_P,=0, D=d+[A, ] — EOM
D_P,—-DyP_ +|P,P |4+F,_=0 — Maurer-Cartan
Tr(PLPy) = —p?, Tr(P_P_)=—p? — Virasoro



Main 1dea: first solve EOM and Virasoro and then MC
special choice of G gauge condition and conformal diffs. —
find reduced action giving eqgs. resulting from MC

gauge fixing that solves the first Virasoro constraint

P, = puT = const , Tep=fouy, Tr(TT) = —1
choice of special element 17" — decomposition of algebra of F':
f=pdg, p=Ton, g=mabh, [I.h=0,

b 1s a centraliser of 1" in g
second Virasoro constraint 1s solved by

P_=pg Ty, geG

EOM D_P; =0issolvedby A_ = (A_), = A_
EOM D, P_=0issolvedby A, =g 10, 9g+g 1A, g
Thus new dynamical variables

GG-valued g | h-valued A, A, [T,AL]=0



remaining Maurer-Cartan eq on g, A4 follows from
G /H gauged WZW action with potential:

L = —%Tr(g_l(%rgg_l@_g) + WZ term
—Tr(A4y0_g9 " —A_g '019—g AygA_+ A AL)
—p*Tr(Tg~ ' Ty)

Pohlmeyer-reduced theory for F'/G coset sigma model
[Bakas,Park,Shin 95; Grigoriev, AT 07; Miramontes 08]

PR theory for string on R; x F//G or F/G x S

equivalent egs of motion; equivalent integrable structure (Lax pairs)
special case of non-abelian Toda theory:

“symmetric space Sine-Gordon model”

[Hollowood, Miramontes et al 96]



Reduced equation of motion in the “on-shell” gauge A4 = 0:
Non-abelian Toda equations:

0_(97'049) — p?[T, 9~ 'Tg] =0
(97'0+9)y =0, (0_gg ")y =0

parametrization of g in Euler angles (gauge fixing)
g = eln—20n—2 T11012T¢ 1101 Tn 2052

integrating out H = SO(n — 1) gauge field AL
leads to reduced theory that generalizes SG and CSG
2

L =0,00_¢+ Gy, 0)0,0P0_07 + % cos 2
gWZW for G/H = SO(n)/SO(n — 1):

ds’_, = do? | ds?_, = dyp* + cot? o db?
db3

ds;_, = dp? + cot? p (df + cot 61 tan fadfs)? + tan? p -y
1




String Theory in AdSs x S°

: SO(2,4) _ SO(6)
bosonic coset SO(1.0) X 6

generalized to GS string: supercoset 5 (if Z)(i’;g)@

S = T/d2a[Gmn(x)3:vm6x” +0(D + F5)00z

+ 0000020x + ...],
R* _ V)

2t 27

tension 1" =
Conformal invariance:  Bpn = Ryn — (F5)2,, =0
Classical integrability of coset model

translates also to k-symmetric AdS5 x S° superstring
Extends to quantum level: 1- and 2-loop computations and
comparison to Bethe ansatz (work of last 8 years)



_S0(2,4) _ SO(6)
AdSs x S° = SO(1,4) * S0(5)

Killing vectors and Killing spinors of AdS5 x S° :
PSU(2,2|4) symmetry

F __ SuperPoincare .
replace = = =—5_-_———— in flat GS case by

P

F_ PSU(2,2/4)
G SO(1,4) x SO(5)
PSU(2,2|4) invariant action:

I~ [Te(f~'df)%,q + WZ-term

J = f7Yf = J"P,, + JLQS + T M.,

A _ _
I = 2£ [/d%(Jme +aJJh) + b/ J" NI J7 sy
7
as in flat space a = 0, b = £1 required by k-symmetry

unique action with right symmetry and right flat-space limit



Equivalent form of the GS action:

F _ __SU(2,2) SU(4)
a — AdS5 X 55 = —Sp(2,2) X —Sp(4)

generalized to

F _  PSU(2,2/4)
G Sp(2,2)xSp(4)

basic superalgebra f = psu(2,2|4)
bosonic part f = su(2,2) @ su(4) = so(2,4) @ so(6)
admits Z-grading:

?:fo@fl@b@fs, fis T3] C fi+jmoda
fo =g =sp(2,2) @ sp(4)
fg = AdS5 X S5

current J = 19, f, f € 2 (notation change: Jy — A, etc)
Ja :f_laaf:Aa+Qla+Pa+Q2a

A€fo, Q1 €1, Pef, Q2€f3.



GS Lagrangian:

1 a a
Lgs = §STr(\/—gg "P,Py+¢ leaQ2b)7

fermionic currents in WZ term only
conformal gauge: \/ngab = pob

1
Lgs = STr[Py P + 5 (Q14Q2- — Q1-Q24)]
STr(PyPy) =0, STr(P_P_)=0
Equations of motion in terms of currents: 1-st order form

EOM: 0P+ [Ay, P |+ [Q2+,02-]| =0,
O_Py + A, P+ [Q1-,Q14] =0,
[Pr,Q1-]=0,  [P-,Q24]=0.

MC: O Jy -0, +[J_,J]=0.




partial sk-symmetry gauge: @1_ =0, Q24+ =0
remaining EOM:

8_|_P_—|—[A_|_,P_]:O, 8_P+—|—[.A_,P+]:0
Maurer-Cartan:
O A —0-Ay + [Ay, A+ [Py, P_] + [Q14,Q2-] =0,
O_Qi4 + [A-, Qi4] — [Py, Q2-] =0,
04 Qa— + [A4, Qo] — [P_,Q14] = 0.

apply Pohlmeyer reduction:

(1) start with GS equations in terms of currents

(1) solve conformal gauge constraints algebraically introducing
new set of field variables directly related to the currents

(111) fix k-symmetry gauge

(iv) reconstruct the action for new current variables

classical equivalence of original and “reduced” eqgs:

both are integrable



Virasoro can be solved by fixing a special GG-gauge
and residual conformal diffeomorpism gauge

P, = uT, P_.= nug'Tg, p=-const
g € G=5p(2,2) x Sp(4)

(= an arbitary scale parameter — remnant of fixing

residual conformal diffeomorphisms, like p™ in l.c. gauge

T is a fixed constant matrix, e.g., diag(I, —I,I,—1I), StrT? =0
H € G that commutes with T', [T, h] =0, h € H:

H=5U(2) xSU(2) x SU(2) x SU(2)

P_ is invariant under g — hgift h € H

implies extra H gauge invariance of e.o.m. for g

Ay =gAig  +01997", AL =(AL),

Thus g € G = Sp(2,2) x Sp(4) and
AL, A inh = su(2) ® su(2) & su(2) ® su(2) of H
are new independent bosonic variables



impose partial xK-symmetry gauge
Ql— =0 ’ Q2+ =0 )

define new fermionic variables

P

Uy = Q1t E/f\l ; Uy =gQa-g~ " €13

residual k-symmetry fixed by Wi 71" = -1V, 5

then define new fermionic variables

v, =, v, = -0

they are expressed in terms of real Grassmann

2 x 2 matrices {g 1, and ng 1: 8+8=16 components

Remarkably, exists local Lagrangian reproducing
resulting classical reduced equations:



Gauged WZW model for
G 5p(2,2) Sp(4)

H ™~ SU@2)xSU@2) " SU@2) x SU(2)

with integrable potential and fermionic terms:
Li,t = Lp+ Lp = ngzw(g, A) + ,LL2 Str(g_ngT)
+Str (¥, 7D ¥, + U, TD_V, + ug '¥,q¥,)

fields are represented by 8 x 8 supermatrices, e.g.,

g = diag(a,b), a€Sp(2,2), be Sp(4)

DV =0.U+ AL, V], AL ebh=su2)d..Dsu(2)
T = tdiag(1,1,-1,-1,1,1,-1,-1);

[T,h] =0,h € H=[SU(2)]4,

invariant under H gauge transformations

g =h"tgh, AL =hT'ALh+h7'0Lh, W =h7T'U, _h

[T,h] =0, heH=[SU2)*



classically equivalent to GS model — integrable model:

Lax pair encoding equations of motion

L o=0_+A +2 /ug 'V, g+ 2"2ug Ty,
Li=04+9 '0r9+9 " Ayg+2y/n¥, +2°uT



gWZW model coupled to fermions interacting
minimally and through the “Yukawa” term

2d Lorentz invariant action with W ., W as 2d Majorana spinors
with standard kinetic terms

8 real bosonic and 16 real fermionic independent variables;
fermions link bosons from Sp(2,2) x Sp(4):

2d supersymmetry? yes, at least at quadratic level and in Ad.S5 X
S? truncation: n = 2 super sine-Gordon model

p-dependent interactions are equal to GS Lagrangian;
gWZW produces MC eqs.: path integral derivation?

action quadratic in fermions — in contrast to original GS
action [quartic terms reflecting curvature will appear if we in-
tegrate out A4 as in susy gauged WZW case]

linearisation of e.o.m. in the gauge AL = 0 around g = 1:
gives 8+8 bosonic and fermionic d.o.f. with mass . — same as
in BMN limit



H gauge field A4+ can be gauged away on e.o.m. —
get fermionic generalization of non-abelian Toda equations:

0_(97'0v9) +1’lg™ Ty, TV + plg™ ¥, g, ¥,] =0,
TO_V, + sulg™' W, g)l =0,
TO.V, + 3u(g¥,g ) =0,
(971019 = 5l[T,9,],9,.])y =0,
(g0-g~" = 3[[T,9,],¥,])y =0

fermions carry representations of both Sp(2,2) and Sp(4):
“Intertwine” the two bosonic reduced sub-theories

Model resembles WZW models based on supergroups
rather than 2d supersymmetric WZW model

but fermions here have 1-st order kinetic term — a “hybrid”



Example: superstring on AdS; x S?

PR Lagrangian: same as n = 2 supersymmetric sine-Gordon!

- 2
L=0,00_¢+ 0L90_¢ + %(cos 2 — cosh 2¢)

+ BO_B +y0_v 4+ vOiv + pO4p
— 24 [cosh ¢ cosp (Bv +yp) +sinh ¢ sing (Bp — )] .
equivalent to
L=0,90_%" — [W'(®)] + ¢} 011, +¢L0_1,
+ (W), by, + W (@ )7y |

bosonic part is of AdS> x S? bosonic reduced model if

2

W(®) = pcos®, W'(®)]? = %(cosh 2¢ — cos 2¢) .

wL:V—i_ip? wR:_5+277



UV finiteness of reduced theory

[R. Roiban, A.T., 2009]

Reduction procedure may work at quantum level

only in conformally invariant case (like AdS5 x S° case)
Consistency requires that reduced theory is also UV finite
gWZW+ free fermions is finite;

4 1s not renormalized, remains an arbitrary

conformal symmetry gauge fixing parameter at quantum level

Thus 1n contrast to l.c. gauge fixed GS superstring
the reduced model is 2d Lorentz invariant
and power counting renormalizable: in fact, finite.



Open questions

Quantum equivalence of reduced theory and GS theory?
Path integral argument of equivalence?

Transformation may work only in quantum-conformal
case like AdSs x S°

Indication of equivalence: semiclassical expansion near
counterparts of rigid strings in AdSs x S° leads to same

characteristic frequencies — same 1-loop partition function
[Iwashita, Hoare, AAT 09]

S-matrix for elementary excitations? [Hoare, AT, 09-11]

Relation to magnon S-matrix in BA?

Solve reduced theory — solve AdS5 x S° superstring



Recent work



Towards quantum S-matrix of the Pohlmeyer
reduced form of AdSs x S° superstring theory

Arkady Tseytlin

July 21, 2011



Based on Hoare, AAT, arXiv:1104.2423



Review of Pohlmeyer Reduction

Perturbative computation of S-matrix

g-deformed supersymmetry and exact S-matrix conjecture

Conclusions and open questions



Some history

e The Pohlmeyer reduction related the O(n) sigma models to
integrable Hamiltonian systems

e Led to the discovery of the integrability of the classical O(3)
sigma model via its relation to sine-Gordon.

The Pohlmeyer reduction . ..

e relates the currents of the original theory to the fields of the
reduced theory.
e is carried out at the level of the equations of motion.

e gives rise to a 2-d Lorentz invariant integrable theory.



Technical issue: equations of motion for higher dimensional
models, e.g. O(n), n > 3, apparently non-Lagrangian.
Resolved by considering gauged WZW plus integrable poten-
tial.

Classical reduction - assumes conformal invariance, which is
broken at quantum level- no equivalence at quantum level
O(n) sigma model was shown to be integrable at quantum level.



Pohlmeyer reduction in string theory

e Used in the construction of classical string solutions represent-
ing semiclassical closed string states in AdS/CFT context.

e Used in the construction of Euclidean open-string world-
surfaces related to N/ = 4 super Yang-Mills scattering am-
plitudes at strong coupling.



Quantum equivalence?

e Quantum AdSs x S° is UV finite so Pohlmeyer reduction may
lead to an equivalent theory also at quantum level.

e Describes 8+8 physical degrees of freedom, solves Virasoro con-
straints and the resulting model is integrable — there exists a
Lax connection

e Resulting reduced model is UV finite.

e One-loop corrections to soliton energies match string ones

e Two-loop corrections?

e S-matrix?



Pohlmeyer reduction - Aims

e Investigate this theory and its truncations in the hope that
when fermions are included it will help us understand the quan-
tum string theory.

e Consider the perturbative S-matrix and try to extend to exact
S-matrix

o Construct solitons and conjecture exact S-matrix (cf. sine-
Gordon)

e Earlier exact results for bosonic models with abelian H.



Pohlmeyer reduction example: R; x S?

o classical sigma model on R; x S§? — S? embedded in R3

R2

4o

L= /dzx [0t + 9X - 9X] + A(X - X — 1)
e Coordinate on R3- X = (X1, X5, X3)

Conventions

o Worldsheet coordinates — (7, o)

® Lightcone coordinates — x4 =7+o0, O+ = %(87 + 0s)



e Fix conformal gauge and static gauge — t = ur
Equations of motion

e with respect to X
0;0-X 4+ (0:+X-0-X)X =0
e with respect to 2d metric — Virasoro constraints
0+ X - 04X = 2
e with respect to A — sphere constraints

X-X=1



“Solve” the Virasoro constraints: replace X by single field ¢
0, X -0_X = p? cos2¢p (5)

three vectors X, 0, X, d_X span R3.
Therefore we can write 0,0, X and 0_0_X as linear combi-

nations.
The equation of motion for ¢ is then

12
8+3,<p+7sin 20=0 (6)



Sine-gordon equation of motion — single degree of freedom.
Resulting equations of motion are Lorentz invariant, though
the reduction is not.

Blind to original SO(3) global symmetry.

implies classical integrability

Method generalises to larger target spaces, e.g. R, x S% is
related to complex sine-Gordon.



AdSs x S° superstring

AdSs x S° superstring worldsheet sigma model
e Based on the coset

F_ PSU(2,2/4)
G Sp(2,2) x Sp(4)

e Bosonic part of the coset is Sszgzz)) X SU(4) =~ AdSs x S°.

Sp(4
e 7,4 decomposition of algebra

psu(2,2|4) = If\ = @?zﬁi ) [/f\% ]EJ] C ’fi—&-j mod 4

fo = sp(2,2) @ sp(4) %73 fermionic

?2 bosonic part of coset



e Action is constructed by taking a group valued field

f e PSU(2,2/4) (11)

and considering the Maurer-Cartan one-form

J=f"ldf €F (12)

e Under the Z4 decomposition J =A+ Q1 +P + Qs

o Under the G-gauge symmetry — f — fg
— A transforms as a connection,
— P and Q; 3 transform covariantly.

e Action is constructed from P and Q3 — with the bosonic part
given by usual coset sigma model

L = STr(P,LP-) + fermionic (13)

e In addition to G-gauge symmetry there is a global F symmetry
—f—=fof



Pohlmeyer reduction — AdSs x S° superstring

e Solve the equations of motion and the Virasoro constraints
using G-gauge symmetry and k-symmetry

e In solving the Virasoro constraints we introduce a mass p and
a constant matrix T' € /fg.

e Constant matrix 7T induces a further Z, decomposition of the
algebra

P=flef

[ K el o K N (i g A

e f& = [su(2)]* is an algebra — denote h and the corresponding
group H

e The equations of motion for the reduced theory are given by
the flatness condition for J.



Action of Pohlmeyer reduced AdSs x S° superstring

o Reduced equations of motion have H x H-gauge symmetry

o If we gauge-fix to leave a H-gauge symmetry then the resulting
equations come from the following action

k 1 _ _ 1 ol _ _
S=-— ESTr[E/dZ:L‘g 19,9976 g — §/d3z€ L= 0mgg 1 Ongg g
(16)
+ /dzx (A10_gg ' —A g lorg—g 'AygA_+ AL A ) (17)
T /d%: (W, TD W, + V. TD_V, +pug~ 'V, g¥, + g_ngT)] (18)
e geG=15p(2,2)xSp(4) o Ay €bh=[su(2)*
o V, ¢ ’f\! o V, ¢ ’f\!



Comments

e Fermionic extension of gauged WZW theory plus integrable
potential (generalised sine-Gordon model)

e Lorentz invariant e H-gauge symmetry
e If H is non-abelian — no global symmetry

e C(lassically integrable — Lax connection

e Blind to original global F symmetry of string theory.

e No apparent supersymmetry — target-space or spacetime



Truncated models

For AdS; x S3
o F=SU(1,1]2) x SU(1,1|2)

e G=U(L1)xU(2) o H=[U)*
e Complex sine-Gordon + complex sinh-Gordon coupled to
fermions

For AdS, x S?
o ['=PSU(1,1)2)
e G=50(1,1) x SO(2) e H is trivial

e N =2 supersymmetric sine-Gordon theory



Tree-level S-matrix of the PR theory

e Lorentz invariant two-particle tree-level S-matrix for
Pohlmeyer reduced theory constructed using a particular
gauge choice.

e Similar structure to the AdSs x S° light-cone gauge tree-level
S-matrix.

e same group factorisation properties: arising from supersym-
metry in AdSs x S° case, not manifest in reduced theory.
e Suggests hidden fermionic symmetry.



Gauge choice

Under the H-gauge symmetry
o g— hlgh o Ay —»h AL h+h10Lh
e Gauge fix Ay =0

e Path-integral over A_ gives the constraint equation appearing
as a delta-function

(g_la+g - [\URT7 wR])lh =0 (19)

e C(Can use this equation perturbatively to eliminate the unphys-
ical h part of g.

Explicitly

o wiittg=X+¢ Xegebh feh

e solve perturbatively for £ as function of X and W .



Using integration by parts and the linearised equations of motion
one can write the Lagrangian in the following local form

2
L= STe( S0X0-X ~ X2 4§, TOW, + 9Ty + by (20)
1 I 2
+ 21X, 94 XIIX, 9-X] + (X, X, 7] (21)
— ST, YK, 0:X] = [, TURIIX, 0-X] (22)

B I ]+ ST, T, s Tl + ) (23)



Residual gauge symmetry - Lagrangian is invariant under the
global part of the gauge group H

(X7 wR’ \UL) - h_l(X7 \UR’ \UL)h (24)

Lagrangian can be written in terms of fields transforming in rep-
resentations of H

X=Y+Z V=_+y (25)
SU(2), Y 0 ¢
Y SU(2)4 X 0 (26)
0 b% SU 2)2 Z
¢ 0 Z  SU(2)s

Fundamental indices of SU(2); and SU(2); — a and «
Fundamental indices of SU(2); and SU(2); — & and &
Treat the indices a, a as bosonic, i.e. [a] =[a] =0

Treat the indices «, & as fermionic, i.e. [o] = [@] =1



The fields transform as follows under the [SU(2)]* symmetry

Yaiz Zad Cao'c Xaa (27)

Can also expand out the Lagrangian to give

2 2
1 a w . 1 . .
Ls :58+Yada,y‘w — Y, Y% + Eéhrzm-xa,z‘m - %zadz““ (28)
a G&a | da _ aa
t3%0aa®tSL t5%Raa®-SrR T CLaaCR (29)
G g ao 9 aa
* = XLaa8+XL = XRaaafo X o XR (30)
= 2 bb aa b, 2 aa bb
4 L ;(Y Yoy 0 Y Yaa04Y Y, 0_ Y77 + 7Yady Y, YO) (31)
2 . ) p . . .
2 (Z,47%%0 208 _z_.0.2%7 .o_2z9P Z,52%7 . 7PB
+ 3( ad +Z530— Zaa O+ 83°— + ad 86 )
(32)
) &b ba &b ba &a~, 5 -bb
(0L 0o S Y HOLY HCR g SRTY PO Y iR 0 S YY) (33)
. Ba &8 ) Ba a8 . day BB
H(Cp 0o S 201255 +CR 4SRN0 Zgs +nlp oS 255277
(34)
) bay, ab bay,ab ao bb
Filxp gaXp Y O0+Y v XgoaXR Y O—Yyp FhXp aXL YppY ) (35)
; aB ZBa . ap yBa . doy BB
—'L(xLade z 8+ZBB+XRQ¢'1XR z a—Z,BBJr“XRadXL ZﬁBZ )
(36)
. ybaaB ab B
t4inCp oaXr gp Y 2 XRaolrogY Z°0) @)

b
+2(LaaLoglr”

¢rP* = xp qaxp ppXr P xp )|+ OGT). (38)



Computation of tree-level S-matrix

e p; and p, are two on-shell momenta of the particles
e Convenient to use rapidities p; = psinh 9,

o Lorentz symmetry: S-matrix only depends on 6§ = 91 — 9>



combine four fields Y,4, Zaa, Caas Xaa in a single field
D4, A= (a,q) (39)

two-particle S-matrix takes the following form

S[® 44 (91)® s (02) = STTEL(0) [P0 (91)Ppp(92))  (40)

The tree-level S-matrix factorises as

SS9 22(9) = (~1)PIAHPIC SR 9)55D (9) (41)

Same factorisation as in the light-cone gauge string theory
There it relied on integrability and PSU(2|2) x PSU(2|2)

global symmetry
We have integrability but no manifest supersymmetry



Tree-level result

Ky(0, k) =Ks(6,—k) = 1+ =

5967, Ka(0,k)805¢,

)
)
)EabG’YJ b Kﬁ(oa k)GOZﬂECd I
)
)8505,  Kio(0, k)d58

tanh g +0(k™?)

K>(0,k) =K4(0, —k) = —% coth § + O(k2)

Ks(6, k) = — Ko(8,—k) = — T sech & 4 0

2k

2

(k%)

Kr(6, k) = — Ka(0,—k) = — " cosech & + O(k~?)

2k
Ko(0,k) =K10(0, —k) = 1 + O(k™?)

2

(42)



Comments

e Have group factorisation, but not satisfaction of Yang-Baxter
— common to all theories with non-abelian H

e Light-cone gauge superstring theory result is not Lorentz in-
variant but does satisfy Yang-Baxter.

e Unitarity and crossing.
e Corresponding results for AdS3 x S3 and AdS, x S? do satisfy
Yang-Baxter — H is abelian (or trivial).

o Coefficients are exactly those of a quantum-deformed
psu(2)2) x R® R-matrix.

e However these coefficients parametrise the R-matrix in a de-
formed way that breaks the manifest SU(2) x SU(2) symmetry.



One-loop S-matrix of the PR theory

e Computation extended to one-loop — can be carried out with
just the quartic Lagrangian — standard perturbation theory

o Relevant Feynman diagrams are bubble and tadpole

e tadpole has a vanishing finite contribution in 2d: not relevant



One-loop result - AdSs x S°

Ki = pos(a, k) Kz (48)
N 6 57 inf _3
Ry(0,k) =K4(0, k) = — = coth§ + — i i +O(k3) (50)

2 ) - 4 ) - k 2k2 kz
Ks(0,k) = — Ke(6,—k) = —;7{ sech > i O(k™3) (51)
R1(0,k) = — Re(0, —k) = —;7{ cosech z +Ok3) (52)
Ko(0,k) =K10(0, —k) =1+ O(k™3) (53)
7 cosech 6

po, (0, k) =1+ (z [2+ (im — 26) coth #] — 7 cosech 0) (54)
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Comments

e Coeflicients are still similar to those of the g-deformed S-matrix
though no longer exactly the same — differ by extra 6 terms.

o Coefficients of q-deformed S-matrix satisfy g-deformed crossing
relations whereas those of the perturbative S-matrix satisfy

standard relations.
e Phase factor is the same as the expansion of the A/ = 2 super-

symmetric sine-Gordon phase factor.

Pohlmeyer reduced AdS, x S2:

e The one-loop computation agrees with the exact results for the
N = 2 supersymmetric sine-Gordon S-matrix.



Supersymmetry of the reduced theories - AdS, x S?

The Pohlmeyer reduced AdS, x S? theory has a A = 2 susy
s0(1,1) € ([psu(1]1)]? x R?) (55)

e The algebra in the brackets is precisely %J-.

e The projection to subalgebra of f = psu(1,1|2) defined by the
constant matrix 7.

e The reduction procedure: different grades of the algebra under
the Lorentz group

R [P.] =1 [B_l=-1  (56)

psu(1[1) - [2n] = 7 [ul=—3  60)



Digression: complex sine-Gordon model

e First perturbative study of S-matrix — local counterterms were
required at one-loop to restore satisfaction of the Yang-Baxter
equation.

e Semiclassical corrections to soliton masses, and conjecture of
exact quantum spectrum.

e Formulation of complex sine-Gordon as a SU(2)/U(1) gauged
WZW model plus integrable potential.



Conjecture of full quantum S-matrix for soliton scattering.

Special points when k£ € N — evidence that gauged WZW may
play an important role.

Consider functional determinant that arises from solving the
delta-function in the path integral.

This functional determinant gives rise to local counterterms
that precisely restore the satisfaction of the Yang-Baxter equa-
tion and match the expansion of the Dorey/Hollowood S-
matrix.



Pohlmeyer reduction of superstring theory on AdSs; x S°

e Like in complex sine-Gordon one-loop S-matrix does not satisfy
Yang-Baxter.

e (Can be restored by the addition of local counterterms.

e Group factorisation is also restored.

e Counterterms can be derived from a functional determinant,
but a more complicated one than that arising from solving the
delta-function.

e Suggests there may be an alternative formulation of the action
that is more symmetric with bosons and fermions.

Pohlmeyer reduction of superstring theory on AdSs x S —

e No counterterms required to restore group-factorisation.

e The functional determinant identified in the AdS3 x S3 case
gives vanishing correction when extended to the AdSs x S°
case.



Reduced theory for AdS; x S3

Drop down to AdS3 x S° — easier to identify supersymmetry

Analogous to the AdSs x S° case —

e a,a,q,d are vector SO(2) indices

o The fields Y4, Zaa, Caas Xaa satisfy a constraint to reduce the
number of degrees of freedom to 4 + 4

Yad = Eabedl}Ybi) ete. (58)

e The fields can be again packaged into a single field ¢ , 4

o With the addition of contribution of from local counterterms
restoring for Yang-Baxter the one-loop perturbative S-matrix
factorises

SS% o5 (8) = (~L)BIAHPIC SR 9)5CD (9) (59)



S-matrix of reduced AdS; x S* theory

po; =1+

L1(0,k)dacoba + L2(0, k)eacepa
L3(9, k)éav(Sgg + L4(9, k’)eavelg(; ,
Ls5(0,k)dac085 + Le(0, k)eacess
L(0, k:)éa dpa + Lg(0, k)ﬁa'yebd ,
Lo(0,k)(dap0ys + €abeqs) s

L10(0, k)(0apdcd + €apecd) ,
L11(0, k)(0add~s + €ad€yp) s
L15(0,k)(0asdch + €asech) ,

S5B =

Lz(gv k) p03(0 k) (9 k)

7 cosech 0

T (z [2 + (i — 26) coth f] — 7 cosech 9)

(62)



L1(0,k) =

Lo(0,k) =

25(97 k) =

i/6(9’ k) =

Lo(0,k) =

La11(0, k)

2
O(k3
2k2+ ()

La(0,—k) == coth 6 — = coth — 222( — 20)( cosech §)?

L3(0,—k)=1— % cosech 6 —

2
+ %0 coth @ cosech 6 4+ O(k~3)

L7(0,—k) =14+ O(k™3)

Lg(0, —k) = 7% coth6 — %(’Lﬂ‘ — 20)( cosech 0)?
2
+ % coth 6 cosech 6 + O(k~3)

—L10(0, —k) = —sech +O(k 9,

A 0
= —L12(0,—k) = fﬁ cosech 2 +0(k73)

(63)
(64)
(65)
(66)
(67)
(68)
(69)

(70)



Supersymmetry of the reduced theories - AdS3 x S3

bosonic symmetry of the Pohlmeyer reduced AdS; x S theory
s0(1,1) € (u(1)* @ R?) (71)
This is the bosonic subgroup of the full perpendicular algebra
ft =s0(1,1) & ([u(1) & psu(1]|1)]? x u(1) x R?) (72)

By analogy with AdS, x S? conjecture this to be the symmetry
of the PR AdS3 x S° theory.

For invariance of one-loop perturbative S-matrix require quantum
deformation.



AdS3 x 8% supersymmetry — classical algebra

Consider “half” the algebra

[u(1) € psu(1]1)] x u(1) x R?

This is the symmetry that should act on the factorised S-

matrix

Central extensions act in the same way on both factors

Classical algebra

[R, R] =0,
[9({, Qi:':] = iig;b:': )
{G:I::Fa Q:I::F} = 07

{Q:I::Fa Q:l::F} = Oa
{Gﬂ::Fv G:I:ZF} = 07

[£, £] =0,

['2’7 Q:I::F] = :Figzl:zF )

['27 6:I:ZF] = ¥i6:|:3|: )

{15, Dpe} = £o(R+0) =22,
{Qis, QF+} = P,

{Cig, G52} =P-.

(73)



AdS3 x 83 g-deformed supersymmetry

e Bosonic subalgebra is abelian

e U(1) x U(1) invariant factorised S-matrix satisfies the Yang-
Baxter equation

e Therefore the quantum deformation of the supersymmetry
should affect only

{Cag, Qza} =+2A (80)
e This is deformed to
{Gxx, Qza} = £[A], (81)
qa: _ qfw
[2]q = g—q 1’ [0, =0, [1]; =1 (82)

A quantum deformed N = 4 2-d spacetime supersymmetry, with
a U(1)® bosonic R-symmetry.



AdS; x S® g-deformed supersymmetry — coproduct

Usual Leibniz coproduct tells us the action of the symmetry on
the two-particle states

ARQ) =103 +3IxI1 (83)

Coproduct should respect the commutation relations — if we de-
form the algebra we need to deform the coproduct

e Bosonic generators (including momenta) have usual coproduct

e Fermionic generators

A(Q1s) = Q1700 +10 Qug, (84)
A(Giz) = 61:@1+ ¢* ® Gig, (85)



AdS; x S® — invariance of perturbative S-matrix

The perturbative PR AdS; x S3 S-matrix is invariant under the
g-deformed supersymmetry for

2im 27‘(‘2 _ 2w

g=1-

Assuming the quantum deformed supersymmetry is exact can con-

jecture an exact S-matrix for the Pohlmeyer reduced AdS3 x S3

e Phase factor is fixed by unitarity, crossing and matching with
the perturbative computation.

e S-matrix satisfies the Yang-Baxter equation.

e The perturbative expansion of the S-matrix agrees with the
one-loop computation



AdS3 x 83 exact S-matrix conjecture

Lia(0,k) = [P1(9 k) cosh (z it %) sechg + P5(6, k) sinh (g == %) cosech g]

(87)
Loa(0,k) = [Pl(é) k) cosh (Z + %) sechg — Py(0, k) sinh (g = %) cosech g]
(88)
1
Ls2(0,0) = S [P6.0) + PO B, Los(6,8) = 2 [Pu(60,K) — a0, 0] (59)
6 i LT 0
Lg10(0,k) = 7P1(9 k) sin % sech > L11,12(0, k) = —§P2(07 k) sin % cosech -
(90)
) i oo 0 1 1 @ 1 1
Pi(, ) = COSh(§+?)H M — g+ 3G + g +1+3) 1)
cosh(§—im)y or(—2 —241-Dr(-£L+1+1+13)
6 1 60 1
r(—g—ﬂ+l—§)r(—.§+l+§) 92)
M +1-Hre +i+1)

Py(6,k) =Py (im — 6)) (93)



Summary of supersymmetry

PR AdS, x S
ft =s0(1,1) € ([psu(1]1)]? x R?) (94)
e There is nothing to quantum deform!
PR AdS; x S3:
- =s0(1,1) & ([u(1) & psu(1]1)]? x u(1) x R?) (95)

e For Lorentz invariant S-matrix matching perturbative result
need to quantum-deform fermionic part of this symmetry

PR AdSs x S°:
ft =s0(1,1) € ([psu(22)]? = R?) (96)

e There a relativistic S-matrix with a g-deformed symmetry that
satisfies Yang-Baxter!



Given by g — oo limit of q-deformed [psu(2]2)]* x R® R-matrix
constructed by Beisert and Koroteev.

Similarities to the perturbative S-matrix.
However, the bosonic subgroup is non-abelian

— the quantum deformation affects it non-trivially
— lack of manifest H symmetry in S-matrix.

e Same story for non-abelian bosonic theories — conjectured that
the physical S-matrix for the solitons is the q-deformed one



How to match with perturbative computation?

Open question

e What excitations are we scattering? Are they physical? Soli-
tons?

e Maybe S-matrix for physical excitations is related by non-
unitarity rotation arising from subtlety in solving for the un-
physical field &.

Further evidence that fl is the symmetry algebra for these theories
comes from study of solitons in the PR AdSs x S° theory.

e recent work of Hoare, Hollowood, Miramontes: — fusion pro-
cedure with the g-deformed S-matrix supports the mass spec-
trum of solitons computed by Hollowood and Miramontes.



Conclusions and open questions

e Important to understand perturbation theory in order to test
conjectures for exact results.

Bosonic models with abelian H, e.g. complex sine-Gordon —

e The perturbative S-matrix plus the contribution from the func-
tional determinant satisfies Yang-Baxter and agrees with the
conjectured exact result.

o gauged WZW plus potential correct way of defining the inte-
grable theory (extensions beyond one-loop?)



What is the origin of the quantum-deformation from La-
grangian viewpoint?

Relation of g-deformed supersymmetry of S-matrix to (non-
local) supersymmetry of the reduced theory action?

Study of the solitons supports g-deformation.

Relation between quantum AdSs x S° string theory and quan-
tum reduced theory?

kvs. VA7
classical equivalence; one-loop partition functions match

2-loop partition functions for infinite spin limit of folded string
are closely related: Catalan’s constant term matches, but there
are extra (In2)? terms

suggests In Z, = In Zést”"g) +a(ln Z{S“’ing))z



Slpr1) = (J1 + J2) |p161)
S |p12) = Ju sec - |¢1¢2) + (J2 —iJitan *) |p2¢b1)

— Jssec — |1/J3¢4) + J5(1 +itan E) [4at)3)
S |pag1) = Ji sec — |¢2¢1> (Jo + iJi tan %) |$162)

— Js sec E [vhaths) + Js(1 — itan %) [Yh3tba)

Slag2) = (J1 + J2) |9202)
S [pap3) = (J3 + Ja) |1h3e)s)

S [ava) = Jasec - [atha) + (Ja — i3 tan =) [atss)
— Josec — |¢1¢2> + Jo(1 +itan *) |$261)
S [atp3) = J3 sec — |¢4¢3> (Ja +iJ3tan E) [43%4)
— Jg sec E |ga1) + Jo(1 — itan %) |12

S [apa) = (J3 + Ja) |10atda)
S |pavhp) = Jr 645% 4y da) + Jo 6557 |beis)
S|adp) = Js 3565 |dctbs) + Jro 516 [y da)



T 0 0  im
J1,3(0, k) = Po(6, k) cos T sech 5 cosh (5 = ﬂ) (111)

J.4(0, k) = FiPy(0, k) [1 — cos % + cosh 6 + cosh (9 + %)] sin % cosech§ (112)

0
Js5,6(0, k) = —iPy(6, k) cos E sin E sech > (113)
)
J18(0, k) = —iPy(0, k) sin % cosech - (114)
Jo,10(0, k) = Po(6, k) (115)
sinhf — isin ©
Po(0, k) = Y (8, k) Y (i — 0, k) (116)

sinh @ + isin =

o L ﬁ l Ll _ 30 47 1
H 1 2k 27r+)( 2k:1 27ri;— )1 (117)
zzlr*/c**H+ )W*ﬁ*ﬂ“*é
r I-Hr I+1
(Cg-Pregrird o

r(—§+l—1)r(—g+l)
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