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Action-angle variables
Generalizations of the Oscillator and Coulomb systems

Application: Tremblay-Turbiner-Winternitz (TTW) system
and its generalizations

» Conformal Mechanics

Particle moving near the horizon of extreme
Reissner-Nordstrom and Kerr black holes



Action-angle variables

Integarbility: 3 F1 = H, ... Fn: {Fu, F,} =0, v =1,...N.

If Mg = (p,q: F =c = const) is a compact and connective, then
= q):((bl,...,q)/v) eSlx... ><51, |(F):(/1,...,/N).

dl do  OH(I)

— =0, —=—— i, ®;} = dj.

de 7 dt o’ Ui, ®j} =0y
Gauging the integrable system by action-angle variables, we
preserve the freedom only in two points:

» in the functional dependence of the Hamiltonian from the
action variables, H = H(l);

> in the range of validity of the action variables, | € [, 37].



Quantization
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where n;, are integer numbers



How to construct the action-angle variables?

S(c,q) =/F pdq,
=C

where p = p(c, q)
The Action Variables

1
(€)= 5 § pda
T

where ~; is some loop of the level surface F = c.
The angle variables



General N-dimensional Models
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IRN Action variables
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RN Oscillator

Hose = w (2/r + «/2’H(I,-)) .
. — 2,2
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SN Oscillator
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HN Oscillator
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Original Tremblay-Turbiner-Winternitz (TTW)
superintegrable system (2009)

HPT w?r?

H - 2 2 ) {Prv r} = 17
where Hpt is the Hamiltonian of Poshle-Teller(PT) system
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2 2sin’ky  cos? k'
Action-angle variables for PT (Lechtenfeld,A.N.,Yeghikyan'10)
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Generalized TTW systems
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Proof of superintegrability. Oscillator case

w(2ly + klpr) for IR?
Hose = Hosc(2/r+k/p-,-) = %(z/x + k7PT + w)2 _ %2 for S2
_%(2/x + k7PT - w)2 + “’72 for H?
do, - do B dHo (.
- 2Wosc(2/r+k/p'r), Tt(p = kaSC(2Ir+kIPT)7 wosc(X) = Z/s)((:(

dt
Hence, for k = m/n, where m, n are integer number the

trajectories are closed.

Additional constant of motion

laag = cos(n®, —2m®,,).



Superintegrability. Coulomb case

He =Hc(lr + Klpr)
Equations of motion
do,

dt
For k = m/n the trajectories are closed.

dHc(x)
dx

~ do ~
= 2wc(l+klpT), T;O = kwc(l+klpt), wc(x) =

Additional constant of motion

lagd = cos(n®, — md,).




Conformal mechanics

{H,D} =2H, {K,D}=-2K, {H,K}=D

“Radial” Coordinates

D
r=v2K, = — ,rP=1,
=i tpend
2 2
Py  Hn-1 r
H=Zt—m D=m K=7%

where

Hy_1 =T =4KH-D?> :{p, I} ={r,I}={H,I} =0



Particle near extreme black hole horizon

H=r <\/(rpr)2 + L(0, pg, pp) — q(Pg@)> ;

= (L(p0.0.,) ~ alpy)) = 7(1)

“Canonical” formulation

Py I ~,
H= "+ Q=dPxAdX +dl, A\ d,
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) X \/W,
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Reissner-Nordstrom case

2

p
2L = pj + 555+ (mM)* = (ea)*, a(p,) = eq

Action-Angle formulation

27 = (h + h)? + (mM)? — (eq)?

We have got conventional 3d conformal mechanics with coupling
constant 2g = (mM)? — (eq)?



Kerr case

14 cos2h)>
— -1
2sin6

Action-Angle formulation

2
m
2T = pj + Po+ - (1+cos?0), alp,) = py

1
=3 <\/(m2 + )2+ dm(m? — 13)12 — m? — /22>



Thank you for your attention!



