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: ~ Bonora, Pasti & Tonin (81)
Superfield Approach: Bonora & Tonin (82)

Ordinary fields of D-dimensional gauge theory -

Supertfields on (D, 2)-dimensional super manifold

o(x) — &(x,0,0): Superfield

(D) «— 2/, (D, 2)-dimensions <«—» (;1”_?“?9?6_)) — 7M

j 2 2 —
(1) 0 = 0< = 0, 06 06 = 0 Grassmannian

a0 5 o o — Variables
() 95 =07 =0, 0ydy+ Jgdy = 0] derivativ




BRST approach to Gauge Theory

BRST: Becchi-Rouet-Stora-Tyutin

/ BRST symmetry (S,)

Local gauge symmetry
(First-class constraints) \ Anti-BRST symmetry (s )
ab

Sg = 0, ‘S{Eb — O  Nilpotency property -

SpSab + SabSb — O Absolute anticommutativity

QE =0, Qab =0, QpQup T Qu&y =20

Qb: BRST charge Q@b : Anti-BRST charge



Plan of Talk

* Why Abelian 3-form theory?
* Gauge field (B )and Ghost fields

un)
* Horizontality condition —— symmetries
* Curci - Ferrari type restrictions

* Geometrical Aspects —— Gerbs

* Conclusions



Why Abelian 3-form theory

Gauge —
Gravity Duality

D—Br.ane's
and their
Physics

Mathematics

- Higher Spin

&
: . Gauge
Supersymmetric Non—commutative Th g
Field Theories eories

Field Theories




VICTOR I. OGIEVETSKY
(1928—1996)
&

l. V. PALUBARINOV

COINED THE WORD

‘NOTOPH”




NOTOPH <==» opposite of PHOTON

Nomenclature : Ogieveskty & Palubarinov
(1966-67)

Notoph gauge field = FHE NS NINENAYN

[Abelian 2-form gauge field]

Antisymmetric tensor gauge field [EIEit=t



Abelian 3-form B® defines B, as

B(3)(:I?) — %(da?f“ A dx” N dx") Byyn(x)

which can be generalized to super 3-form as

_ _ 1 _
B3 (2,0.8) = 2 (dZM A dzZN AN dZ"YByn i

1 ~ 1 z
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The above superfields provide hints for the existence of
gauge fields and bosonic/fermionic (anti-) ghost fields
of the theory.

Identifications: zM = (+#,0,8), 9y = (9, Dg, Ip)

B#y;r? — Bﬁpﬂ(ﬁ v, 6') BHHUQ — ?ﬁ.]j(fﬂ, 93 9_),

B#,y@ Fﬁy(l’: 9 9) BH_I_IHH- — cﬂﬁﬁ(ﬂ?,g,g),

I—'Iu
!
P‘;)"—‘P‘;)‘l—‘ﬁﬁ‘l—l
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The above superfields are the generalization of the D-dimensional local

fields (Buvn, Cuw, Cuvy Sy, C2,C2,C1,C1, By, Bu)  of the BRST and

ant1-BRST invariant Lagrangian density for Abelian 3-form gauge theor

We can now expand the above superfields in terms of the D-dimensione
local fields and secondary fields, e.g.;

Bu,u-v-?;(i‘-: 0, 6_’) — B,u-w;'(il?) + 0 E,u.v-r,r(f) + 0 R,u.v-n(ilf)
+i 66 Suvn(x),
ﬁﬂ,y(i‘-: 6,6) = Cup(xz) + 6 Ef&,)(r) + 6 Bﬁ,%;)(:lr)
+i 6060 Suv(x),
j:p-v(i’-: 0, 57) — Cfﬁ-v(i‘-) + 0 E,&%)(I) + 6 B;(;.z%)(il?)‘
+i 6 65, (x) etc.

Y.




Where (), Buvn(), Spn(), BFE},}(I), etc., are secondary
fields that are determined in the terms of local basic fields
and auxiliary fields of the D-dimensional theory by
exploiting the horizontality condition (HC)

Horizontality Condition [HC] (Soul-flatness condition)

JE’(?’) — dB(‘?’)
(D,2) * » (D)

Where:  d = dzt'0y,, d = dx"d, + dBOy + dé@g

dzt A dx? N dz" A dxP
U{B(‘?’) p— ( 4r ) H,U-IJTH_'J




Hywnp = OuBunp — OvBrpp + OnBpuw — OpBuwy

: Curvature tensor remains invariant under (anti-) BRST
symmetry transformations

l.h.s. has spacetime differentials as well as Grassmannian differentials

The H C condition leads to, e.g. (setting Grassmannian components = 0)

R:u_y-;r] — E:))H(._fm T 81; (._HT-?Lu_ T 0;] ._j,u.y,

) Ca o(2) L a n(2) 4 (2
Sy = — i (0,BS2) + 0,BY2) + 0,BL2))



The insertions of the secondary fields in terms of the basic and
auxiliary fields leads to the derivation of the (anti-) BRST symmetry

transformations; e.g.
By (.0,8) = Byum(x) + 0[0,Con + 0,Crp + 0,0
+ 8 [0,Cun + 00 Cp + 0y Ch |
+ 69 (0,85 + 0,BS + 0,Bf|
= Buuy(2) + 0(sqpBuvy) + 0(spBpun)
+06( SbSabBuvn)

This implies that (with 55 — 1M Jg,
1S 1implies tha (Wl b 00

SbB/.lL"T] — 8/_1(3],}?7 1 8},/(3?’]/_1 T 87](3[.11/':'
SabBuvn = OuCun + Oy Cnu + OnChu

Sab — ||rn C)g)




HC leads to the following BRST symmetry transformations

SbB[L.U?} — aﬂ-cb"'}’} + avcn,u. + anc,u-m 'Sbé;i.y — Bm&
—_B

SbC‘LLU — aﬁﬁy — &jﬁﬂ., Sb.ﬁ)u. — 8;102. Sbc:]_
— fﬂ-?

Sbcl — Bl? SbC‘Q — BQ? sbBﬂ, — F)u,j .S‘b(;-"ilﬂ,
SbF,u. — _aﬁ-ga 'Sbg,u.y — a,u-f.v — 8L/f,u-:
Sbﬁt — a,u-Bla Sb[B:‘ Bl& BQ& CQ& F)U.-a f)u-a B}u.z/] — O

2
b_o

The above transformations are off-shell nilpotent S




The anti-BRST symmetry

SabBuvn = 0uCun + 0uChip + 0Clv, 84Crv = B,
Sabcg.y — O;L-By — 01/5;1.; Sabf)’_,u,- — 0;1-(72; SQbe,u- — JFp.|
sapC1 = —B1, supC1 = —Ba, s54C2 = B,
SabBu = Fus sapFu = —0uB2, sqpfu = —0uB1,
SabBuy = QU-JF v Oyf,u,,

sa|B,B1, By, Co, Fyu, fu, Buy] =0

These transformations are off-shell nilpotent (Sg L= 0)




Anticommutativity property

{Sb? Sab} BMV'U # O: {Sbr Sa,b} OPW # O:

{sps Sab} Crv 7 0

Rest of the fields respect anticommutativity

{sy, Sap t¥ = 0,

W= _ﬁpn5’;&7fpﬂfp?FpannChClaOQ?CQa




Superfield formalism yields following Curci-Ferrari

type restriction

f,u- _I_ F,u- — 8#-013

B;,Ll/ + E,u.y — 8;1.(?51/ —

{Sbasab}fﬁuﬂi

_|_

8;5 [B vn

_|_

on Bug/ _I_ Buy — 8#@51} —

= By’r]_

877 [B)u,y |

By

ﬁi- =+ FM — 8#-61’
om
SbSabe,w; = SabSbB!iW?

Sb[@ué}u'n _|_ 8VC_YT];L _I_ 8T]CYHV.
S(Ib [d,UJC,uT] _I_ 81/’0?}p _l_ dnCMy

+ 0u[Bnyu + Byl

=

om



Similarly
{8ps Sabt Cw = 0, {Sbs Sab ) CH-V =0

Thus, on the constrained surface, defined by the CF-type
conditions, the (ant1-)BRST symmetry transformations
S(a)b are found to be off-shell nilpotent (S%a)b = 0) and
absolutely anticommuting (spS,p + S4pSp = 0)

Without knowledge of the Lagrangian density, we have
derived the proper (anti-)BRST symmetry transformations



Remarks

» Off-shell nilpotency and Absolute anticommutativity
»  Supertfield formalism

(Bonora & Tonin [81, 82])

» Three CF-type conditions > 3-form Abelian theory
One CF- type condition > 2-form Abelian theory
One CF- condition > 1-form non-Abelian theory

B+B=—-i(CxC)
One CF- type condition > 1-form Abelian theory

(trivial B+ B =0)



» Two CF-type conditions > Fermionic in nature |
_ _ _ Abelian
fut b =0uC1,  fu+bp=0,C1 | 3-form
One CF-type condition - Bosonic theory

ONLY BOSONIC 1-form (non-)Abelian/2-form

Abelian gauge theories

» CF-type restriction is ONE of the key features of any arbitrary p-form
gauge theory. Within the framework of BRST, a gauge theory 1s
always endowed with CF-type restriction(s) «=——> HALLMARK




» CF-type restrictions are (anti-) BRST invariant, e.g.

S(ayplfu + Fu — 0uC1] = 0O,
Syl + Fu— 0uC1] = 0,

S(a)b!Buv + Buv — (Oudy — dugpp)] = 0

» This is a key consequence of our superfield formulation




Lagrangian densities:
1 . 1 - 1 -
Lp=_— HMUWCHL}J?']C + SpSab [_ CoCy — - 010y

24 f 2 2
1 NV Y D l A A l BHYT B
-+ 5 CPC 7% LB [L 5 PP 6 Lrn
1 | 1 _ 1 _
Lg= oa H”’“”CHHWC — SubSb [5 CoCo — 5 C1C1
1 s g Lo, 1 o
+ OMCpay = BB — — &y — = B By

where kinetic term 1s generated by

A A A Al A A
i3 = g®  pg@) = (dﬂ Adz¥ A de' A de ) i
; 41 LnQ




with

Hyyne = OuByy¢ — OvBpey + OBy — OB

Finally, 1n an explicit form, we have

Lp

_|_

1
24

( ~ —
OuCim

= gHvnC g

)

_ 1
+ BH [O?PB?},(L.U + 5

O Cnp

1 1

¢ =5 B"'Buy = BBy = - B?

(Ouw — Ovdp )| + (0 0) By

OnCpuw ) (04CV) = (- B)B

( 0By — ay,Bﬁ,)aﬂ-ﬁ“ + 01 C50,Co + (8- B)Bo
(0,C" 4+ 0" C1) fy — (8uCH 4 07 C1) F,

It should be noted that, by using the CF-conditions, the above
form has been obtained



Similarly we have

1 1 S5 Y.
5 = ﬁ H;L;/?]CHHW]C . 5 BMVBWJ — BB> — E Bl
1

—~ B*|0"Byuy —  (0udw — 06y )| + (0 6) By
‘|_ (aﬁ- (_fjv n ‘|‘ 8}/ C'r] 7! ‘|‘ 8‘57 Cﬁ.p) (8; ' OU '?7) — (8 . 5 )B
- (aﬂ, B, — 8,8 )u,) "B + 0t Crd,Co + (8- 8) By
+ (8,CM +0"Cy) f, — (0,C0M + 87C)F,

i 1 i 1

The above Lagrangian densities (L5 and L) are
coupled but equivalent



Under the BRST and anti-BRST transformations

SbﬁB _ (‘_)}H[(@'“' jy?.} —l— 8;; f}?,“' + 8-?}61,15.1})8”” _l_ B,ti.ufy
— (9BY — 9BV F, + Byft — B 4 BodCy)

Sabﬁg — aﬁ_t[(a;_scrm} _I_ auém.a _I_ a.ncr,t.s,y)Em] _I_ E,{.wﬁj
_(a,t.tgy - QIJIIB;.L)FU _I_ B]_]F'u _I_ BQF,LL - B@'{LC\FQ]

This establishes (ant1-)BRST invariance



I'o show the equivalence between the above Lagrangian

densities and (ant1-)BRST symmetries 1t can be checked
that [LB & RPM, J. Phys. A (2010) ]

P — [ ] Terms that are zero on
b>~B prleeeeeeeees CF-type conditions
_ T that
SabLB — d,u[ __________ ] 1 Terms that are zero on

CF-type conditions



Let us write one term explicitly [LB & RPM (2010)]

SbL:E" _ _aﬂl[(a)u. N L Gy Omt 4 (;;)-;']CYILLU)EU?_] + B,
—(OHBY — OV BH) f, — B1f* + BE* — B5OHCH
_l_B/-LUT]((‘:);jf‘?'] — (‘);r]f;j) _l_ C{/-LU(‘:);/B _l_ C\"/.Lf/(‘:)pB]-] _l_ X

X = (HCVT 4+ §CMH + 91CH)9,[Byy + By
—(Ovpy — o)) — [H + FH — 0HC1](0uB1)

— :B;w + B)U,-Lf — (E:);L.@i’rf — a}/@“{’,u.)] (wap)

+ :]F;u. + FH — (‘:)“Cfl](aﬂ.B) T Bﬂ'paﬂ.[ﬁ/ + £y — 0,Cq]

_(91BY — 9YBM) Ou[Fy + Fy — 0,C1)

Which is zero on the constrained surface defined by CF-conditions



Ghost Symmetries:
Lgy = (OuCun + 0uChp 4 0nCpu)(OHCYT) — (0 - B)B
—(OuBy — 0yBu) (9"BY) — BBy + (8,01 4 0V Cy) f,
—(0,CH — 3¥C1)Fy + 0,0201C5 4 (8 - B)Bo

The above Lagrangian density has the following symmetry
transformations

C‘u.y — G—I_QCH.L;, C_’Pg.y — G_Qéﬂ.y, Cl — G—I_QC:]_.
Fu— e 2fu, Fu— e SF,, Bu— T35,

By — e 223, B—et?’B, By, — ¢ 2B,
C2 — €+3QC2§ CQ — 6_3962




Conserved Charges by Noether’s Theorem:

We obtain conserved currents and they lead to the following charges

Qb _ /(ZQI[HUEM(()E(T?&) 1 (E9UCTJJ'I}+6.)JJCT'IIU+ anCOU)BunJF B1f0

— (F =0 B0,y — (0°8 = 8 F+ B f + ByC
—(WCW+&6W+3%WM@m—aﬁ»—BP1

Qa,b — / dSI

— (88 = 0'8%0,Cy — ("B — I B)F, + BY%f, — B G
+ (004 O+ ICV)(0,5, — 0,8) + BoF”|

HY*0,Cy0) = (0°C*" + 070" + 9"C™)B,,, + By J°




(29 _ ([3;.1’-' [:3(_*2(*2 — :3(_*2 *2 + (E'-)UCFW} + (*'.)UC_"?}U 0?}(10;;) ) (Tl ](U
200°6" = 0'8") B - 2(0"3 — 0'3°)8; — C' f; — CV'F;
+ 2BB + 2By + C1F° + (8°C"" + 9" C™ + 9"C™)C,,

The above charges are the generators of the nilpotent and
continuous (anti-) BRST symmetries and continuous ghost
scale transformations

They obey the standard BRST algebra



The application of the continuous symmetry transformations
on the above charges produces the following algebra

s5Qp = —i{Qp, Qp} =0 = Qf =0,
S(LbQCI-b — _?.’{Qa,b& Qa-b} =0 = ng = 0,

sap@p = —i1{Qp Qup} =0 = QpQup + QupQp = 0,

sabQ@g = —ilQg: Qupl = +Qup = ilQg: Qusl = —Qup



These are the standard algebra of BRST formalism.
As 1t turns out

Q(a)b|ph'y-9> — 0 = First-class constraints |phys) = O

Thus, the BRST formalism gives standard results.

Superfield formulation: Any arbitrary p-form (p=1, 2, 3, ....)
Abelian gauge theory in any arbitrary
D-dimensions can be described 1n the
language of BRST approach

» Off-shell nilpotent & Absolutely Anticommuting (anti-) BRST
symmetries are natural consequences!!



Abelian 1-form gauge theory

Clustering of
(B —+ B = 0, B = —B) - CF-type condition



Abelian 2-form gauge theory
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sy B(3) = qc(2) Abelian 3-form theory

e |
BG) =1 (d# A da” A da)

B LV E = O, ¢ C f,
fL + Bp.u — d,u.@u — duf;b,u., f,u. + F_;u. — a}uél f + F;
L T pn — a,u. Ch



Future directions:

v'Non-Abelian Generalization

v'"Merging of 1-form and 3-form theories

v'Merging of 2-form and 3-form theories
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