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Plan of the Talk

Unfolded equations: definitions, properties, examples
Analysis of unfolded equations, σ−–cohomology technics
N = 1 d = 4 unfolded scalar supermultiplet
σ−-spectral sequences
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Proca field

∂µ∂µAν − ∂µ∂νAµ + m2Aν = 0 ⇒ ∂νAν = 0,

∂µ∂µAν − (1 + α)∂µ∂νAµ + m2Aν = 0 ; ∂νAν = 0,

Scalar electrodynamics

SA =

∫
ddx(−FµνFµν − Aµjµ) ⇒ δSA

δAν
∼ ∂µFµν − jν = 0 ⇒

requires conserved current ∂µjµ = 0.

Sφ =

∫
ddx(∂µφ∗∂µφ−m2φ∗φ) ⇒ ∂µjµ = 0,

where jµ = φ∗∂µφ− φ∂µφ∗.

δ(SA + Sφ)

δφ
= 0 ⇒ ∂µjµ 6= 0.
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Unfolded equations

Generalized curvatures Rα for fields W α

Rα(x)
def
= dW α(x) + Gα(W (x)),

Gα(W β)
def
=

∞∑
n=1

f α
β1...βnW

β1 . . . W βn .

Compatibility condition

Gβ(W )
δLGα(W )

δW β
≡ 0 ⇒ dRα ≡ Rβ δGα

δW β
.

Does not depend on base space
Equations:

Rα(x) = 0.

Gauge invariance

δW α = dεα − εβ δLGα(W )

δW β
.
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Examples

Zero curvature equation in YM theory

Field: 1-form Ω̂0 = Ωa
0T̂a ∈ g , g — Lie algebra, T̂a — generators.

R̂ def
= dΩ̂0 + Ω̂0Ω̂0 = 0.

Let g be Poincare algebra (P̂a, M̂ab)

Ω̂0 = e0
aP̂a + ω0

abM̂ab, R̂ = RL
abM̂ab + T aP̂a,

RL
ab = dωab

0 + ω0
acω0c

b = 0,

T a = dea
0 + ω0

abe0b = 0.

Describes background geometry of Minkowski space.
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Examples

Covariant constancy equation

Fields: set of p-forms C i , W = Ω0 + C + . . . .

R i def
= dC i + Ωa

0(Ta)
i
jC j = 0.

Representation
Â = AaT̂a → Ai

j = Aa(Ta)
i
j .

C ∈ representation space,

R i = 0 ⇔ DΩ0C
i = 0.
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Examples

Massless scalar field
Cartesian coordinates

e0m
a = δa

m, ω0m
ab = 0, DL = d .

Fields: 0-forms C a(k), Cb
ba(k−2) = 0.

Curvatures:
Ra(k) def

= dC a(k) + e0
bCb

a(k).

The first and the second equations

∂aC (x) + Ca(x) = 0,

∂bCa(x) + Cab(x) = 0

entail
Cb

b(x) = 0 ⇒ ∂a∂aC (x) = 0.
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σ−–cohomology technics

Unfolded equations for p-forms C

R def
= (d +

∑
σ)C = 0,

σ — algebraic operators.

δC = (d +
∑

σ)ε,

I = (d +
∑

σ)R ≡ 0

— gauge symmetries and Bianchi identities.
How to analyse them? How to identify dynamical fields and dynamical
equations?
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σ−–cohomology technics

The choice of dynamical fields is not unique!

Example
∂

∂x
B(x) + A(x) = 0,

∂

∂x
A(x) + B(x) = 0.

Introduce Z-grade G: diagonalizable on the space of fields, bounded below.

R def
= (d + σ−)C = 0,

δC = (d + σ−)ε,

I = (d + σ−)R ≡ 0,

σ− — the only algebraic operator, lowers grade.
Compatibility conditions ⇒ (σ−)2 = 0.
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σ−–cohomology technics.

Dynamical fields
Expressing fields in terms of fields of lower grade by means of

(d + σ−)C = 0, {dC k−1 + σ1
−C k = 0}

we get C /∈ Ker(σ−) ⇒ C — auxiliary.
Gauge transformation

δC = (d + σ−)ε

allows to fix C = 0 if C ∈ Im(σ−) .
Result: dynamical fields Cd

Cd ∈
Ker(σ−)

Im(σ−)
= H(σ−).
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σ−–cohomology technics. The result

Dynamical fields Cd

Cd ∈
Kerp(σ−)

Imp(σ−)
= Hp(σ−),

Dynamical equations Rd = 0

Rd ∈
Kerp+1(σ−)

Imp+1(σ−)
= Hp+1(σ−),

Differential gauge symmetries εd (cannot be fixed by algebraic gauge)

εd ∈
Kerp−1(σ−)

Imp−1(σ−)
= Hp−1(σ−),

where p — rank of C as a differential form.
[O.V. Shaynkman and M.A. Vasiliev ’00]
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H(σ−)-analysis for massless scalar field

Curvatures:
Ra(k) def

= dC a(k) + e0
bCb

a(k).

Grade G counts number of tensor indices, σ− — contraction with frame eb
0 ,

[G, σ−] = −σ−.

Dymanical field
only C ∈ Ker0(σ−), Im0(σ−) = 0 ⇒ C ∈ H0(σ−).

Dynamical equation
has the form Rd ∼ ea

0t, where t is 0-form.
Indeed, e0

be0bt = 0, ea
0t /∈ Im1(σ−) ⇒ ea

0t ∈ H1(σ−). Then
t ∼ Rm

m = ∂mCm = 0 yields dynamical equation.

[O.V. Shaynkman and M.A. Vasiliev ’00]
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Flat superspace

Background fields: 1-form Ω0 ∈ N = 1, d = 4 SUSY:

Ω0 = e0
aPa + ω0

abMab + φαQα + φ̄α̇Q̄ α̇,

R = TaPa + R0L
abMab + SαQα + S̄α̇Q̄ α̇.

Zero curvature equations

RL
ab = dωab

0 + ω0
acω0c

b = 0,

T a = dea
0 + ω0

abe0b + 2iφαφ̄α̇(σa)αα̇ = 0,

Sα = dφα +
i
4
ω0

abφβ(σab)β
α = 0.

Diff. forms: space → superspace

ea
m(x)dxm → E a

M(z)dzM , φα
m(x)dxm → Eα

M(z)dzM , . . .
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Scalar supermultiplet

Minkowski space

Ra(k) def
= DLC a(k) + ebC a(k)b = 0,

rαa(k) def
= DLχα

a(k) + ebχα
a(k)b = 0.

Superspace

Ra(k) def
= DLC a(k) + EbC a(k)b −

√
2Eαχα

a(k) = 0,

rαa(k) def
= DLχα

a(k) + Ebχα
a(k)b −

√
2iE α̇(σb)αα̇C a(k)b = 0.
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Scalar supermultiplet

Minkowski space
R def

= (DL + σ−1)C = 0,

r def
= (DL + σ−1)χ = 0.

H(σ−1)-cohomology analysis.

Superspace
R def

= (DL + σ−1)C + σ−1/2χ = 0,

r def
= (DL + σ−1)χ + σ−1/2C = 0.

Dynamical fields and equations — ?
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σ−-spectral sequences

As for beginning, dynamical fields and equations ⊂ H(σ−1)
But these equation can be further analysed!
Compatibility conditions:

(σ−1)
2 = 0, {σ−1, σ−1/2} = 0, (σ−1/2)

2 + {D, σ−1} = 0.

{σ−1, σ−1/2} = 0 ⇒ σ−1/2(Hp(σ−1)) ⊂ Hp+1(σ−1).

Introducing σ̃−1/2 = σ−1/2|H(σ−1) we get

(σ−1/2)
2 + {D, σ−1} = 0 ⇒ (σ̃−1/2)

2 = 0.

We define H(σ̃−1/2)
def
= H(σ−1/2|σ−1) (spectral sequence). They identify

dynamical fields and dynamical equations!
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Conclusion

Unfolded equations for N = 1, d = 4 chiral supermultiplet are built
The independence of unfolded equations from base manifold is
efficiently used to build superfield formulation from component one
H(σ−) technics has been generalized to the case of few negative grade
algebraic operators. The dynamical content is defined by spectral
sequence.
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