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GALILEAN CONFORMAL SYMMETRIES AND
SUPERSYMMETRIES

1. Three versions of NR conformal symmetries

- Schrodinger algebra Schr(d) and its generalization Schrn(d)
- Galilean conformal algebra (GCA) - C(d)

- oo - dim algebra of NR conformal isometries
2. Galilean conformal symmetries - arbitrary d

- two contractions: “physical” ¢ — oo and “geometric”’ Inonu-Wigner

- realizations of GCA (o-model type, NR twistors)
3. Galilean conformal supersymmetries (SUSY GCA)

- two contractions and fermionic new charges: algebraic structure

- quaternionic structure and Galilean supertwistors

4. Final remarks
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1. Three Versions of NR Conformal Symmetries

“Physical” contraction ¢ — oo:
relativistic (super)symmetries — Galilean (super)symmetries
Usually performed on the level of Lie algebras:
Example: Poincaré algebra P(D =d+1) — Galilean algebra G(d)

(Mp,u — (Mera Mor)a Pu — (PT7 PO)) C — OO >M’I°89BT‘7 P'MH
w,v=0,1...d r,s=1,2...d

Rescaling: M,g9 = c¢B, Py = mgc+ % B; - Galilean boosts
P(d) = O(d, 1) € TH! ——G(d) = (O(d) ®R) ¢ 724
One can also study the ¢ — oo limit of space-time and of space-

time differential realizations

xy = (Tr, To = ct) oo CL’L]YR = (zr, 1)

Minkowski space NR space-time



Second way of getting NR symmetries - from isometries of NR
space-time (&Z,t) € (R® ® R)

Relativistic space-time: conformal Killing vectors =
= finite-dimensional relativistic conformal
algebra O(d 4+ 1,2) = O(D, 2)

Newton-Cartan structure of NR space-time (R¢ @ R)
NR conformal Killing vectors =
= oo-dimensional (Galilei-conformal Lie algebra

In flat space: vector fields are parametrized by 2 + d(dz_l_ 1) func-

tions of time
X = h(t)2 + (wrs(t)zs + Br(t) + kr(t)zszs

+2k5(t)xrxs + X(t)wr)aiwr
Special choice: generalized Schrodinger-Virasoro Lie algebra

0 o
Xgv = Zh(t)a + (wrs(t)ws + Br(t) + h,(t)wr)awr

z 1s a dynamical exponent entering the solutions of Killing eqs.
OrXs+0s Xy =0rsf WXy =g [f+29=0 X = X,0r+ X0
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In general z can be rational.

If z = % (N integer) one gets

finite-dimensional generalized Schrodinger algebra Schrn(d)
(Duval, Horvathy 2011)
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a) Schrodinger algebra - Schr(d) = Schri(d) N =1, z = 2
(Mys, Py, H, B, D, K)

Galilean algebra extra 2 generators D, K

b) Galilean conformal algebra GC'A : C(g) = Schra(d)

(MTS?P’mHaBBaF’mDaK) z=1,N =2

Galilean algebra extra 24d generators

Galilean algebra G(d) = (O(d) & R) « T3¢

Schrédinger algebra Schr(d) = (0O(d) ® 0(2,1)) « T?¢

Galilean conf. algebra C(g) = (O(d) ® O(2,1)) « T3¢
Generalized Schr. algebras Schr n(d)=(0(d)® O(2,1))e T(N+1)d
(Newton-Hooke (NR) algebras - (O(d)®0(2)) € T?¢,

(0(d)®O0(1,1)) € T2%) nonlinear change of Galilean time:
R — O(2) or R — O(1,1)



If d = 0 one gets
Schr(0) = C(0) = 0(2,1) C(0) =(H,D, K)
D,H|=—-H |[K,H=-2D [D,K]=K
Unique conformal algebra in D = 0 4+ 1 = conformal classical
and quantum mechanics (de Alvaro, Fubini, Furlan, 1976)

If d > 0 difference between Schr(d) and C(d)
SChT(d) . [_D, Bfr] — _Br C(d) . [D, Bfr-] — O

For Schrpn(d) : D, By] = (1 — %)Br
D 9 + ° ta =X t = ANt
= € > € p— €PT pu—
"8x, N Ot " ’

Only for CGA (N=2) space and time rescales identically.
In Horava approach to gravity IV :% (z=3) - no finite-dimensional

z—=3 CGA.
Schrpn(d) studied also by Henkel (1994), under the name of

altﬂ (d)
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2. Galilean Conformal Symmetries

Mpy, Mpr] = nurMyp — NupMyr + upMpr — NurMyp
:Mum Pp] = NMvpPu — NupPv [Pua P, =0

My, Kp| = MvpKp — nppKy Ky, Ku] =0

Py, Kv| = 2(nuwD — Mpy)

D, M) =0 D, Py| = —Py D, K| = Ky

“Physical” contraction of relativistic conformal algebra:
Crel(d) — (M[u/ — (M’I“Sv MrO)v P,u — (P’rv PO)? Dv Ku — (K’rv KO))

Rescaling before taking the limit ¢ — oo
Po=% My, =cBy Koy = cK K, = 2F,
T T

M,s, D, P, — not rescaled expansion accelerations



Galilean conformal algebra (GCA) - C(d):
d-dimensional Euclidean Weyl algebra (Mg, Py, D) +
+ additional generators (H, K, B, F})

C(d) =(0(d) ® 0(2,1) « T34

/ T )
M,s T,=(H,D,K) Abelian(P,, B, F)= A,
|
O(d) 0O(2,1)
index index

. r=1...d a=1,2,3
Covariance: [Mygs, At q] = 0stAr.a — 0rtAs,a

(Nab = (1,1, 1)) [T, A'r,b] — NabCA'r,b
GCA has no central charges except if d=2 (D=2+41).
One obtains so-called ‘“exotic” central charge 60
(B, Bs] = O¢g (r,s =1,2)
The mass mg occurring as central charge in G(d) is not possible
in GCA. For Schrpn(d) mg # 0 as central charge only for N=1,
z—2, i.e. for Schrodinger algebra.
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Second “geometric” WI contraction:
One can rescale P, and K, without changing relativistic con-
formal algebra

D T _ ¢—1
P, =¢&P, K,=¢ K,
Composing this rescaling with “physical” one and putting &€ = ¢
we get unchanged Py, Ko, D and M;; and

f)rzépr ﬁrzéK’r Mroszr
One can decompose O(d + 1, 2) as symmetric Riemannian pair:
O(d+1,2
O(d+1,2) = (O(d) ® 0(2,1)) & O(2E1)_|_®O()d) —hOk
T ) )
Mg (P07K09D) (Mrﬂvprv Kr)

h,=hy, kil =¢tk — 0(d+1,2)S .C/(d)

— OO

The coset generators k; are becoming Abelian (Barut 1973).
This is standard Wigner-Inonu contraction.
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Realization of GCA symmetry = o-model constructions

«) d=0 - AFF conformal mechanics (Ivanov, Krivonos, Le-
viant, 1985)

Go = etH 12k gtk D z=2z(t) u=u(t)
Qo = Gy 'dGo = i(wg H + wg K + wp D) dz = 2dt du = udt
One can write wp = du — 2zdt = Dwpdt = (4 — 2z)dt etc.

Constraints - wp=0 = z= %u
“inverse Higgs mechanism”: | w_ = 7_1w K —Ywg =0
One gets field equations
. 2 -3 L %
pP=770P p—=E¢€

The constraints and e.o.m. can be obtained from the action:

So=— /w+= —/dt[€“(2+22)+726_“] wi =7 'wk +ywnH
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B) d>0 - extensions of AFF conformal mechanics model
(Fedoruk, Ivanov, J.L., PRD 2011)

G . . . zy = 2r(t)
— O Zli — GO . e""’BTP'r ez'U'rB'r ezfrFr Vyp = ,Ur(t)
( ) Jr = .f?“(t)

Q —_ QO —I— 'i(CUP,TPr —|— wB,’I”BT‘ —I_ wF,’T’FT') wCL,fr —_ DwCL,rdt

Two actions:

Wa,rw
7:) SC(il) — /mab a7 b’r — /dte—umab DWa’rDWb’r
WH
where wy , = ~lwp,. — ywp, one gets GCA-invariant model

s = Z/dtpz[w +y tor(pp — VAt =y — v

.. 2 specia
i) ( )_m/(mabwa r&h r)1/2 peoy /dt(Dw-l-,"“Dw-l-ﬂ“)l/z

ch01ce
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From Sc(iz) one gets the same equations as from Sc(il) but sup-
plemented with the mass-shell condition

) .
(PP —m*) =0 Pr=e"XT

1) d = 2
In the presence of central charge 6 one gets the extension of
AFF model which is a decoupled sum of two models

3 2 v 6
S( ) = /dt(f’ — ? + EersyﬁﬁS) Yyr = e Ty

Second term leads to higher order equation as firstly appeared
in (J.L., Stichel, Zakrzewski, 1997). It was linked with classi-
cal mechanics on noncommutative 241 space-time with higher
order Chern-Simmons type action.
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Realizations of GCA (for d=3) = NR counterpart of twistors
(Fedoruk, Kosinski, J.L., Maslanka, PRB 2011)

D=4 relativistic twistors ~spinorial realization of O(4, 2)~SU (2, 2)
For NR conformal algebra some modification:
d=3 NR counterpart spinorial realization of
of twistors ~ semi-simple part of GCA:

= Galilean twistors OB)p0O(2,1) ~SU2)p SU(1,1)

Penrose twistors NR contraction Galilean twistors
tg = (Aa,w®) C ct ’ to,i € M>(c)

ta and t, ; are the same variables - only in NR contraction do

disappear the transformations extending O(3) & O(2,1) — O(4, 2)

and they transform under GCA as 2 X 2 complex matrices
Quantized Galilean twistors (N copies: k,1=1 ...N)

w;j —SU(1,1) —Hermitean metric

(k) #0)1 _ skls . ...
[t t ]_5 5a5w23 5dﬁ_SU(2) —invariant metric

a,t’ "3, j
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Basic question: can one introduce the bilinear N-twistor real-
ization of GCA using quantized Galilean twistors?

Relativistic Yes, even if N=1 one gets one-twistor realization
case: describing e.g. massless relativistic particle.

For N Penrose twistors tgc) = ()\&k), w(k)B)
(k=1,...N) we get e.g.

N N
Pu=Y Ay = p =Y AN p>o
Galilean - one-twistor realization is not possible
case: - for N> 2 one can introduce a twistor

realization of GCA but for any N

the generator of time translation H is indefinite
i.e. H> 0 not valid.

Galilean twistors require nonstandard QM!
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3. Galilean Superconformal Symmetry (SUSY GCA)

Mathematical problem: supersymmetrization of non-semisimple

GCA.
In d=3 (D=3+1) the semisimple part of GCA is supersym-
metrized via quaternionic supergroups:

O(3)DO(2, 1) ~ O*(4)~Ua (2| H) susy UaU (2, N|H)~OSp(4*|2N)

Bosonic sector of

UnU(2;N|H): Uga(2|H)QU(N|H)=0*4)®USp(2N)

N=1,2: U(1;H)~SU(2)~0(3) U(2;H)~USp(4)~0(5)
Fermionic sector of UqU (2; N |H):

2NN quaternionic supercharges «<» 8N real supercharges = 8N
complex supercharges with SU(2)-Majorana subsidiary condi-
tion.
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What about supersymmetrization of Abelian sector?
=1,2,3 (d=3
(PT,BT, Fr) — Ar;a Z — 1’, 2”3 ( )

We supersymmetrize the coset decomposition of relativistic D=4
CA with stability group given by semisimple part of GCA

SU(2,2) SUSY SU(2,2:2N =~ 7

O0*(4) @ 0,5(4)) Y U U2, N|H) & UaU((Z;N|H)) —hok
_ 2
B:6 9 B:6+N@N+1) 9N@@N-1) U2N)—4N
generators
F: 8N 8N

N(2N + 1) - the number of generators of USp(2NN) = U(IN|H)
N(2N —1)= 4N?—-N(2N +1) real generators of U[gg(]zv]z,)

If we rescale k = £k and perform WI contraction &€ — 0 of sym-
metric supercoset decomposition for SU(2,2;2N), the genera-

tors k become the following Abelian superalgebra:

17



- Fermionic: 8N real graded - commutative charges obtained
from fermionic generators in k (will denote by Q™)

- Bosonic: 9 real generators (Pr, By, Fy) C CGA and N(2N — 1)
internal tensorial central charges from k.

The WI contraction of the supercoset leads to the following
structure of N-extended d=3 SUSY GCA (Sakaguchi, JMP

2010, Fedoruk + J.L., PRD 2011)
i) Semisimple superalgebra OSp(4*,2;2N)=U,U (2; N|H)
-~ O+t —
@0} cor@UspeN) | SN re

supercharges

ii) Graded Abelian algebra of fermionic charges
{Q_a Q_} =0
iii) Supersymmetrization of bosonic tensorial central charges

{0+,Q"} C {(P, By, F;) ® N(2N — 1) internal charges}
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Interesting: N-extended SUSY (GCA can be obtained explic-
itly by “physical” contraction ¢ — oo (de Azcarraga, J.L., PLB
2009, Fedoruk, J.L., PRD 2011)

In order to obtain the supercharges (@"", @_) we project
8N Weyl SU(2,2|2N) supercharges (Qg. i, Sa,;:) (@ =1,2,
t=1...2N) as follows

_ breaks O(3,1) —
Qi:,i = 5(Qa,i £ capfij@g:;) <—r>eg(?’>) o )

+ _1 n S _( 0 1IN
Sei = 2(Sai T €apijSs..) Qi = (—]11\1 0 )

= Q(j;z = te JQB j SU(2)—Majorana or
_ :I:, n =  Majorana-symplectic
= Sa,i — L 59 Sﬁ subsidiary conditions

and define Q+ (Qa ,2” (_xl_,i)’ Q™ = (Q;,i’ S(;,z')

19



The “physical” rescaling is given by (rescaled denoted by “A”)
1 N 4 c—00 <+
Qg’i:%QZ,i Qaz—\/EQaz Q = — Qaz’
Q — ~ €00 :|:
= Ve S;_,i Sa,i = (VE)*/? Sai Sayi = Sa,

(82
as well as by

E,g = /ﬂg in ¢ — oo limit: hG € USp(2N)

kB =ckB  inc— oo limit: kg c TNEN-1)

Performing the “physical” contraction in all SU(2,2;2N) re-
lations one obtains explicitly N-extended d=3 SUSY GCA.
For odd N the possible contractions of SU (2, 2; N) have patho-
logical properties - do not “supersymmetrize” all generators of
GCA. The model by Baghi, Mandal (2009) for N=1 provides
(F = (QF,5%))
{FaF} C (PfiaBiaFi) (no HaKaMij!)

Most unwanted feature: H is not a bilinear in F
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fundamental realizations of

Galilean supertwistors - maximal compact sub -superalgebra

gag = (q1, g2;01... HN) UaU(2; N|H) = OSp(4*|2N)
of SUSY GCA

We see that (Galilean twistors and supertwistors are endowed
with quaternionic structure:

— fundamental representation of Uy (2; H) = O*(4) ~
(91, 42) ~ O(2, 1)%9 O(3) (space-tirﬁé sect)or) ()
(61,0) — fundamental representation of Uy (IN; H) = USp(2N)
(internal sector)

Remark: We presented d=3 (D=3+1) case. One can describe as
well Galilean conformal algebra for d=2,4.5 (D=3,5,6) and their
supersymmetrization (Fedoruk, J.L., 2011). In D=3,6 one gets
infinite sequences of superalgebras. For D=5 unique relativistic
CA is obtained as exceptional superalgebra F(4) with real form
providing bosonic sector O(5,2) @ O(3)

F(4) = OSp(4*|2) & 0558%2) contraction D=5 SUSY GCA
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4. Final Remarks

The table for D=4 simple Galilean (super) conformal symmetries

Poincaré C — Q9 (alilei
0(3,1) € T* (O(3) ® R) € T®
! l
conformal cC — o9 (Galilean conformal
O(4,2) (0(3) ® O(2,1)) € T?
] !
superconformal N=2 cC — OQ Galilean superconformal
(Wess-Zumino) / OSp(4*;2) e T10:8 =
SU (2, 2;2) = Uy (2;1|H) € T10:8

T10:8 g graded Abelian superalgebra (Qa ,1 oz’L’

with 8 real fermionic and 10 bosonic generators

P’l”? B’I"? F’l"? A)
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Question: how looks general Galilean N-extended SUSY?

First step - without (Galilean central charges:

Galilean N-extended SUSY is a sub-superalgebra of Galilean
superconformal algebra =- Galilean SUSY inherits the quater-
nionic structure and internal symmetry USp(2N).

Two ways of supplementing Galilean SUSY with the most gen-
eral Galilean central charges (N(2IN-1) real ones):

a) By making general ansatz and studying Jacobi identities

b) By considering “physical” contraction ¢ — oo of 2N-extended

Poincaré superalgebra with complex ZN(ZéV —1) central charges

- one gets after suitable rescaling by ¢ and % in limit ¢ — oo
the same number of Galilean central charges. One of (zalilean

central charges is the mass parameter mqg (J.L., PLB 2011)
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Presented algebraic set-up should have link

with various applications, e.g.

- N - extended SUSY of superconformal me-
chanics models, eg.

ofOI'(j
ofOI‘d

=3 with N=4 O0Sp(4*|2) model
=5 with N=8 OSp(4*|4) model

- Nonrel

ativistic p-branes (Gomis, Kamimura,

Townsend, JHEP 2004)
- Galilean (super) conformal field theory
- Nonrelativistic AdS/CFT (e.g. Bagchi, Gopa-

kumar

, JHEP 2009)

' THANK YOU !
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