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Self-duality in higher dimensions

generalized Yang-Mills anti-self-duality on a Riemannian manifold M ¢:

«F = - AF for F=dA4+AAA and X e A“%M)

apply gauge-covariant derivative D = d 4+ [A, -]:
DxF + dXAF = 0 <  Yang-Mills with torsion H = xdX~ € A3(M)

follows from the action

Sym + Scs

/Mtr{F AxF 4+ (=) 3T AFA F}

[ tr{FAsF + Jax A (4da+34%))

can also consider the gradient Chern-Simons flow on M

dA )
— = x—5 = dX A F
>l<d7‘ *(5A CS

this follows from ASD on M = R, x M (in A-=0 gauge)



Q: which manifolds admit a global (d—4) form? A: (weak) GG-structure manifolds

key examples:

d=6: SU(3)-structure, e.g. nearly-Kahler 6-manifolds, like S® = —83(23)

structure: 2-form = =: w with dw ~ Im and dRe2 ~ w? for 3-form

d=7: Goy-structure, e.g. nearly-parallel G>-manifolds, like Xy, , = S(Ul()?e
structure:  3-form > =: ¢ with diy ~ *

d=8: Spin(7)-structure, e.g. cones over GGo-manifolds
special cases: Calabi-Yau 4-folds (SU(4)), hyper-Kahler (Sp(2))

for our coset-space examples M = % we take the gauge group to be G



Six dimensions: nearly-Kahler coset spaces

all known compact examples are nonsymmetric coset spaces:

g6 — Go Sp(2) SU(3) G363 — SU(2)xSU(2)xSU(2)
SUB)’ Sp(1)xU(1)’* U@)xU(1)’ SU(2)
coset structure: H <G — g=hdm with [h,m] Cm

3-symmetry: S:G— G with S3=id automorphism
— sig—g with s|p=1, s|m:—%—|—§J 2T rotation

Lie-algebra basis: {Ia,=1,...,6 ) Iz’=7,...,dimG} with  [Ig, Ip] = fébli + fgblc
Cartan-Killing form:  (.,-)g = —trg(ad(:) coad(:)) =3 (-, )y =3 (-, )m =1

canonical 1-forms framing T*(G/H): €%, furthermore: ¢! = e’ e® —

g:(sabeaeba w:%‘]abea/\eba Q:_%(f_l'ijf)abcea/\eb/\ec



nearly-Kahler accident:

xF = —wAF S 0 = dwAF ~ ImMQAF S DUY equations
in components:  SeqpedefFer = —JapFea) — 0= fup.Fp
for this ASD equation we have an action: Scg = — [y/tr{w A F A F}

hence, each CS flow A, ~ f,;.F,. on MP° ends in an instanton

consequences of ASD: wiFF =0, ReQ2AF =0, DxF =0
in components: WapFup =0,  (Jf)ybeFpe =0, DgF, =0



H-instantons: unique G-inv. connection is canonical, A" =¢' [, —»

Fean — _%féb NP T, v

(G-instantons: G-invariant connection on G/ H reads

A=¢e I, +e* Dy I,

ansatz (generalon S®):  ®,, = ¢1 5, + o Ty & D = ¢p1l+poJ

1,1 2 2 ' T
curvature:  Fp, = Fiot 4+ F5999% = (j02-1) 11, I, + [(D2—D) flape I

3-symmetrici DUY & &2=0o = =0 or &= exp{%J}

—  three (flat) G-instanton connections Ak) = el [ 4 et (sk1), k=0,1,2

besides canonical (curved) connection AN = ¢t [,



Seven dimensions: cylinder over nearly-Kahler cosets

nearly-parallel GG» accident:

xF''= —yY ANF Sl O = dyANF ~ xp A F — 0 =

- : 1
INn components: 5€abedefgt'fg = —Vlabel de] <— O = YupeFoe

again, there exists an action: Scg = [/ tr{v A F A F}
hence, each CS flow Ay, ~ ¢,,.F,. on M’ ends in an instanton

consequence of ASD: DxF =20 (in components: D, F,;, = 0)

Yo F



consider M = R, x % with % nearly-Kahler and metric g = (d7)2 4 5, e%e?

natural G»-structure 3-form:

Yy = dr Aw+ImQ ImE2 e Scg = M¢Aﬁ’Aﬁ’ = /MdTAw/\ﬁAﬁ

reduce ASD from M = R-x M to M:
¥F = -y AF — sA = dwAF & wiF =0

operator x(1) A -) has (eigenvalue, dimension) = (-1,14) and (2,7) = 7 equations

flow endpoints dw A FF = O are instantons on %

Yang-Mills with torsion:
D*ﬁ—l—dT/\dw/\ﬁ’ =0

torsion H = —%m x (dr ANdw) <= Ty =~k [y With k=3
we will allow < to deviate from the ASD value 3



ansatz for connection: A = dr Ag+e'I; + e [P(7) I]a gauge Ap =0
curvature: Fp, = [®I]a and Fy = (|®2-1) £, I; + [(P2—D) flape e
YM + torsion = d = (k—1)P — (k+3)P2 + 4PD2 p*-type!

follows from the action  S[A(®P)] ~ [gvol [pdT {3|d>|2—|—V(<D)}
H

with  V(®) = (3—k) + 3(k—1)|®]2 — (B4k)(P3+D3) + 6|d4

this is a complex ®% potential without rotational symmetry but with 3-symmetry!

equation of motion 3® = £ is Newtonian mechanics on C with potential —V



‘36 — Go

Sufo

this gives all solutions for the case

SU(3) ¥ . . . -
for U(1) < U(D) the general GG-invariant connection contains 3 parameters &, € C

the action reads  S[A({P})] ~ f%vol fRdT{|<i>1|2+|¢2|2+|¢3|2+V({¢})}

V®}) = B=r) + (s—1)(|P1*+|P2]>+|P3]?) — (k+3)2Re(D1PrP3)
4+ |P1Po|? + [Po®3]? + | P3P [? 4 [P1]* + |Po|* + P3|

— OV
0D

the U(1) xU(1) Noether charge conservation &;®;—®;P; = P, P,—D;P;

due to symmetry (d1, Po, P3) — (€91dbq, el%2db5, e93d3) with §1+>+d3 =0

the equations of motion ®; (3 particles on C) must be supplemented with

specialization: &P = Py > Sp(Slggd(l) , P =Dy =Py y 83(23)
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Seven dimensions: solutions

finite action & trajectories between points ® with dV(P) =0 = V(D)

these are precisely (with two exotic exceptions) the DUY solutions on %:

b, = e2mki/3 with ¥, k;=0 (for any x)
®; =0 (for k=3: V(0) = V(1) = 0)

two types of trajectories:

radial type: (0,0,0) — (1,1,1) carry over to S°
[only for k=3] (0,0,0) — (1,e27/3 g—2mi/3)
transversal type:  (1,1,1) — e271/3(1,1,1) carry over to S©

[for any x-valug]  (1,e271/3 e=271/3) _ (2mi/3 g—2mi/3 1)

numerical analysis:

k| > 3: radial bounces
x = —+3: radial instantons x = —3: Mexican hat
k| < 3: transversal instantons
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kr = +3: gradient flow

I let us specialize to
i C|>1=C|>2=CD3=ICD & 56
0.5 [ VU
- | L - AV L OW
with W = 2(®3+33) — |9
st admits analytic solution:
1 _ 2mk g
-1.n_— .,'_ cb =e 3 (§ Z|Z §tanh ﬁ)
‘1'5_-'1'_5-- T e et real function W is a superpotential:
contour plot of V(@) for k = +3 V =6 |% 2 for =43
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x = —1: hamiltonian flow

remain specialized to S©

N o0V
3¢_% <~

with  H = (34+P3) — [o)?

o 1 OH
V2 = +i 7%
admits straight transverse trajectories:

and images under 3-symmetry action

why does this analytic solution exist?
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contour plot of superpotential W ()

(appliesto x = +3 and &
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What kind of gauge bundles £ emerge from our solutions ®(7)?
F(r) = drAet [®1]a + 3eAeb{(|®2-1) £, I; + [(P2=P) flape I}
interpolates between critical points of V: F(—c0) — F(0) — F(+4+o0)

hamiltonian flow: &gt — Esaddie — Exaty for = —1:

F(r) = Y3(cosh 2 D){ddrAe® [T 1o — 5 “Nel(fiy I; — fape L)}

gradient flow: Ecan = E{qqie — Eflay  for v = +3:
_ 1 -2 \/§ b
F(r) = ;i=(cos ;—ﬁ){idﬂ\ea Io — 2 e Nb(f1, I; + fape zc)}

(1$tanh )ea/\ebfZ

27rl<:
plus 3-sym. action I, +— [s¥1], = [e 3 1],
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The story in eight dimensions

consider Mg =R?x & withmetric gg = (d7)2 + (do)? + 5, e%e®

Spin(7) structure defined by 3> = %w/\w + wAdTAdo — ReQ2AdT 4+ ImQAdo

(w+drAdo) s F = 0

1

> -anti-self-duality: > NF =—xgF & 5
s = —3¢apy5t"

reduce over o to R, x &: S — Y =wAdr+ ImQ G structure
Jab Fab = 0

get ¢-anti-self-duality: YVNANF = —x%x7F & {
OrAq ~ fachbc

reduce over 7 1o R, X %: > — ¢ =wAdo+ ReQ G structure
Jab Fab = 0
OgAg ~ [Jf]abc Fbc
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get -anti-self-duality: ¢ A F = — %7 F & {



differentiate new self-duality equations:

YVANF = — %7 F — DxF —drAdw A FF =20 & k=43

VAF =— %7 F — D+F + 3drAdw AF =0 & r=-1 |
ansatz A =¢€'I,+e* [P ], obeys J,F,, =0 andyields
OrAa ~ fape Foe — V2o =127 gradient flow

0o Ao~ [Jflape Fpe  — V2D =494 hamiltonian flow

remark: d=7 flow is actually equivalent to Spin(7)-anti-self-duality in d=38:

*8F8 = —Z/\Fg —— *7A7 = dlﬂ/\F7

operator xg(> A -) has (eigenvalue, dim.) = (—1,21) and (?,7) = 7 equations
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A new instanton on R’

cone C(%(QS)) = C(S%) is topologically equivalentto R7\{0}

metric  ds? = dr? 4+ r2§ el = e27(d712 + §,e%?)

fundamental forms w = elne? 4+ eSAet 4+ e2Aeb
Q = (elFie?)A(e3+ie*)A(e®+ied)

Go-structure ¢ = r2wAdr 4+ r3ImQ = e37 <%¢Oabd7AeaAeb + %wabcea/\eb/\ec>
with dy =0 & H =0 ... are the octonionic structure constants

Go-instantoneq. Y. F =0 <= w.F=0 & Aq=—3ReQu.Fy.=0

Go-invariant solution & = %(1 —tanhrt) = H}TQ =
4 12(24712) 4i 12
Foo = —qifpple &  Fu = —GEEp fuli— implal

this is smooth at r=0 and agrees with the Gunaydin/Nicolai G5 instanton
20



Partial summary

SAF = —xg F
v N\

VAF = —%7 F on Rx & VAF = —x7 F
OrAa ~ fabe Foc 95 Aa ~ [Jflabe Fc
| ansatz A= e'I; + [P I]a |
V2d = 9% V2b = +i 98

| w=3@+a)-jop=n |

F(r) = draet [D1]a + Fetne?{(|®2=1) fi, I; + [(P2=P) flape I}

are Go-instantons for Yang-Mills with torsion DxF+ (H)ANF = 0

from  S[A] = fogtr{F AF + ErdT AwAF A F} with x = +3, —1
H

and obey gradient/hamiltonian flow equations for [gtr{w AFAF} x W(P) + %
H
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THANK YOU !




