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Superstring sigma models

It is possible to describe Green-Schwarz superstring via sigma
model action with target space being IA-_/G supercoset, such that
I:_/G is the superextension of bosonic coset, being bosonic target
space, to the corresponding superspace. We are interested in the
space-time configurations being AdS, x S", n=2,3,5, considered
as bosonic target space of superstring sigma models.



Supercosets
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Ad 2= :
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Pohlmeyer reduction

After Pohlmeyer reduction and fixation of local fermionic
r-symmetry (Grigoriev, Tseytlin, 2007) we obtain the following
fermionic (g)WZW model on G/H coset, deformed by potential
terms. Here the subgroup H of the group G is defined by the
condition

[T,h]=0, hen, Tef/g

In case of n =2
G =U(1) x U(1), H=10,
in case of n =3
G =SU(1,1) x SU(2), H=U(1) x U(1),
in case of n=5

G = SO(1,4) x SO(5), H = [SU(2)]*



Equations of motion of PR superstring

PR procedure and fixation of local fermionic x-symmetry results in
the following equations of motion for PR superstring:

D_(g7'Dyg) — Fie = y2[T, g ' Tg] + pu[Vr, g *V,1g],

D Vg=nu[T, g Wg], DV, =uT, gVrg ],

where covariant derivatives are defined as Dy = 9+ + [A4, -], and
gauge field strength is given by

Fro=04A- —0_AL +[Ay, A,

where 2d gauge fields A+ take values in algebra h of the group H.



PR superstring action

Those equations of motion are derivable from the following action

Stot = Sewzw + 12 / d?*0STr(g~ 1 TgT)

+ / d>oSTr(V, TDL W, + WRrTD_Vg) + uSTr(gVrg1V,),
where Sz is the action of G/H gWZW model:

Sgwzw = Swzw + Sgauge 5
1 _ _
Swzw = 5 / d*oSTr (g7 '0,88 "0-g) —
1
c / d>0e?°STr (g7 0288 " 0bgg ' 0c8)

Sgauge = /dZUSTr(AJragg_lAg_18+gg_1A+gA+A+A).



Equations of motion of PR superstring are covariant with respect
to the following H x H gauge transformations:

g — hgh™, WV, - hVU At Vg — hWURH L,

A, = h(AL+0)h™ Y, A_— h(A_+0_)h7t.

The action is invariant with respect to the diagonal gauge
transformations with H-valued parameter:

g— hgh™, VW p— hV gh™t Ay — h(AL+01)h L.



The following algebraic constraints are the equations of motion on
gauge fields AL, following from PR superstring action:

(g 'Dig)n =2(TVR),
(gD-g ) =2(TV])n.



Worldsheet supersymmetry?

In the case of n = 2 the action possesses N = (2, 2)
supersymmetry and is equivalent to the action of N = (2,2)
superextension of sine-Gordon model. Corresponding N' = (2,0)
supersymmetry transformation laws may be extended

(M. Grigoriev, A. Tseytlin, 2007) to the cases of other n as

56Lg - g[T7 [‘URv 6L]]u 56L WR - [(gilD-i-g)Ha 6L]u

S Vi =pul[T, gerg™, 0,A =0, 6, A =ullg*Vig), e,

where matrix SUSY parameter is ¢; € ?IL (it is similar for
right-chiral supersymmetry transformation laws with parameter

€R € %L ). However, the action is invariant only when condition
[er, h] = O is satisfied,which takes place only in the case of n = 2.
The way to circumvent this problem was proposed in the work
(M.G., E. lvanov, 2011). The problem was also solved in works by
Schmidt and Hollowood, Miramontes.



Modification of PR superstring action

Let us use Polyakov-Wiegmann representation for gauge fields AL:
A+ = —(9+uu*1, A_ = —a_L_llTlil,

where u, o € H. General H x H gauge transformations of the
fields A4 are reproduced by the following transformations of
“prepotentials” u and @:

u— hu, u— hu.

Notice that the values of gauge fields in prepotential representation
are left unchanged under right transformations of fields u, u with
holomorphich and anti-holomorphic parameters (KM symmetry)

u—uw(o), u—oo(oh).



Consider the following modified PR superstring action:
Stot = Stor = Stot + Sa

where S;ot is the original PR superstring action (with gauge fields
represented via prepotentials), and

S2 = Swaw(B)
is WZW action for field B = u=1i € H. Due to PW identity

Sewzw (g, u, 1) = Swzw (u~'gT) — SyDy, (u7'T),

and therefore modified gWZW action is simply WZW action for
“rotated” bosonic field:

SéWZW(ga u, i) = Swzw(uflgﬂ) )

Notice that the action Sj,, is invariant under the full H x H gauge
group.



Supersymmetry of modified action

Problems with infeasible restriction [¢;, h] = 0 may be evaded if
one uses prepotential representation of gauge fields, introduces the
object

€ = EIELfl_l ,

and starts with modified action S; ,. Consider odd (2(n — 1),0)
chiral transformations

5€Lg = g[Tv [\URv gL]]a 5€L Vg = [(g_lDJrg)Ha gL]a

56L \UL = M[Ty gng_l] ) 56L A+ = Oa 5€L A= :u[(g_l\ULg)L7 gl—]



To show the invariance of the action S;,, under those
transformations it is convenient to start with “massless” © =0
case. Then gauge fields are not transformed, and therefore original
action Syt (which differs from modified action Sy, by term,
dependent only on gauge fields), also appears to be invariant. The
key relation in the invariance of the massless action is

D_¢ =0



Then, in massive case SUSY transformations of potential A_ lead
to non-local transformations of prepotential u. The later are
obtained as solution of equation

D_(sau ) = ulér, (g Vig)t] =

i l0a=p(0-) 7 (771 (67 Vig) a) -

Holomorphic function f(c™) € h, arising as integration constant,
may be absorbed in KM transformations of the field &. This
consideration is applicable to both n =3 and n =5 cases. In
difference from the case n = 2, now we have gauge fields and
prepotential, non-trivial transformations of which enable the
invariance of total action.

(0-+A_)u=0 = 0= Pexp{— /U do~'A_(o7",0)}o(a™).



On-shell supersymmetry
Variations of PR superstring equations are given by expressions

5 (DyW, — [T, gWre™Y]) = 2uT (g0+, dg )",
§ (D-Wg —p[T, g 'VWig]) =0,
0 (D-(g7'Dyg) — Fy— — p°[T, g ' Tg] — p[Vr, g 'Wi1g]) =
plg'Vig, [6, O4]],

where 5
O =(g'0ig+8 'Arg —2TVE — A .

Define current O, = 5O, 0. On shell 9_O, = 0. Then we

represent it as

Oy =00,671

and replace SUSY parameter by

€ = (f)GL(f.)il.

With such modified parameter equations of motion.are invariant.



Current @Jr is invariant under gauge H x H transformations, but
behaves as gauge connection under action of holomorphic KM
transformations:

Oy — oY O0r+0y)w,

or, in terms of prepotential &,

-1

Ep

b - @
therefore it is possible to choose the following on-shell gauge
=1 < @+ = O+ =0,

which is preserved, if every supersymmetry transformation is
accompanied with compensating KM transformation. In this gauge
equations of motion are covariant.



Conserved supercurrent

Supersymmetry transformations with localized parameter
€. — €.(ocF,07) give supercurrent components, entering variation
of action via relation

0Stot = /d20(3+6LJ +0_¢€1Jy).
Explicitly
Jp =0 (g7 D1g)l, [T, Wrlla+plo= (@ (g Wig) 1), 041,

Jo=—pi gV g)'D.

On shell it takes place conservation law:

8+J7 + 87J+ = 0 .



Closure

Odd (4,0

) ((8,0)) transformations in n = 3 (n = 5) model are split

into (2,0) transformations with complex Grassmann parameter 7.
Each of (2,0) brackets are closed on translations with parameter

at = 7](2)7721) — 7](1)7722) and half of gauge transformations

(0102 — 0201) g = =220, g — 22T A, g+ g(2at AL + Q),
(6102 — 0201) Wp = —2aT 0, W + [Wg, 2aTA, + Q],
(6102 — 6201) Wy = —2a% 0, W — [2aT Ay, V],

(6100 — 0201) A_ = —2at9,A_ + D_(2a* AL + Q),
(6100 — 0201) AL = —2atd, AL + Do (2a%AL) =0.

The similar formulas are valid for right-chiral (0,2) supersymmetry
transformations.



Supersymmetry of the original action

Notice that the choice of gauge u = & =/ in the action S;,, may
be equivalently interpreted as change of variables:

g = Ué’ﬂfl, Vv, = U\TJLUil, VUp = U\TJRﬂil,

where u and U are not assumed to be equal to /. Then, SUSY
transformations in the gauge u =0 =/

e, & = g([T.[Wr, e]]+0h), 6, Vr=[(g0+8)l, eL]+[VWr, A,
S, Vi =p[T, gerg™], 6AL =0,

with all fields, replaced by those with tildas, obviously leave
invariant the actions Syt and S, in S, independently, because u
and T, and, consequently, additional term S,(u~11) are not
transformed at all.



Then, returning back to the original variables in S;,, we can easily
check, that non-local transformations, leaving action S;o; invariant,
look as:

5. & = g([T,[Wr, &]]+6h), 0, Vr=[(g *Dig)l, &]+[Wr, 6H],

56[_ "UL = N’[Ta gng_l] ) (5A:|: = 07
where now 6h = p(D_)"1[¢1, (g W, )t



