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Introduction

Simple and affine Lie algebras

Consider semisimple Lie algebra g with commutator [·, ·] : g⊗ g→ g

Definition

Affine Lie algebra ĝ is central extension of loop algebra, corresponding to
semisimple Lie algebra g with commutation relations

[Xtn + αc ,Ytm + βc] = tn+m[X ,Y ] + (X ,Y )nδn+m,0c

Vir ⊂ U(ĝ) (Sugawara construction)

Current algebra of WZNW models in CFT is

ĝn Vir

Primary fields are indexed by highest weights of irreducible ĝ-modules
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Introduction

Weyl character formula

ch (Lµ) =

∑
w∈W ε(w)ew◦(µ+ρ)−ρ∏
α∈∆+ (1− e−α)mult(α)

=
Ψ(µ)

Ψ(0)
;

1

R
=

1∏
α∈∆+ (1− e−α)mult(α)

Figure: Verma modules and Weyl formula
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Recurrent relations

Recurrent relation for weight multiplicities

We can use Weyl character formula to obtain recurrent relation on weight
multiplicities which can be used for calculations:

mξ = −
∑

w∈W \e

ε(w)mξ−(w(ρ)−ρ) +
∑
w∈W

ε(w)δ(w(µ+ρ)−ρ),ξ. (1)

The set of weights to sum over is obtained through expansion of
denominator: ∑

w∈W
ε(w)ewρ−ρ =

∏
α∈∆+

(
1− e−α

)mult(α)
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Recurrent relations

Branching

Consider reductive subalgebra ĝ ⊃ â.
Each ĝ-module is also an â-module, although Lµĝ is not irreducible as
â-module. It can be decomposed into the sum of irreducible â-modules:

Lµĝ↓â =
⊕
ν∈P+

â

bµνLνâ .

For characters we have

πâch (Lµ) =
∑
ν∈P+

â

bµν ch (Lνâ) .

We want to write recurrent relations.
Denote by k

(µ)
ξ signed branching coefficients.

k
(µ)
ξ = b

(µ)
ξ if ξ ∈ C̄â

k
(µ)
ξ = ε(w)b

(µ)
w(ξ+ρâ)−ρâ

where w ∈Wâ : w(ξ + ρâ)− ρâ ∈ C̄â
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Recurrent relations

The Weyl-Kac character formula leads to the relation

πâ

( ∑
ω∈W ε(ω)eω(µ+ρ)−ρ∏

α∈∆+(1− e−α)mult(α)

)
=
∑
ν∈P+

â

b(µ)
ν

∑
ω∈Wâ

ε(ω)eω(ν+ρâ)−ρâ∏
β∈∆+

â
(1− e−β)multâ(β)

.

Now we want to multiply by R and rewrite this as recurrent relation.
Consider the roots orthogonal to ∆â.
Let ∆+

b =
{
α ∈ ∆+

g : ∀β ∈ ∆â;α⊥β
}

be the subset of positive roots of g
orthogonal to the root system of â.
Denote by Wb the subgroup of the Weyl group W generated by the
reflections ωβ corresponding to the roots β ∈ ∆+

b .
The subsystem ∆b determines the subalgebra b = a⊥ ⊂ g.
â, b is the ”orthogonal pair” of subalgebras in g.
Cartan subalgebra is decomposed h = hâ + hd + hb.
Introduce

Dâ := ρâ − πâρ.
Db := ρb − πbρ.
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Recurrent relations

Recurrent relation for branching coefficients

k
(µ)
ξ = − 1

s (γ0)

 ∑
u∈W /Wb

ε(u) dim
(

L
π(b)[u(µ+ρ)−ρ]−Db

b

)

δξ−γ0,π(a⊕hd)[u(µ+ρ)−ρ]+Db
+

∑
γ∈Γâ⊂ĝ

s (γ + γ0) k
(µ)
ξ+γ

 .

The recursion is goverened by the set Γâ⊂ĝ of the weights {ξ} appearing in
the expansion∏

α∈∆+\∆+
b

(
1− e−πâα

)mult(α)−multâ(πâα)
= −

∑
γ∈Pâ

s(γ)e−γ

The weights are to be shifted by γ0 – the lowest vector in {ξ} – and the
zero element is to be eliminated:

Γâ⊂ĝ = {ξ − γ0} \ {0} .
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Examples

Simple example: A1 ⊂ B2
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Figure: Roots of B2,A1 and Ψω1

−3 +2

+3

−2

0

1

−3

2

3

−1

−2

−4

−5

Figure: Orthogonal subalgebra b and
b-module dimensions
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Examples

Surprises
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Figure: Embedding A1⊕ u(1) ⊂ B2 and
generalized Verma modules. Dashed –
positive ε(u), dotted – negative.
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Figure: Embedding A1 ⊕ u(1) ⊂ B2

and (deformed) A2-modules
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Examples
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Figure: ΓÂ1⊂B̂2
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Figure: (Signed) Branching coefficients for Â1 ⊂ B̂2
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Examples

Affine case

Infinite number of generalized Verma modules – in each grade
containing weights of singular element Ψ

Not so simple relation with multiplicities of another algebra.

Γâ⊂ĝ =
∏
α∈∆+ (1− e−α)

mult(α)
due to the difference in imaginary

roots. E.g. ̂A1 ⊕ u(1) ⊂ B̂2:

(((((((((∏
n>0(1− e−nδ)2

((((((((((∏
n≥0(1− e−α1−nδ) . . .

(((((((((∏
n>0(1− e−nδ)2

((((((((((∏
n≥0(1− e−α1−nδ) . . .∏

n≥0

(1− e−α2−nδ)
∏
n≥0

(1− e−α1−α2−nδ)
∏
n≥0

(1− e−α1−2α2−nδ) . . .

=
∏
n>0

(1− e−nδ)2
∏
n≥0

(1− e−α1−nδ)
∏
n≥0

(1− e−α2−nδ)

∏
n≥0

(1− e−α1−α2−nδ) . . .
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Conclusion

Conclusion

Recurrent relation for branching coefficients works as in
finite-dimensional case
It can be used for computations
We can relate recurrent relations for branching coefficients of one pair
algebra-subalgebra with recurrent relation of another pair, but we can
not interpret singular weights as highest weights of Verma modules.

E.g.: ̂A1 ⊕ u(1) ⊂ B̂2 ←→
̂u(1)⊕ u(1) ⊂ Â2,

or
Â2 ⊂ Ĝ2 ←→ ̂u(1)⊕ u(1) ⊂ Â2

- 2 -1 1 2

- 2

-1

1

2
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Conclusion

Thank you for your attention!
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