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Relations between gauge and gravity amplitudes

H. Kawai, D.C. Lewellen, S.H.H. Tye, “A Relation between Tree Amplitudes
of Closed and Open Strings” (Nucl. Phys. B 269, 1, 1986):

(gravity amplitude) ~ (gauge amplitude)?
From the factorization of vertex operators,

closed __ y,openy ropen
14 - Vieft ‘/right



These string relations induce also relations in field theory.
For example, at four and five point,

M4(1, 2, 3, 4) = —i812A4(1, 2, 3, 4)A4(1, 2, 4, 3)

M5<1, 27 3, 4, 5) = i812834A5(1, 2, 3, 4, 5)A5(2, 1, 4, 3, 5)
+i813824A5(1, 3, 2, 4, 5)A5(3, 1, 4, 2, 5)

M,, = tree-level graviton amplitudes
A,= (colour-stripped) tree-level gauge theory amplitudes s;; = (k; + k;)?



Tree level relations — loop level relations by unitarity.

See the review by Z. Bern, “Perturbative Quantum Gravity and its Re-
lation to Gauge Theory”, Living Reviews in Relativity 5, 5 (2002).

Those relations are particularly useful for the SUSY case, and for the study
of infrared divergences. Lots of recent activity....

The possible finiteness of N = 8 Supergravity involves large-scale cancella-
tions between Feynman diagrams whose origin is not fully understood yet.
In this respect, gravity amplitudes are more similar to QED amplitudes than
to nonabelian amplitudes, since colour factors greatly reduce the potential
for cancellations between diagrams.



E.g., the three-loop photon propagator (J. Rosner 1967)

e Extensive cancellations for this type of sums of diagrams (K. Johnson,
M. Baker and R. Willey; P. Cvitanovic; D. Broadhurst.....).

e They are clearly related to gauge invariance.

e Even for QED, little is known about the influence of these cancellations
on the large-order behaviour of the QED perturbation series.



Gravity - inspired studies of the structure of QED amplitudes

e S.D. Badger, N.E.J. Bjerrum-Bohr, and P. Vanhove, JHEP 0902:038
(2009).

e A. Brandhuber, G. Travaglini, M. Vincon, arXiv:0908.1306 [hep-th].
e S.D. Badger and J.M. Henn, Phys. Lett. B 692 143 (2010).

In the following, we will study more generally the mixed photon — graviton
amplitudes (ongoing work with F. Bastianelli, O. Corradini, J.M. Dévila).



Properties of the QED N photon amplitudes

(Scalar and Spinor QED - no real differences)

4 photon amplitude:

1 2 1 2

Sum of photon scattering diagrams.

First calculation by R. Karplus and M. Neumann 1950.



Massless QED

Use a helicity basis, and the spinor helicity formalism:

€ (]C) - \/§<q¢|ki>

1

Massless 6 photon amplitude:
T. Binoth, G. Heinrich, T. Gehrmann, P. Mastrolia, PLB 649, 422 (2007).

Four independent helicity components:

Ag(+ 4+ + ++)
Ag(— + ++ ++)
Ag(— — + + ++)
Ag(— — —+++)

(CP invariance, no need to order legs in the abelian case.)



Mahlon’s theorem: Ay(+++...++)=Ay(—++---++)=0
for N > 4 (G. Mahlon, Phys. Rev. D 49, 2197 (1994)).

7

Closed formula for the “two —7 case:
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(G. Mahlon, FermilabConf94/421-T, hep-ph/9412350.)



S. Badger, N.E.J. Bjerrum-Bohr, P. Vanhove, JHEP 0902:038 (2009):

N > 8 photon amplitudes involve only box functions
(no triangles).

(Using both the worldline formalism and unitarity methods.)

Similar to the “no triangle” property of NV = 8 supergravity

(important for possible finiteness).



Low energy limit of massive photon amplitudes

L.C. Martin, C. S.; V.M. Villanueva, NPB 668, 335 (2003).

Low energy = large mass limit: All photon energies small compared to
the electron mass, w; < m.

Information on the N photon amplitudes in this limit contained in the
Euler-Heisenberg resp. Weisskopf Lagrangians:



Spinor QED

Empy 2 [TAD e (eal)(ebT) 1 o v
’Csmn (F) 8r2 J, T © tanh(eaT")tan(ebT) 3(a )
(W. Heisenberg and H. Euler, 1936)
Scalar QED
(i) py L [T AT | (eaT)(ebT) L BT I
Loea (F) 1672 /0 T ° sinh(eaT") sin(ebT’) * 6(a )

(V. Weisskopf, 1936)

Here T is the proper-time of the loop particle and a, b are defined
by a> —b* = B?> - E? ab=E-B.



N - photon amplitudes in the low energy limit
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The By, are Bernoulli numbers.



The variables X}E’ are written, in spinor helicity notation,

Xk = (27;;' {[12]2[34]2 (K= 1)K)* + all permutations}
Xg = (2?;2()' {<12>2<34>2 (K — 1)K>2 + all permutations}

These variables appear naturally in the low energy limit. Since
they require even numbers of positive and negative helicity po-
larizations, we get a

Selection rule (“double Furry theorem”):

Amocalet

ot e
spin,scal "'75K7517"'76L] =0

unless both K and L are even. This rule holds to all loop orders.



For the MHV (“all +” or “all —") case:

EH EH
A 61 iex] = =240 et R
Corresponds to a self-dual background, in which the Dirac oper-
ator has a quantum-mechanical supersymmetry (M.J.Duff, C.J.
Isham, PLB 86, 157 (1979); G.V. Dunne, H. Gies, C.S., JHEP
0211:032 (2002)).



Worldline approach to Einstein-Maxwell theory
Worldline representation of the one-loop N photon M graviton amplitude:

Photon vertex operator:

scal

T
v k,e] = / dre - x(7) th-a(7)
OT |
V:%I;)lin[ka 5] = /0 dr (5 . ZC(T) + 21¢€ - ’wk,’ . 77/}) elk'm(T)
Graviton vertex operator:
T
Vialhoel = & [ dr (80 (0) + a1 (7) + 1) () + AR — B4R ) 20
0

Viike = e /0 dr () () + a(7)a" () + B(r)e ()

+2(PH ()Y (7) + (1) (7)) +id (7)Y (T () - k) )



Correlators:

(#(m1)a"(72)) = I5MVGB(7'1,T2)
(W)Y (1)) = §5WGF(7'1,7'2)

Gp, G are the ‘worldline Green’s functions’

2
— T
GB(71,T2) = |71 — T2 \ —% — g

Gp(m,m72) = sign(n — )



The ghost fields a, b, c,a have to do with the nontrivial path
integral measure in curved space,

Dr=Dr [] \/det gu(x(r))

0<r<T

Their correlators involve only ¢ functions

(a"(71) a” (7)) = 20(11 — 12) O
<b/l(7-1) CV(TQ)> = —4(5(7’1 — Tg) o

<CYM(T1) OZV(TQ)> = (5(’7’1 — Tg) (S’LW,

and essentially remove singularities.



One-loop effective action in Einstein-Maxwell theory

Effective action for the low energy limit of the N photon —
one graviton amplitude (F. Bastianelli, J.M. Davila, C.S., JHEP
03 (2009) 086; J. M. Davila, C.S., CQG 27 075007 (2010)).
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Field-dependent worldline correlators:

(2!'(m)2" (1)) =
(W ()" () =
T Z
95(m, ) = 2(2)2(s1n(z)
e—iZGBu
Gr(11,72) = GF12C 2)

Here 2, = eT'F,,.
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Expand out in powers of [, do the integrals, reduce number
of terms using Bianchi identities....

Two photon - one graviton level
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Four photon - one graviton level
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The graviton — photon — photon amplitude and its properties

F. Bastianelli, O. Corradini, J.M. Davila, C.S., in preparation
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Effective action — on-shell amplitude with graviton polarizations

€0 (ko) =

Eop (ko) . (ko)e,, (ko)



Nonvanishing only

(++5+4+) Ke€ 9 9
Ain = 90(47)2m? 01]"102]
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Simple relation to the four photon amplitudes:

ATk Ko, kg, k]~ [12]%[34]7 + [13]7[24]% + [14]%[23]%,
A+++ [k k27k37 4] = 07
AT [y Koy kg k)~ [12)%(34)2

+___[k k27k37 4] = 07

AT [k, ko, Ko, K] (12)%(34)% + (13)%(24)% + (14)*(23)?,

Replacing k1 — kg, ks — ko in the 4 photon amplitudes,

AT ko, ko, k3, k) ~ 2[03)2[04]%  ~ AT kg, ks, k)
AT ko, Ko, s, K] = 0 = AT ko, k3, k)
AT ko, Ko, s, K] = 0 = AT ko, k3, ka
A" ko, ko, kg, k) = 0 = A" ko, ks, kd]
A" ko, ko, ks, ka) = 0 = A7 [ko, ks, ka]

[ ] ? [ ]

A7 [k, ko, K, ka] ~ 2(03)%(04)* ~ AT



For the three-point case, have also checked the (off-shell) Ward

identities:

Gauge Ward identity:

k.iaiAMV,Oél---OéN[k.O?“.,kN] — O, 1= ]_,...,N

Gravitational Ward identity:

N

QkoﬂAuy’al'“QN [ko, Ceey kN] = — Z Aﬂal---O/é\i-nOZN [ko + ]CZ', kl, e

=1
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Outlook

e On to the 4 photon - 1 graviton case...

e In the low energy limit, is the information on the N photon
— M graviton amplitude contained in the N + 2M photon
amplitude?



