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ATIYAH-SINGER THEOREM

( High school version)

• Consider the motion of a massless electron
on the plane in external magnetic field B(x, y).

Dirac operator:

/D = σj(∂j − iAj), j = 1, 2

• {/D, σ3} = 0 →
Double degeneracy of all excited level ≡ super-

symmetry
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Figure 1: Landau levels

Supercharges: Q = i/D 1+σ3

2 , Q̄ = i/D 1−σ3

2

SUSY algebra: Q2 = Q̄2 = 0, {Q, Q̄} = −/D2
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The index and its integral representation

I/D = n0
L − n0

R =
∑

n

〈n|σ3|n〉eβ〈n|/D2|n〉/2

= Trfunctional

{

σ3e
β/D2/2

}

From matrices to Grassmann variables
Mapping ψ → σ+, ψ̄ → σ−

such that ψ2 = ψ̄2 = 0, {ψ, ψ̄} = 1.

•Dirac index ≡ Witten index of a SQM system
with the Hamiltonian

H =
1

2
(Pj −Aj)

2 +
1

2
B[ψ, ψ̄]
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I =

∫

∏

τ

dπ̄(τ)dz̄(τ)dπ(τ)dz(τ)

(2π)2
dψ̄(τ)dψ(τ)

exp

{

∫ β

0

dτ
[

iπż + iπ̄ ˙̄z + i ˙̄ψψ −H(π, π̄, z, z̄; ψ̄, ψ)
]

}

,

with periodic boundary conditions.

• For small β, this gives (?) an ordinary inte-
gral

I =

∫

dπdzdπ̄dz̄

4π2
dψdψ̄ exp{−βH} =

1

2π

∫

B(x, y) dxdy .

in words:

DIRAC INDEX = MAGNETIC FLUX
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Figure 2: Schwinger-splitted ferm. propagator in
external field

• Heat kernel method: proof via Anomalous
divergence

∂µJµ =
1

4π
εαβFαβ .

• May be derived by Schwinger splitting

Jµ → Jµ(ε) = ψ̄(x+ ε)γµγ
5ψ(x− ε)
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Gen. even-dimensional manifold with Ab. gauge field

I/D =

∫

eF/2πdet−1/2

[

sin R
4π

R
4π

]

,

with

F = FMN dxM ∧ dxN , RMN =
1

2
RMNPQ dx

P ∧ dxQ .

• Heat kernel proof — Atiyah + Singer 1968,1971

• Functional integral proof — Alvarez-Gaumé,
1983; Friedan + Windey, 1984.

(based on the standard susy structure {/D(1 ±
σ3); /D2})

• This talk: an alternative proof based on an
alternative susy structure for Kähler manifolds.
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A SQM MODEL

• Consider the chiral (antichiral) superfields

Zj(tL, θ) = zj(tL)+
√

2θψj , Z̄ ī(tR, θ̄) = z̄j̄−
√

2θ̄ψ̄j̄ .

(tL,R = t∓ iθθ̄)

• Consider the action

S =

∫

dtd2θ (Lσ + Lgauge) ,

Lσ = −1

4
hij̄(Z, Z̄)DZ iD̄Z̄ j̄ , Lgauge = W (Z, Z̄)

with

D =
∂

∂θ
− iθ̄∂t , D̄ = − ∂

∂θ̄
+ iθ∂t
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• A possible extra term

SB =

∫

dtd2θBjk(Z, Z̄)DZjDZk + c.c.

S. Fedoruk + I. Ivanov + A.S. , in preparation.
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• In components:

S =

∫

dtL =

∫

dt
{

hij̄

[

ż i ˙̄z j̄ +
i

2

(

ψ i ˙̄ψ j̄ − ψ̇ iψ̄ j̄
)

]

−

i

2

[

(

2∂thij̄ − ∂ihtj̄

)

ż i −
(

2∂j̄ht̄i − ∂īhtj̄

)

˙̄z ī
]

ψ tψ̄ j̄ + (∂t∂l̄hik̄)ψ tψ iψ̄ l̄ψ̄ k̄

+

[

∂i∂k̄W ψ iψ̄ k̄ − i

2

(

∂iWż i − ∂īW ˙̄z ī
)

]

}

.

• hij̄ - the metric.

• the terms in the second line are expressed via
Christoffel symbols, spin connections, and torsions.
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• For Kähler manifolds,

hik̄(Z, Z̄) = ∂i∂k̄K(Z, Z̄) ,

the torsion terms vanish, and things simplify.

Classical supercharges and hamiltonian

QK
cl =

√
2

[

Πk − iψ̄ āψ bωk,āb

]

ek
cψ

c,

Q̄K
cl =

√
2ek̄

c̄ ψ̄
c̄
[

Π̄k̄ + iψ̄ āψ dω̄k̄,dā

]

.

HK
cl = gik̄

(

Πi − iωi,b̄a ψ̄
b̄ψ a

) (

Π̄k̄ + iω̄k̄,ab̄ ψ̄
b̄ψ a

)

−2ei
ae

k̄
b̄∂i∂k̄Wψ aψ̄ b̄ ,

where Πk = Pk +(i/2)∂kW and ωj,b̄a = ek̄
b̄
∂je

ā
k̄

are
Kähler spin connections.

0-10



Quantization

• Ordering ambiguities. Want to keep super-
symmetry at quantum level.

• Universal recipe (A.S., 1987):

a) Weyl ordering of classical supercharges gives
“flat” supercharges

flat ≡ acting in the Hilbert space with the
“flat” measure

∫
∏

dp dx . . .

b) covariant supercharges are obtained by
a similarity transformationQ→ (deth)−1/2Q(deth)1/2.

Qcov =
√

2ψcek
c

[

Πk − i

2
∂k(ln det ē) + iψ bψ̄ āωk,āb

]

Q̄cov =
√

2ψ̄ c̄ek̄
c̄

[

Π̄k̄ − i

2
∂k̄(ln det e) + iψ̄ āψ dω̄k̄,dā

]

,
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COMPLETION TO
EXTENDED SUSY KAHLER MODEL

(the one obtained by reduction from 2
dimensions)

• The Lagrangian Lσ can be reduced to

LK
σ = − i

2
Ż k∂k K

(K - Kähler potential)

• Introduce chiral fermionic superfields Φj , Φ̄k̄

and write

L̃K = LK
σ +

1

4
hik̄ Φi Φ̄k̄

Bingo !

0-12



Geometric interpretation

1. Dolbeault
• Choose

W =
1

2
(ln deth)

(∂kW is called a canonical or determinant or
tautological bundle) and assume det ē = det e =√

det h.
Then

a) Πk is reduced to a holomorphic derivative
and

b) The action of Q̂ on the wave functions is iso-
morphic to the action of the external holomorphic
derivatives ∂ on the holom. (p, 0) - forms.

c) ˆ̄Q maps to ∂†.

• ∂ and ∂† form the Dolbeault complex.
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• W = − 1
2 (ln deth).

In this case,

• Π̄k̄ is reduced to the antiholomorphic deriva-
tive

• ˆ̄Q is mapped to ∂̄ and Q̂ to ∂̄†.

• We obtain the antiholomorphic Dolbeault com-
plex.

• Generic W −→ twisted Dolbeault and/or
anti-Dolbeault complex.
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2. Dirac
• Let W = 0. Then

Q =
√

2ψbek
b

[

∂k +
1

2
ωk,ād(ψ̄

āψ d − ψ dψ̄ ā)

]

.

• Map fermion variables to γ - matrices:
√

2ψa ≡
γa,

√
2ψ̄ā ≡ γā. Then

Q+Q̄ ≡ /D = γAeM
A

(

∂M +
1

4
ωM,BCγ

BγC

)

≡ γADA .

• Another real supercharge

S = i
[

Q− Q̄
]

= γAIB
ADB ,

where IB
A (I2 = −1) is the matrix of complex

structure, I = diag(iσ2, . . . , iσ2)
• Noticed before by Kirschberg + Lange +

Wipf, 2005.
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• W 6= 0 −→ Re[Q] is the twisted Dirac
operator (with external gauge field)

• Two different supersymmetry structures in-
cluding /D for Kähler manifolds: (i) /D + S and (ii)
/D + /Dγ5.

CONCLUSION:

For Kähler manifolds, the Dirac complex, twisted
by a bundle proportional to the tautological
bundle ∂k ln deth, is equivalent to a twisted
holomorphic or antiholomorphic Dolbeault

complex.
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THE INDEX: EXPLICIT CALCULATION

• small β limit; functional integral → ordinary
integral,

I =

(

1

2π

)n ∫

∏

j

dzjdz̄j̄ det ‖hik̄‖ det ‖Fab̄‖ ,

with Fab̄ = ei
ae

k̄
b̄
∂i∂k̄W (generalized magnetic field

strength).

• For CPn with W = q
2(n+1) ln deth, this gives

ICP n

?
=

qn

n!
.

• Not integer and strange. Does not take into
account the curvature.
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• The correct result:

ICP n =

(

q + (n− 1)/2
n

)

,

is integer if q is integer (odd n) or half-integer (even
n)

Resolution of the paradox : one cannot neglect
higher Fourrier modes.

One should instead expand

zj(τ) = zj(0) +
∑

m6=0

zj(m)e2πimτ/β ,

etc. and integrate over
∏

jm dzj(m) · · · in the Gaus-
sian approximation.
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grav. factor = det ‖hik̄‖
∞
∏

m=1

Ω2n
m

det‖Ω2
mδ

q
j +Rs

jR
q
s‖

with Ωm = 2πm/β, Rq
j = hk̄qRjk̄lp̄ψ

lψ̄p̄.

• Doing integrals and going to real notation,
we reproduce the known result

I =

∫

eF/2πdet−1/2

[

sin R
4π

R
4π

]

,

• Origin of sin[· · · ]
∞
∏

m=1

(2πm)2

(2πm)2 + a2
=

a

2 sinh(a/2)
.

• Higher loops are suppressed at small β.
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NON-KAHLERIAN WONDERS
• Supersymmetric Hamiltonian

Hcov
qu = −1

2
4cov +

1

8

(

R− 1

2
hk̄jhl̄thīnCj t ī Ck̄ l̄ n

)

− 2〈ψaψ̄b̄〉 ek
ae

l̄
b̄∂k∂l̄W − 〈ψaψcψ̄b̄ψ̄d̄〉 et

ae
j
ce

l̄
b̄e

k̄
d̄ (∂t∂l̄ hjk̄) .

with
Cj t ī = ∂jht̄i − ∂thjī ,

−4cov = hk̄j
(

PjP̄k̄ + iΓ̂q̄

jk̄
P̄q̄ + P̄k̄Pj + iΓ̂s

k̄jPs

)

,

Pk = −i
(

∂

∂zk
− ∂kW

)

+ iΩ̂j,b̄a〈ψaψ̄b̄〉

P̄k̄ = −i
(

∂

∂z̄ k̄
+ ∂k̄W

)

− i ˆ̄Ωk̄,ab̄〈ψaψ̄b̄〉 .

• Hatted Γ̂ and Ω̂ include the torsion.
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• For W = 1
4 ln deth, quantum supercharges

are mapped to ∂ and ∂†.

• They are reduced to the Dirac operator with
extra torsions.

• Extra naively Large for small β 4-fermion
term in the Lagrangian makes it diffucult to calcu-
late the index.

2 loops in 4 and 6 dimensions
3 loops in 8 and 10 dimensions
etc

• No calculations in physical literature beyond
D = 4.
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• Mathematicians say:

IDolbeault =

∫

(Todd class) =

∫ d
∏

α=1

λα/2π

eλα/2π − 1
,

where λα are eigenvalues of the antisymmetric 2d×
2d matrix RMN = 1

2RMNPQ dx
P ∧ dxQ.

• In Kähler case, RMNPQ → Rij̄kl̄ and λα are

the eigenvalues of the d× d matrix Rij̄kl̄dz
k ∧ dz̄ l̄.

• Symmetric polynomials of λα are expressed
via coefficients in a simple way.

• Generic complex manifold — ???
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