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Representations of U, (sl(3)) — ordering E;JEZ2ES}
Algebra Uq (gl(3)) is generated by elements L; = g%, i=1,2,3, L,Tl, Ei1p, Eoxs, Eo; a
Es, which fulfill the relations

LL = LL,,

LiEj = " "*EplL;,

LiL; — L 'L
qg—q!
E12E3; — (9 + g )ExsE1aEas + E3;E10 =0,
ExE} — (9 + g 1)EnExEn + ELE»s =0,
(
(

[Eiit1, Ejj] = dij

ExE3% — (g + g ')EExEs + ELExn =0,
EEd — (9 + g )EaExEy + E3E» = 0.

It is a Chevalley basis for this algebra.
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We will need a Cartan-Weyl basis so we define
Eis = EnEas — g 'EnsEnz, Es1 = ExEor — gExiEs .
than we obtain
ExEx = q 'ExEa — ¢ 'Ea, E2iE3 = gEs1Eor, Es1E3> = gEsEs; .

and PBW-theorem is valid for this algebra.
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Now we denote

n n; qn — q—n
|n, n2) = Ej3Eq], [n]q = F :
then we have
Esx|ni, m) = |m+ 1, m), Esi|ni, n2) = q™ |1, m+ 1)

By induction we obtain
ExE} = q "ERLEx — g '[n]qEL 'Esi.
and futher
Exi|ni, m) = *qfl[n1]q|n1 —1,m+1)4+q ""™|n, m)Ea .

It is simple to obtain

Lijm,m) = ¢ ™|m,m)Li,
Lofm,m) = q ™[m,m)Ls,
L3\n1, n2> = qn1+n2 |n1, n2>L3 .
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To compute Ej> we need relation
Ei2E3, = E3iEr2 — g[n]ExES "Lil,
Using this relation we have
Eix|ni, m) = —q[n2]q|m + 1, n — 1>|-1|-2_1 + |1, m2)E1z .
To compute the action of E»; we use the relations

n n n n+1|— I- t_ n_lLilL
ExE}, = E5LEx+[n]EL! 9 2 pra—" 2 =3

ExES = E3Ex+ ¢ '[n]qE} 'Eal;'Ls

and we obtain
—np—np+1 ni+ny—1
SR L N A S T . i U4
qg—q q—q
+q" [m]q|n1, n2 — 1)Early 'Ls + |, mo)Eos .

Exs|n, m) = 71,n2>L2_1L3+
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Similarly, for E13 we use

EsE, = ELEis+q "[n)¢E3 'Enlolsy’,
R R . n+1 L L 1_ nflL—lL
EisE = E5Eus+ [n]oE3’ i - L3

Using these relations we obtain

—2n1—np+1 -1
7(7 [n2]q |n1,n2— 1>L1L3_1— 7(] [n2]q |n1,n2— 1>L1_1L3-|—
q-q- q9-q-

+q "2 [m]q|m — 1, f12>|512|-2|-371 + |n1, n2)Es.

E13|n1,n2> =
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Now we define

and we obtain Uq (sl(

Esz|ni, n2

Esi|n1, nm

Eoi|n1, n2

Ki|ng, no

Ka[ng, no

RN NGNS

Ei2|ni, m

Ex3|ni,m) =

Ez|ni,m) =

where Kl, K2, E12 a

Extremal vectors for Uq(s/(3))

Ki=LL',  Ko=LL;',  Exs,E;3—0

3)):

|n1 +1, n2) s
qnl‘nh n + 1> s
—q Y[mlgln — 1, m + 1) + g~ "2y, ny)Eon
q™ " |m, m)Ky,
q
—qln2]qlm + 1, n2 — 1)Ky + |1, n2)Es2,
—n—np+1 m ny+np—1 m
e S Y
a-q 9-q
+q"2’1[n2]q|n1, np — 1>E21K;1 s
—2n—np+1
q mn
771[% I,
g—gq
+q~ """ [m]q|n — 1, n2)E12Ka,

T2 ng Ko,

Im —1,m)K5* +
np—1 n
n — 1>K]_K2 — qqii[f].]q \nl, n — ]_>K1_1K2_1 +

E2; form a subalgebra Ug(gl(2)) with Casimir operator

KiK3 = LiLoL3 2.
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One representation of this subalgebra one can get putting |n3) = EJ}. Then
Exulm)=ns+1),  Kilm)=qg "|n)Ki,  Ko|n)=q"|ns)Kz

and the relation

—n+1 n—1lp—1
n n n— Ki — K
E1oE3; = E3 Erp + [n]ES; g ql— qcll :

help us getting the action of Eq2:

—n3+1 n n3—1 n B
Eio|ns) = ‘7q_7q[j]q Ins — 1)Ky — %Lfl]q Ins — 1YKT + [n3)Ex .

Now we factorize this putting
Eix— 0, Klr—>q>‘17 K2»—>q)‘2,
and we get the following representation:

Ealns) = [m+1), Ki|ns) = g™ 72" |ns), Kalns) = g2 |n3),

Eo[ns) = [ns]g[Ar — n3 +1]g|ns — 1),

where A1, A2 € C a n3 € Np.
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Combining with previous relations we finally get the Verma module of U, (sl(3)) which is
given by the following relations:

Esz|n1, n2, n3
Esi|m, n2, n3

Exi|ni, mp, m3

Ka|ni, na, n3

|512|I71,I727 ns

)

)

)
Ki|ny, mo,n3) =

)

)

)

E2s|ny, n2, n3

Euz|ni, m,n3) =

[+ 1, n2, n3),

q"|m, 2+ 1, n3),

g " ™|, m, s+ 1) — g mlglm —1,m 4+ 1, n3),
R R LT
g ImE p p y

[ms)g[M — n3 4 1g|n, na, n3 — 1) — ¢ 2 o]y m 4+ 1, — 1, n3)
[m]q[A2 — n — no+ ns + 1)g|m — 1, mp, n3) +

+q 2T g my, mp — 1 4 1)

q " [na]q[A + Xo — m — no — m3 + 1]g|n1, m2 — 1, n3) +

+ T g [msg [ — s + Lglm — 1, m2, 3 — 1),

where Al, eCa n, n2, n3 € No.
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For A1 = J € Np we get

Es2|m, n2, n3

Esi|ni, mp, 3

Ei|n1, m2, 3

K2|n1,n27 ns

Ei2|n1, no, n3

)
)
)
K1|n1,n2, 3)
)
)
)

Eas|ni, n2, n3

Es|m,m,m) =

where

[m +1,n,n3),

q"™|m,n2+1,n3),

q_"1+"2|n1, m,n3+1) — q_l[nl]q|n1 —1,m+1,n3),
gt
q n2, n3)

[n3]g[d — ns + 1]g|n1, ma,ns — 1) — q [m2]qlm +1,m — 1, n3),
[mlg[A2 — 1 — m2 4+ n3 4+ 1]q|m — 1, m, n3) +

+q T g my, e — 1,03 + 1)

q " [m]q[d + X2 —m — o — n3+ 1gln, n2 — 1, n3) +

+q" TS ] [ns]g[J — 3 + Lglm — 1, mo,n3 — 1),

nz, n3> )
)\272n17n2+n3|n1
b

J—2n3+1

JeNg, X €C, n, n € No, n=0,1,..., J.
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Now let us move to the extremal vectors. We have three positive roots of sl(3), namely
051:(2,—1), Ot2=(—1,2), 05320614-052:(1,1)7

Root a1 corresponds Ei», ie. ns, root ax corresponds Ess, ie. ni and root as
corresponds E;i3, ie. ns.
For the vector vo = |0,0,0) we have

Eiovo = Exsvo = E13vo =0, Kivo = q*vo, Kavo = ¢™2vg.
We denote A = (A1, X2) and
YV = Uy (51(3) ) vo -

V' =P,
7

Now

where p = (1, u2) and

V:[:{VEV)‘; Kiv = g"v, Kov=g"v}.
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In order to vector
— mepnen3
[n1, n2, n3) = Ej EiE);

be an element from the space V;\, we get the condition
W= X\—no2— maz — mai,
or equivalently

w1 =X+ nm—n —2n3, P2 =X2—2n —no+n3.
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Let us now denote
52%(0114—0424—043):(1,1), )\:3\\_57 p=n-=¢,
that means
M=M-1,  X=X-1, m=m;m-1, p=pmp-1.

If the vector v,ﬁ is an extremal vector from the space V2 ie. if vﬁ is nonzero vector
such that
A A py
Elzvu = E23VM = E13Vu = 07

we must have R
ﬁ = Sw ()‘) I
for some w which is an element of the Weyl group of the algebra sl(3).

The Weyl group has six elements, namely the unit element and the elements

Savy (X1 Xz) = (—/Xh X1 + Xz) s Say (/):1, Xz) = (}:1 + Xz, —Xz) s
Sap Sy (/):1 /)\\2) = (X 2, )\1 /)\\2) s Say Sap (le /)\\2) = (—/):1 — /):2, /)\\1) s
Saz (Xl /)\\2) = ( /)\\ //{1) .

Now we examine each of these cases separately.
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1. Case fi = sa, (1))

In this case the

~

1= —A1, ﬂ2=X1+/>\\27

or
H1=—A1—2, po=A+X+1.

The condition " = X\ — nia2 — moaz — n3air” then implies that in this case we have
M —2=MA1+m—m-—2n3, M+X+1=X—2m —m+ n3,

or
m+nm=0, A =n3—1.

Thus A1 = Ni € Ny, Az is arbitrary and for the extremal vector we get immediately

(M. 22) _
v(_lNli2,N1+)\2+1) - |07 07 Nl + 1> .
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2. Case i = sa, (\)

In this case we have PR
=AM+ A2, 2 = —A2,
or equivalently
m=M+X+1, Ho = —Xp— 2.

For v to be in Vﬁ we must have
MFX+1=X+nm—nm—2n;3, X —2=X—2m —m+ n3,

or
n+n =0, A=n—1.

Thus A2 = N> € Ng, A1 arbitrary and for the extremal vector we obtain

(A1,N2) _
VN 41, np—2) = [N2 +1,0,0).
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3. Case i = Sa,5q, (A)
In this case we have PR
1= A2, 2 = —A1— A2,
or equivalently
/1,1:)\2, uzz—)\l—)\2—3.

Now there must be

)\2:/\1+n17n272n3, 7)\1*A273:A2*2n17n2+n3,
or

AM=m+nm—1, A=m—n—1, M+X=n+nm-—2.
If

m=n=0, M=-1, Xa=m-1=NMN €Ny,

then we get the same extremal vector VE,;;’f’fv)zd) = |N>+1,0,0) as in the previous case.
If

m=m=0, is /\1:n371:N1€N0, AM=-n—1=—-—N; —2
then we get the extremal vector VETA’,;_'V;:?) =10,0, N1 + 1) as in the case 1.
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Finally let
)\1:n2+n371:N1€N0,

)\2=nl—n3—1:K2€Z,
M+ +l=m+nm—-1=NeNg.

and denote
m=N;—n+1, m=n, n=N; —n+1,

where
Ogngmin(Ng—l—l,Nl—i—l):Rzl.

Then the extremal vector may exists and has the following form:

(N1,K2) &
vl =>cl|Ns—n+1,n N —n+1).
=0

(K2,—N3—2) ™
=
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o~

4. Case [i = Sa;Sa, (A)
In this case we have L N
1= —X— A2, H2 = A1,
or equivalently
M1 =—A1— X —3, 2 = A1.

Now for the vector v to be in V;\ we must have

A —X—3=XA+m—n—2n3, Al =X—2m — nm + n3,
or equivalently

M=—-m+nmn—-1, =m+m—-1, M+l=m+n—2.

Now if
n1:n2:O, )\2:—].7 )\1:n3—1=N1€N07

then we get the extremal vector v(ﬁl’il) =10,0, Ny 4+ 1) as in the case 1.
& (—Ny—2,Ny)
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n2:n3:0, A2:n171:N2, )\1:7n171:7N272,

we get vg:ﬁfﬁﬂ% =|N, 4+ 1,0,0) as in the case 2.

After all, if
M=—-m+m—-1=K €Z,
A=m+m—-—1=NMN €N,
AM+X+1=NMNeNg,
we denote
m=N—n+1, m=n, n=N3s—n+1,
where

0<n< min(N2+1,N3+1): Ri>.
Then the possible extremal vector is of the form

Rip

VETI/\’IQIE)Z’KI) - ch|N2 - I'7+ 1, n, N3 —n + 1> .
n=0
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5. Case i = sa, (\)

In this case we have

= —A2, 2 = —A1,
or equivalently
M1:_>\2_27 uz:—)\l—2.
There must be:
—X—2=XA1+m—n—2n3, “A1—2=X—2m —m+n3,
or
m=n, M+X=m+m-—2, ie. M+ +1=nm+nmn—-1=N;e&Np.

We denote

m=n=Ns—n+1, nm=n, where 0<n<N;+1.

Then the extremal vector can have a form

(A1,22) N
Vi—xp—2,-A-2) — Z_:O cnlNs —n+1,n, N3 —n+1).
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A1A2).

Summary — possible extremal vectors for Verma module

(1) If Adx, A2, , A1+ A2+ 1 ¢ No, extremal vector does not exist.

(2) If &1 = Ny € Ng a A1 + A2 + 1 ¢ N there is just one extremal vector of the form
(N1,22) 7
v(*lN1i2,N1+A2+1) =10,0, N1 +1).

Here we have fi = sa; (A).

(3) If 2= N> € Ng a X+ X+ 1¢ Ny there is just one extremal vector of the form
(M1,N2) _
V(N;+§1+1,7N272) - |N2 + 17 O>0> .

Here we have [i = sa, (X)
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(B) A+ X4+ 1= N5 €Npa A, ¢ Ng, there can exists the extremal vector of the
form

(A1,22) Ns+1
Viex—2-n-2) 7 Z()C”‘N3*”+17”7N3*n+1>.
n=

Here one has i = sa;(\).

(5) fAM=Ne€eNg, i+X+1=N€Nga ¢No, ie. Ao = N3 — Ny —1 <0, there
can exist the extremal vectors

Ny, N3 —N;—1
VE*1N112,NI3) . = |07 07 N + 1> ’

N3+1

Ny, N3 —N; —1

EN;—I%Il—ll,—I\)h—Q) = Z:OC"‘N3_"+1’”7 N, _n+1>’
N3-+1

N s = S alNs—n+1,nNs—n+1).
n=0

The first vector corresponds to the case i = sal()\) the second to the case
7i = SuySay (A) and the third to the case [i = sa,(A).
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(6) If Ao = N> € Ny, )\1+)\2+1=N3€Noand)\1¢No,i e. A\

- € =N;—N,—1<0,
there can exist the extremal vectors
(N3—No—1,Np)
v(N;_,52_2)2 N> +1,0,0),
(N3—Na—1,M) Nst1
3—N2—1,I\N2 _
(—N3—2,Ns—Np—1) — nz::() N2 —n+1,n, N3 —n+1),
N3+1
(N3—N>o—1,N>) _
(_3,\,2_22,,\,2_2,\,3_1) = nX::o ca|Ns —n+1,nN; —n+1).

The first vector corresponds to the case i = saz()\) the second to the case
= salsa2(/\) and the third to the case 1 = sa3(/\)
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(7) If A1 = Ny € Ny a A2 = N> € Ny, there can exist the extremal vectors

(N1,N2) _
V(—1N1i2,N1+N2+1) = [0,0,M + 1),
(N1,N2) _
(N Mgt 1,—Np—2) = |N2+1,0,0),
(N1,N>) Ny+1
(N;j*2N17N273) = Z Cn|N1+N2—n+2, n, Nl_n_t'_]_)’
n=0
(N1, No) Np+1
v(71N13N273’N1) = Z Cn|N2 —n+ 17 n, Nl + N2 —n+ 2> )
n=0
(Ng,No) Np+No+2
V(—I(Iz—2,—N1_2) = Z Cn|N1+N2—n—|-2,n7 N1+N2—n+2>.
n=0

The first vector corresponds to the case [i = s, (), the second to the case fi = sa,()),
the third to the case [i = sa,Sq, (), the fourth to the case i = sa,5a4,(A\) and the fifth
one to the case [i = sq; ().
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The existence of the extremal vectors

For the Verma module V122 we obtain
Eialn,m,n3) = [ms]glA1 — ns + 1g|n1, no,n3 — 1) — g1 =23 o] |ny + 1,mp — 1, 13),
Exs|ni,m,n3) = [mlg[da—nm —na+n3+1]gln —1,n2,n3) +

+q7 2= o Ing np — 1,03 4+ 1)),
q " [m]g[A + X2 — np — m — n3 + 1g|m, np — 1, n3) +

+g MM g ns]g[M — n3 + 1glm — 1, np, 03 — 1)

E13|n1, n2, n3)

With the help of these formulas, we now examine the cases (4), (5), (6) and (7) to
obtain the coefficients c,.
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Case(4)i. e. A1+)\2+1:N3EN03)\1, )\2¢N0:

The extremal vectors are of the form

N3+1

VEil/\’;\i)zyf)\lfz) = Z Cn|N3 —n+ 1, n, N3 —n+ 1>
n=0

and fulfil the equations E1ov = Exsv = 0. This gives us the condition
g MR e+ o —n+ 1A+ A —n+2]qco =0, n=0,1,..., Ns.

The solution is

Cn = (=1)q" A+ | [/\2: 1] {)\1 + ’)1\2 + 2] .
q

For n € Ng and X\ € C let us denote
H _1 H _ Pa [A—l} A =1 A =n+1]g
q q q

0 nj, Inlg [n—1 [n]q!
The extremal vector is then given by a formula
A1+A2+2
V(il):/\i)g o = ! Z (_1)nqn(/\1+2)\27n+2)[n]q! A2 +1 A+ A2+ 2 %
(=X2—=2,—A\1-2) = n n q

><|)\1+)\2—n+2,n,/\1—|—)\2—n—|—2>.
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Summary

Let Verma module V122 is generated by the vector vo.

1. If A1, A2, Ar + A2 + 1 ¢ No, there is only one extremal vector vo.
2. If &1 € Ngp a A1 + A2+ 1 ¢ Ng, There are just two extremal elements: v and

(A1:22) _ ghatl
V2o a1y = E21 Vo

3. 1f A2 € Ng a A1 + A2+ 1 ¢ N, there are just two extremal elements: vo and

(A1,22) _ X+l
= E32 Vo .

(A1+X2+1,—X2—2)

4. 1f A1+ X2+ 1 € Ng and A1, A2 € Ny, there are just two extremal elements: vg and

Midet2 A+1] [A+A+2
A\ non —n 2 1 2
"E—l/\zi)z,—,\l—z) = 2% (—1)ng"Aur2re=r 2] | { n } [ n X
n= q q

A+ —n+2pEn pA1+A2—n+2
X E32 E31 E21 Vo .
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If A1 € Ng and A\, = —1, there are just three extremal elements: vq,

(A1,—1) _ A1+l
Vi) = E5 " vo,
(A1,—1) _ /\1+1 ,\1+1 /\1+1 (A1,—1)
(-1,-X2-2) E; E =E; V(—ai—2,A1)
If A2 € Ng and A\; = —1, there are just three extremal elements: vo,
(=1,22) _ A2+1
Virg,—2—2) By Vo,
(=1,22) _ >\2+1 /\2+1 >\2+1 —1,)0)
Vicxn-2-1 = Ea By =E A2,7A2—2> :
If A1 e NaX=-2,-3,..., =1 — 1, there are just four extremal elements: vy,
(%17/\2) _ >\1+1
V(—A1—2,A1+A2+1) Ex Vo,
(A1,22) o et 1)7 g A1 +2re—n+2) A +1] [A+X+2
Vicxn2,-a-2) = > (=1)"q [n]! n n X
n=0 q q
> E)\1+)\2—n+2 Egl ngf+)\2—n+2vO ,
(A1,22) _ MAN 2+l /\1+/\2+2 (A1,22)
Vo, —Ai—2-3) = E32 Ex E Va2, a4+ 0041) 7~

—A2—1_(A1,A2)
~ B v
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If d2eNal =-2,-3,..., =X — 1, there are just four extremal elements: vq,

(A1,22) _ >\2+1
Viiin+,-a—2) — E3
(A1,22) _ AI%‘QH( 1)"q n(A1+2Xp —n+2) [],! A+1] [ A+ +2 «
Vi-x-2,-3-2) = KA n
n=0
q q
A +do—n+2pn EA1+As—n+2
XE 1 2 E31Ezf 2 Vo,
(A1,22) _ —/\1— (>\19\2) /\1+/\2+2 Ao+l
V(=A1=2—3,a1) E; Vica=2,— 21— ~E, B3 vo =

E>\1+>\2+2 (A1,22)
(A4 A2+1,—Ar—2) *

9. If A1, X2 € Ny, there are six extremal elements: vq,

(A1,22) _ >\1+1
VO 24y — B vo,
(A1,22) _ >\2+1
Viiireil,—a—2) = E3
(A1:22) _ >\1+>\2+2 A+, >\1+>\2+2 (A1,22)
Vooa-rn-3 — B Eal =& V(—a =2, a4 20+1) 0
v(>‘11>\2) _ E)\1+)\2+2E>\2+1 E>\1+>\2+2 (A1,22)
(“A1—A2—3A1) 32 = (AM1+Ao+1,—Ap—2)?
Ao+1
V(Al,)\g) _ § ( l)n n(A14+2X2—n+2) [ ] )\2 +1 )\1 + >\2 +2 «
(=X2—-2,—21-2) = n n .

A+Xo—n+2pn A1+ —n+2
X E32 E31 E21 Vo
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Extremal vectors for factor-representation where \; = J € Ny

In this case we have n1, m € No, 13 =10,1,2, ..., Jand n1 + m+n3 > 0.
1. For the case i = sa,(\) by the same calculations as before we obtain

n1:n2:0, J:n3—1,

and extremal vectors do not exist.
2. When [i = sa,()), we have

n+n =0, =m—-1=NMNeNy
and the extremal vectors is

(J,N2) B
Viir) —ny2) = N2 +1,0,0).

3. When i = $a,5a, (A), we have

J=m+n—-1, =m—-m-—-1€Z, J+X+1l=m+m—-1=N;€Np.
In this case we define
m=Ns—n+1, m=n, n=J—n+1, where 1<n<min(J+1,N5+1)=R.

Possible extremal vector can have a form

R
Vi oy = S elNs = Ln d —n+ 1)
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4. For I = sa,Sa, (X) we obtain the condition J = —n; + n3 — 1, which can not be
fulfilled because "3,\5 J. In this case there is no extremal vector.
5. When [i = sq; (A), we have

m=mns, J+X+1=nm+nm—-1=N€eNp.
We introduce
m=n=N;—n+1, m=n, where S=max(0,N5—J+1)<n<N;+1,

and the possible extremal vector must have the following form:

Y YN 1,n, N 1
Vi—N3—1,—J-2) = Zscn\ 3—n+1,nNs—n+1).

Extremal vectors for Uq(s/(3)) 3 3 Burdik, Navratil, Posta



Summary: The extremal vectors for factor representation with \; = J € Ng:

1. If J4+ X2 + 1 ¢ Ny there is only one extremal vector vo.

2. If A2 = —1 there is only one extremal vector vq.
3.1fJeNand \» = -2, =3, ..., —J — 1, there are two extremal vectors: vo and
S+ +2 _ +1] [J+Xx+2
S\ J+2X 2 2 2
e =S arg e e ] e E
n=MXp+2 q

J+Xo—n+2pn pJ+Ay—n+2
XE32 E31E21 Vo

4. If A2 € Np, there are two extremal vectors: vo and

(4,22) _ platl
Vtrotl,—rp—2) = E3 " vo.
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Thank you for your attention.
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