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Relations between equations.

x =

{
x0 = t

x1, . . . , xn−1
q =

{
Σn →M 3,1

fields Aα

Action S
[
q(x)

]

Equations: E =
{

F =
δS

δq(x)
= 0

}
, F ∈ P0

(Bianchi) identities: Φ[F ] ≡ 0 ∀ q(x), Φ ∈ P1

Relations: Φi+1[Φi] ≡ 0 ∀ Φi−1, Φi+1 ∈ Pi+1.
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Relations � operators.

Noether sym q̇ = ϕ
(
x, [q]

)
: Ṡ = 0.

Evolution ∂
(q)
ϕ = ϕ

∂

∂q
+ d

dx
(ϕ)

∂

∂qx

+ · · · .

Relation Φ[F ] ≡ 0.

Chain rule: Φ̇ = ∂
(F )

∂
(q)
ϕ (F )

(Φ) ≡ 0 ⇐⇒ `
(F )
Φ ◦ `

(q)
F (ϕ) ≡ 0.

Helmholz: F =
δS

δq(x)
⇐⇒ `

(q)
F =

(
`
(q)
F

)†

By parts: `
(q)
F ◦

(
`
(F )
Φ

)†
(p) ≡ 0, p ∈ P̂1

Operator Gα :=
(
`
(F )
Φα

)†
im Gα ⊆ ker `E ' sym E .
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Gauge symmetries ϕ = Gi(pi).

Commutation closure

[
Gi(pi), Gi(pj)

]
=

dim g∑

k=1

Gk

(
ck

ij(pi, pj)
)

Structure “const” ck
ij = bi-diff. operators:

ck
ij(pi, pj) = δk

j · ∂
(q)
Gi(pi)

(pj)− δk
i · ∂

(q)
Gj(pj)

(pi) + Γk
ij(pi, pj)

Bi-diff Christoffel symbols:

Γ 7−→ gΓg−1 + dg g−1

under p 7→ g p.
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BRST differential Q.

Parity Π: pi � bi ←− odd ghost.

Q = ∂
(q)∑dim g

i=1 Gi(bi)
−

1

2

dim g∑

k=1

∂
(bk)∑dim g

i,j=1 Γk
ij(bi, bj)

Q2 = 0.

Ex. Maxwell: Φ1 = Bianchi identities, Γk
ij = 0.
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Conclusion.

• BRST = Koszul + Q + · · · ,

(F ∈ P0, Φ1 ∈ P1, . . ., Φk ∈ Pk).

• dim g = 1: Variational Lie algebroids )

Poisson algebroids.

• Bi-Ham. (G1, G2) ←− no pattern for integrability.

• Jet space −→ Q2 = 0 ; path integral.


