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Supergravities
o Isometry of the scalar manifold .Zsca = %
e Symplectic electric-magnetic duality transformation on the
ny vector fieldstrengths F), and their duals Ga ..
@ Encodes String/M-theory dualities
o Relates different descriptions of the same microscopic d.o.f.
@ Microscopic d.o.f. of a solution described by duality
invariant quantities (e.g. entropy of a black hole, the fake
superpotential etc...)

Seed solution: Simplest solution with all duality invariant
properties of the most general one J
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Static, Asymtotically Flat Black Holes in D=4 SUGRAS

Bosonic field content

@ ng scalar fields ¢" (r=1,...,ns)

@ ny vector fields A}, (A=0,...,ny —1)

@ Graviton g,

ds? = —e?V a2 + e 2V { - dr 2 + (d6? + sin(0) d?)

—

smh4 5|nh2(c

/ T i h2 T .
@ ¢' =¢'(7), U= U(7), % == cgc )= (r—r)?—c?’
@ c extremality parameter, two horizons: r.=rn+c

@ electric and magnetic charges ey, m": M = (m", ey)

@ Extreme solutions ¢ = 0:  lim,, ., e 2V = 24 2

T

N
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Black Holes in Extended D = 4 Supergravity

Seed solution in maximal SUGRA

_ G _ Fn
~ Hy — SU(@8)

@ 70 scalar fields ¢" € M sca

@ 28 vector fields Al

@ Duality group is E77y; ™ = (m", ep) € 56 symplectic representation

@ Parameters of a black-hole encoded in central charges computed at infinity:
Zpg(doo, ) € 28 of SU(8)

Zie 0 0 0

Su(8) 0 Zre 0 0

28 — | 0 0 Ze 0
0 0 0 Ze

@ (Z) can be identified with the charges (Z, Zs, Z;, Z,) of a
N = 2 STU truncation

@ Five SU(8) invariants: px = |Zk|, 8 = Arg(Zy 2o Z3 Z4)

@ Seed solution, also solution to the STU truncation, has 5
parameters
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D = 3 description of D = 4 stationary solutions

@ ds? = —e?V (dt + BY dx')? + e~2V g; dx'dx/

@ Is solution to a D = 3 Euclidean theory obtained from
time-reduction from the D = 4 one (Breitenlohner, Gibbons, Maison)

@ Dualizing in D = 3 vectors into scalars: A* — Cx, B — a we end
up with a sigma model coupled to gravity
@ Scalars (¢') = (U, a, ¢’ ¢h

G
dim. coset manifold %/Sca, =g

A, ()) spanan =2+ ns+2ny

03;, pseudo-Riemannian, negative signature directions along
= (¢M, Cp). H c Gis non-compact semisimple

o ./
@ Spherical symmetry: ¢' = ¢/(7), solution is a geodesic on //lca,

@ Invariant measure along the geodesic coincides with the
extremality parameter:  Gy(¢) ¢/ ¢’ = 2¢?
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Mathematical description of the geodesic

@ Let g, § be the Lie algebras of G and H. Involution o () = —n$H7n = H induces

the (pseudo-) Cartan decomposition:

g=9HDR

with o(8) = —R

@ Given coset representative V(¢') € e5°V and geodesic ¢/(7), define
V(1) = V(¢'(7)):

VIV = V() +W(r), V(r)ek, WE)eH

Geodesic equation

o V+ [W, V] = 0, Lax Pair equation [Liouville i. system (1007.3209)]
@ Qs the Noether charge matrix: Q =2v-TvTyT
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The global symmetry in D = 3

Some algebra....

@ Gislarger than Gy: G4 x SL(2,R)g C G. lts algebra decomposes as follows:
g= 5[(27R)E D gs D (27 R)

where R is the (symplectic) representation of the electric and magnetic charges
under Gy

@ Similarly: A )
S=uMe@nion? | fa=gfcorerP

@ U(1)e x Hy C His the maximal compact subgroup of H, () generate
non-compact boosts of H

@ 5 and & both transform in a same representation R of U(1)g x Hs which is
the representation of the central and matter charges.

@ Voe & VoNAKA = Zug k"B + Z k' + c.c.
@ N = 8example:

Gy =E7(7) , Ha =SU(8), G=Egg) , H=S0"(16)

R =56 of E7(7) and R = 28_ + 28,4 of U(1)g x Hy = U(8)
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Seed Geodesic in Universal Submanifold

@ Any element of &) or $(F) can be rotated by U(1)g x Hy into minimal abelian
subalgebras &) = Span(k) and $H(V) = Span(Jy), where k =0,...p — 1 and

(e )
= ran —
P U(1)E><H4

Together with Hyx = [Jk, kk] they generate SL(2,R)? C G

@ N = 8 example: p = rank (S%*(g)6)> —a

4
Vo ﬂﬁ(’:’) = Zig k" — 7% Ky vE Zpkkk (normal form of 28 1)
k=1

Notice 6 rotated away!

@ Seed geodesic is a p-charge solution within (arXiv:0806.2310)

SL(2,R)\” _ G
=(—=— So(1,1) P c =
v=(Sorny) xsorn e
@ True for all Vp-diagonalizable cases. Vj non-diagonalizable (e.g. extremal
solutions) only geodesics originating from regular solutions (Ay > 0).
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Seed Geodesic in Universal Submanifold

@ Seed geodesic from regular D = 4 black holes lies within
products of p dS, spaces times SO(1, 1) factors:

7

Ry

@ Regular extremal solutions, ¢? « tr(VZ) = 0, are characterized
by a nilpotent Lax matrix V& = 0, k < ky. Unfolds in the (dSz)P
factor

@ Construction of the seed geodesic within a universal

submanifold common to a broad class of models. E.g. p = 4:
N = 8, N = 2 with rank-3 symmetric SK manifolds (STU) etc.
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The Issue of Nilpotent Orbits

@ Orbits of nilpotent generators X € & under H: O;H) =H'XH
@ Generic X € & element of a triple {h, X, Y}:

[, X] =2X; [h, Y] =2Y;[X,Y] = hywith he 5(M; X, Y € &
@ Kostant-Sekiguchi bijection:

@) _ g1 (He)
o) =a'xe & o),

=H'(X = Y)He
G-orbits of X labeled by the Hc-invariant spectrum of adx_y($c) (5-labels)
@ G-orbits of X split into different H-orbits, labeled by the H-invariant spectrum of

adh(fj) ('y-labels) [for the t3-model: Kim, Hornlund, Palmkvist,Virmani, 1004.5242]

orbit | [-labels

2]
(O]
fo} Same G-orbit,
(40} ® different H-orbits
|
=

_

Different G-orbits
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The t3-model

@ D=4 N =2SUGRA coupled to 1 vector multiplet
@ Complex scalar t in S;éz(’zﬂf) [F(t) = 3] coupled to 2 vectors; 4 charges

r=(m% m', ey e) [(D6, D4, DO, D2) brane-charges]

Go(2

W(S)L(Z,R) (pseudo-quaternionic)

@ Time-reductionto D=3 — £ =
@ p=rank (%): rank (%) = 2 = the seed geodesic describes a
two-charge solution (take ey, m' or ey, m°)

@ Seed geodesic for extremal b.h. unfolds in (dS,)2 = SIS“(()Z(}D?? x %

sl(2,R)e, = Span{dp, ko, Ho}; so(1,1) = Span{Jp}; coset gen.s = {ko, Ho}
sl(2,R) 1 = Span{Jy, ky, H1}; so(1,1) = Span{J; }; coset gen.s = {ki,H1}

- . ., (0 1 (0 1 (1 0
@ Explicit matrix representation: J = (1 0) , k= (_1 O)’H* (O _1)
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Seed Geodesic

2
Construct the extremal geodesics in My = (2%)((217]18)

@ V; € [sl(2) ©50(1,1)]? nilpotent. For each SL(2), V, must expand in one of the
two nilp. generators in the coset: nki = Hy F kg:

X = V0=aon(;€0+a1 n,e‘ =ag (Hy — 0 ko) + a1 (H1 + &1 ky)

where g = £1
@ Solution in terms of U, t, ZM:

H eodo T 1@ T
—2U . 0 0 040 11
e 2V = /HyH{)3; t=—iy/—= , 20=22"_. z =3

o(Hy) H; Ho ! H;

H, =1 — V2 a, 7. Charges are: ey = egay, m' = —&1ay

@ Regular solution: a, > 0 = B-label = ~-label.
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@ At the horizon 7 — —oo:

; A
o = o (stable attractor), eV — ﬁ 2
where A
== 3 = e 1)3 —
P \/4ao(a1) = \/4560([77 ) = \/zly(e, m)

€ = eoe1, la(e, m) quartic invariant. ly(e,m) = 4 ey (m')3 # 0
@ BPS solutioneg =1 =1, Iy > 0; non-BPS solutioneg = —e1 =1, 4, <0

@ |ak| = 1 modulo action of SO(1,1)2 ¢ H

Ge-
orbit | B-labels

na—f-n?’ na—nif'

reg. BPS| non reg T
2k e g/H

ng —ny ng +mny
non reg |reg. BPS

~v-labels

Em—
€21 € G¢/G
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Other Orbits and Tensor Classifiers

@ Other two orbits with [, = 0, X step-2 nilpotent:
a Oy: m' — 0 (doubly-critical) small-bh
b 0,: ey — 0 (lightlike) small-bh

@ Last orbit: X step-7 nilpotent. No regular single-center, regular multicenter
solution [Bossard, Ruef, 1106.5806]

@ Describe orbits through H-invariants from Lax matrix. Define symmetric

H-covariant tensors whose signature is H-invariant [Fre’, Sorin, M.T., 1103.0848]

Tensor Classifiers

Vo=A%K,,, A% e (2,4)of H=SL(2,R); x SL(2,R),

™ — Ea/gAaAAﬁB n;yB € (1,3) xs(1,3)
TY = (5%)ap (Sa)ys (1) a8 ()cp A*AAPEAYCAP € (1,8) x5 (1,3)
T% = (52) 05 (5P)s (1) ag () op A*AAPEATCAP € (3,1) x5 (3,1)

where s[(2,R){ = Span{sa}, s/(2,R)o = Span{tx}. BPS solution < 7% =0
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@ Geodesic description in D = 3 of D = 4 regular, asymtotically flat, static
black hole solutions:
° Larger global symmetry group, simpler seed

solution
e Disadvantage: Sophisticated mathematical tools, involved

computational methods
@ Intrinsic characterization of the seed geodesic for regular solutions
within simple universal submanifolds. Applies to all extended SUGRAS
with symmetric scalar manifolds (symmetric SUGRAS)
@ Defined Wick rotation mapping (extremal) BPS into (extremal) non-BPS
geodesics from relation between the corresponding seed solutions.

Work in progress:
@ Classify H-orbits for all symmetric SUGRAS and extend the definition of
Tensor Classifiers
@ Apply analysis to multicenter and rotating solutions, characterizing their
seed solutions in D = 3 within universal truncations
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@ ./sc4 is globally isometric to a solvable group: . #Zssa ~ €5°/%[¢']

° ,///S(fa), being pseudo-Riemannian, is only /ocally isometric to a

il
solvable group: //éfa), ~ g%ove]

@ Physical fields ¢’ are local coordinates (physical patch) for ///S(fa),
while ¢" are global coordinates on .#cy

_ SL(2,R)
So(T,7)

Example dS; =

[+ ] _(XO)Z + (X1)2 4 (X2)2 )
@ Solvable coords.

e ?=X04X">0, e % =v2X2
@ Metric: ds? = —2d¢? + 1 €29 dy?




Conclusions

Parametrization of the scalar manifold

@ ./sc4 is globally isometric to a solvable group: . #Zssa ~ €5°/%[¢']

° ,///S(fa), being pseudo-Riemannian, is only /ocally isometric to a

solvable group: %/Sa)/ ~ @Solvle']
@ Physical fields ¢’ are local coordinates (physical patch) for ///S(ga),

while ¢" are global coordinates on .#sca

_ SL(2,R)

So(T,7) 4 X0

Example dS; =

o —(X0)2 + (X1 )2 + (X2)2 =2 physical patch

e Solvable cae, solvable patches
e ?=X04X">0, e % =v2X2
@ Metric: ds? = —2d¢? + J e=2% dy?
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