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A∞-algebras

An A∞-algebra over K is a Z-graded vector space

A =
⊕
p∈Z

Ap

endowed with a family of graded K-linear maps

mn : A⊗n → A, deg(mn) = 2− n n ≥ 1

satisfying the Stasheff identities SI(n) for n ≥ 1

∑
r+s+t=n

(−1)r+stmr+1+t(id⊗r ⊗ms ⊗ id⊗t) = 0 SI(n)

sum over all trees with n = r + s + t leafs.

r ≥ 0 t ≥ 0 s ≥ 1
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Homotopy transfer theorem

Theorem (Kadeishvili)

Let A be an A∞-algebra and let HA be the cohomology ring of A.
There is an A∞- algebra structure on HA with m1 = 0 and m2

induced by the multiplication on A, constructed from the A∞
structure of A, such that there is a quasi-isomorphism of
A∞-algebras HA→ A lifting the identity of HA.

Apply Homotopy transfer theorem to physically interesting algebras
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Parastatistics Algebra and para-Fock space

Parastatistics algebra (parafermionic)

[[a†i , aj ], a
†
k ] = 2δjka†i [[a†i , aj ], ak ] = −2δikaj

[[a†i , a
†
j ], a†k ] = 0 [[ai , aj ], ak ] = 0

(1)

Para-Fock space F =
⊕

r≥0Fr (space of states)
built on an unique vacuum state |0〉 such that ai |0〉 = 0

a†i1 . . . a
†
ir
|0〉 ∈ Fr

Basis-free definition of F generated in V =
⊕

i∈I Ka†i

PS(V ) = T (V )/([[V ,V ]⊗,V ]⊗)

where (I) stands for a twosided ideal generated by I
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Young Tableaux and Parastatistics Algebra PS(V )

Let g be the 2-step nilpotent Lie algebra generated in V
having the Lie bracket

[u, v ] =

{
u ∧ v ∈ Λ2V

0 otherwise

The algebra PS(V ) is Universal Enveloping Algebra of g(2)

PS(V ) = Ug = U(V ⊕ Λ2V ) (2)

Lemma

Let Sλ(V ) be the Schur module associated with Young diagram λ.
The algebra PS(V ) is a GL(V )-model, i.e., every irreducible
polynomial GL(V )-representations appears once and exactly once

PS(V ) =
⊕
λ

Sλ(V )

The Young tableaux label the basis of PS(V ).
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Chevalley-Eilenberg Complex of Ug-modules

Ug - Universal Enveloping Algebra of a Lie algebra g
Chevalley-Eilenberg complex C•(g) = (Cp, dp)

Cp = Ug⊗K ∧pg dp : Cp → Cp−1 (3)

dp(u ⊗ x1 ∧ . . . ∧ xp) =
∑
i

(−1)i+1uxi ⊗ x1 ∧ . . . ∧ x̂i ∧ . . . ∧ xp (4)

+
∑
i<j

(−1)i+ju ⊗ [xi , xj ] ∧ x1 ∧ . . . ∧ x̂i ∧ . . . ∧ x̂j ∧ . . . ∧ xp (5)

Theorem (Chevalley-Eilenberg)

The chain complex C (g)
ε→ K is a resolution.
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Koszul complex

vector space V over K (charK = 0 )
Exemple: Abelian Lie algebra generated in V , [V ,V ] = 0
Koszul complex

· · · → SV ⊗ ΛpV → SV ⊗ Λp−1V → · · · (6)

· · · → S V ⊗ V → S V → K→ 0 (7)
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Chevalley-Eilenberg for 2-nilpotent g = V ⊕ Λ2V

The Poincaré-Birkhoff-Witt theorem for PS(V ) = Ug yields

PS(V ) = U(V ⊕ Λ2V ) ∼= S(V ⊕ Λ2V ) (8)

The Chevalley-Eilenberg complex of g = V ⊕ Λ2V is acyclic

C (g) =
⊕
p≥0

PS(V )⊗ Λpg (9)

C (g) =
⊕
p≥0

S(V ⊕ Λ2V )⊗ Λp(V ⊕ Λ2V ) (10)
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Resolution of PS-module K

There exists a minimal free resolution P
such that H•(K⊗PS P) = K⊗PS P

P : 0→ Pd → · · · → Pn → · · · → P2 → P1 → P0 → K

where Pn = PS ⊗ En and En = TorPSn (K,K)
Free resolution of the left PS-module K: C (g)→ K

· · · → PS(V )⊗ Λ2g→ PS(V )⊗ Λg→ PS(V )→ K

Homology groups H•(g,K) ∼= TorPS• (K,K)
En = Hn(g,K) ∼= Hn(K⊗PS C (g)) ∼= TorPSn (K,K)
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Homology H•(g,K) as a GL(V )-module

H•(g,K) ∼= H•(K⊗PS C (g)) ∼= TorPS• (K,K)

Λpg =
∑

r+s=p

Λr (Λ2V )⊗ Λs(V ) (11)

∂p(w ⊗ e1 ∧ . . . ∧ es) =∑
i<j

(−1)i+jw ∧ (ei ∧ ej) ⊗ e1 ∧ . . . ∧ êi ∧ . . . ∧ êj ∧ . . . ∧ es

Theorem (Jozefiak and Weyman)

The homology of the chain complex (Λng, ∂n) decomposes into
irreducible GL(V )-modules as follows

Hn(Λg) ∼= TorPSn (K,K)(V ) ∼=
⊕
λ:λ=λ′

Sλ(V ) (12)

the sum is over self-conjugate λ such that n = 1
2(|λ|+ r(λ)).
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Representation theory meaning of Littlewood formula

Jozefiak and Weyman(1985)
Representation-theory interpretation of Littlewood formula∏

i

(1− xi )
∏
i<j

(1− xixj) =
∑
λ:λ=λ′

(−1)
1
2
(|λ|+r(λ))sλ(x) (13)

sum over self-conjugated Young diagrams λ = λ′

Character of the chain complex P

P =
⊕
n≥0

⊕
λ : λ = λ′

1
2(|λ|+ r(λ)) = n

S(V ⊕ Λ2V )⊗ Sλ(V )) (14)

1 =
∏
i

1

(1− xi )

∏
i<j

1

(1− xixj)

∑
λ:λ=λ′

(−1)
1
2
(|λ|+r(λ))sλ(x) (15)
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Poincaré duality

The algebra PS(V ) = Ug is an Artin-Schelter algebra:
Applying to P the functor HomPS(•,PS) one gets another
resolution of K as a right PS-module.

K← E ∗d ⊗ PS ← . . .← E ∗1 ⊗ PS ← PS ← 0 (16)

where E ∗n = Hn(g,K) = Hn(Λg∗) ∼= ExtnPS(K,K).

H•(g,K) = H•(Homg(C (g),K)) ∼= Ext•PS(K,K)

Corollary

The cohomology of the cochain complex (Λng∗, δn) decomposes
into irreducible GL(V ∗)-modules as follows

Hn(Λg∗) ∼= ExtnPS(K,K)(V ∗) ∼=
⊕
λ:λ=λ′

Sλ(V ∗) (17)

the sum is over self-conjugate λ such that n = 1
2(|λ|+ r(λ)).
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Cohomology H•(g,K) as an A∞ algebra

Lie algebras (finite) and DG algebras

(g, [ , ]) ←→ (Λng∗, δn)

Apply the Homotopy transfer theorem to the DG algebras

(Λng∗, δn) and H•(Λng∗, δn)

Corollary

The cohomology H•(g,K) = H•(Λng∗) of g = V ⊗ Λ2V is an
A∞-algebra with elements identified with the self-conjugated
Young Tableaux.
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Thank you for your attention!
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