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Superstrings in AdS
superbackgrounds
and their integrability
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Principal examples of AdS backgrounds

Type IIB string on AdS5 × S5 – maximally supersymmetric (32 susy) - PSU(2,2|4) isometry
gives rise to the AdS5/CFT4 correspondence

Type IIA string on AdS4× CP3 – preserves 24 (of 32) supersymmetries - OSp(6|4) isometry
holographically dual to the D=3, N=6 superconformal Chern-Simons theories

Type IIB strings on AdS3 × S3 × T4 – preserve 16 (of 32) susy – PSU(1,1|2) × PSU(1,1|2)
give rise to AdS3/CFT2 dualities (poorly understood in the case of the RR backgrounds)

Type IIA and IIB strings on AdS2 × S2 × T6 – preserve 8 (of 32) susy - PSU(1,1|2) isometry
are related to the theory of extremal 4d Reissner-Nordstrom black holes and AdS2/CFT1
correspondence (less studied and less understood)

Other AdS × M  backgrounds with less number of supersymmetries 
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Explicit form of the Green-Schwarz 
superstring action

The supervielbeins EA(X,Θ) and the NS-NS 2-form B2(X,Θ) can be found
explicitely when the superbackground is a coset superspace K=G/H, as in 
the case of AdS5 × S5 (Metsaev & Tseytlin 98)

2,1     1,...,16,     ,9,...,1,0

     ,),(        ,
)5()4,1(

)4|2,2(

===

=Θ
×

= Θ

IM

eeXK
SOSO

PSUK I
I

M
M QPX

α

α
α

AB
AB

I
I

A
A MXQXEPXEdKK ),(),(),(1 ΘΩ+Θ+Θ=−

α
α

SigmaSigma--model action onmodel action on PSUPSU((2,2|42,2|4)/SO(1,4)x)/SO(1,4)xSOSO(5):(5):

( )J
jJI

I
i

ij
AB

B
j

A
i

ij ECEEEhhdS β
βα

αεηξ ,
2

2
1

−−−= ∫



5

Green-Schwarz superstring action in 
other AdS superbackgrounds

Type IIA string on AdS4× CP3 – preserves 24 (of 32) supersymmetries - OSp(6|4) isometry.
The associated supercoset OSp(6|4)/SO(1,3) x U(3) has only 24 fermionic directions.          
The GS action reduces to the coset sigma-model only upon partial gauge fixing of the 
fermionic kappa-symmetry by putting to zero 8 fermionic modes. But such a gauge is not 
always admissible.

The complete AdS4× CP3 superspace with 32 fermionic directions is not a supercoset 
but rather a kind of fermionic fiber bundle over OSp(6|4)/SO(1,3) x U(3)
J. Gomis, D.S. & L. Wulff, 2008

Type IIB strings on AdS3 × S3 × T4 – preserve 16 (of 32) susy – PSU(1,1|2) × PSU(1,1|2). 
The associated supercoset PSU(1,1|2) × PSU(1,1|2)/SO(1,2)xSU(2) has 16 fermionic 
directions and does not include T4. Kappa-symmetry can be used to reduce GS action to the 
supercoset (but not for all the classical configurations of the string)

The complete superspace and the GS action are unknown
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AdS2 × S2 × T6 superstrings

preserve 8 (of 32) susy and have PSU(1,1|2) x U(1)6 isometry. The associated supercoset 
PSU(1,1|2)/SO(1,1)xU(1) has only 8 fermionic directions and 4 bosonic coordinates. 

No enough (16-parameter) kappa-symmetry to reduce the GS action to the supercoset 
model. At least 8 string fermionic modes remain which do not belong to the supercoset

The non-coset fermionic modes and the T6 – bosonic sector do not decouple from the 
supercoset model (D.S., A. Tseytlin, L. Wulff & Z. Zarembo, 2011)

The presence of the non-coset fermions associated with the supersymmetries broken by the 
AdS backgrounds makes the study of the superstring theory in the non-maximally
supersymmetric AdS backgrounds much more complicated than e.g. in the AdS5 × S5 case.

In particular, the proof of the integrability of these theories requires the development of more 
general (or alternative) methods for the construction of a zero-curvature Lax connection 
than those used in the case of the supercoset sigma-models.
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Classical Integrability of 2d dynamical systems

The existence of The existence of ∞∞ # of # of conservedconserved chargescharges ((integralsintegrals of of motionmotion))

The The chargescharges are are generatedgenerated byby the the LaxLax connection connection LL

L L ((ξξ,,zz) ) –– 2d 2d oneone--formform whichwhich dependsdepends on a on a spectralspectral parameterparameter z,z,
takestakes valuesvalues in a in a symmetrysymmetry algebra andalgebra and

hashas zero curvature: zero curvature: ddLL + L + L ∧∧ L = L = 0 (on the 0 (on the massmass--shellshell))

The integrability The integrability isis provenproven ifif one one managesmanages toto constructconstruct L L ((ξξ,,zz))

No No genericgeneric prescriptionprescription existsexists howhow toto do do thisthis
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Classical Integrability of 2d dynamical systems
G/H supercoset sigma-models with Z4-grading, e.g.

- AdS5 × S5 superstring, SU(2,2|4)/SO(1,4) × SO(5), Bena, Roiban, Polchinski ‘03

- sigma-models on

ZZ44--grading of the grading of the CartanCartan formsforms::

KK--11dKdK==ΩΩ ((x,x,ϑϑ) ) MM00 + E+ E22((x,x,ϑϑ) ) PP22 + E+ E11((x,x,ϑϑ) ) QQ11 + E+ E33((x,x,ϑϑ)) QQ33

[[MM00,,MM00]=]=MM00,    [,    [PP22,,PP22]=]=MM00,   {,   {QQ11,,QQ11}=}=PP22={={QQ33,,QQ33},   {},   {QQ11,,QQ33}=}=MM00

LaxLax connection:connection:

L L = = ΩΩ ((x,x,ϑϑ)+)+ll11 EE22((x,x,ϑϑ)+)+ll22**EE22((x,x,ϑϑ)+)+ll33 EE11((x,x,ϑϑ)+)+ll44 EE33((x,x,ϑϑ))

CoefficientsCoefficients llii ==ffii((zz)) are are functionsfunctions of theof the
spectralspectral parameterparameter

ddLL + L + L ∧∧ L = L = 00
on shellon shell
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Conditions for the integrability of the GS superstring σ-models    
on generic superbackgrounds with isometries
(D.S. & L. Wulff, ArXiv:1009.3498; D.S., A. Tseytlin, L. Wulff & K. Zarembo, arXiv:1104.1793)

Purely bosonic sigma-model should be integrable            bosonic background is a 
symmetric space

Lax connection is constructed out of the Noether currents of the G/H σ- model
(H. Eichenherr & M. Forger, 1979)
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Conditions for the integrability of the GS superstring σ-models    
on generic superbackgrounds with isometries

Noether currents of the Green-Schwarz superstring include fermionic modes Θ(ξ)

LaxLax connection:connection:

spinor  Killing -  (X)    current,susy      -    (X)),(),(
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Conditions for the integrability of the GS superstring σ-models    
on generic superbackgrounds with isometries

Zero-curvature condition versus current relations

0**          0 ==⇔=∧− susyJdJdd BLLL

)(2 BB JJJJdJ susysusysusy ∧+∧−=

susysusyCA
CAAC JJKKjJJ ∧−=∧−∇ ],)[( 12 B

)](),()[,()(),()(),( 21 XKXKXJXKXJXjXJ BA
AB

A
A Θ+Θ+=Θ BB

These relations hold, at least to the second order in Θ, for the superstrings
in AdS5 × S5, AdS4× CP3, AdS3 × S3 × T4, AdS2 × S2 × T6 .
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Integrable superstrings in non-supersymmetric 
backgrounds

When the target-space susy is completely broken 0=susyJ

Conditions on the components of the bosonic current to ensure zero curvature
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Example of the integrable superstring sigma-model on AdS4 with broken susy
(D.S. & L. Wulff 2010)

D=4 target AdS4 superspace with 8 fermionic directions and no susy
obtained by a consistent truncation of the GS superstring on AdS4× CP3

No general symmetry reasons are known for the integrability 
of the non-susy sectors of the superstring sigma-model
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AdS2 × S2 × T6 type IIA and IIB superstrings

The background is supported by RR fluxes
Type IIA: F2 and/or F4  fluxes
Type IIB: F5 flux

has 8 of 32 target-space supersymmetries forming PSU(1,1|2) isometry, hence
worldsheet fermions have different nature:

8 susy fermions θ(ξ) belong to the supercoset 
24 “broken susy” fermions υ(ξ)

T6 sector is coupled to the AdS2 × S2 supercoset sector via υ(ξ)
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Conclusion
In the Green-Schwarz formulation the non-coset fermionic modes and the 
T6 oscillations do not decouple

It is an open problem how to generalize the Bethe ansatz techniques to 
incorporate the non-susy fermionic modes and the T6 osciallations for 
computing the complete spectrum of the AdS2 × S2 × T6 superstring

To find out whether a relation exists between the Green-Schwarz 
formulation of the AdS2 × S2 × T6 superstring and a hybrid model of 
Berkovits et. al. 2000

The hybrid model is a direct some of a                      supercost sigma-model 
and the RNS superstring on T6 with the inclusion of a ghost sector to make 
the theory superconformal at the quantum level
If exists, the relation should involve a highly non-linear (and probably non-
local) field redefinition

Understanding the quantum spectrum of the AdS2 × S2 × T6 superstring 
should shed light on the structure of the CFT1 dual theory.
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