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Notations

Elasticity theory of small deformations
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- continuous elastic media  =  Euclidean three-dimensional space

- Cartesian coordinates

- Euclidean metric

- displacement vector field

- strain tensor

- stress tensor
- Newton’s law

- Hooke’s law

( )
,

if x
λ μ

- density of nonelastic forces

- Lame coefficients

( 0)if =
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Affine geometry
( ), dimm m=∼M R M , 1,...,x m- manifold μ μ =

Metric

- local coordinates

( ), , det 0g x g g gμν μν νμ μν= ≠ ( , )X Y X Y gμ ν
μν=- metric -scalar product

Affine connection

( )xρ
μνΓ X X X

A A A

ν ν ρ ν
μ μ μρ

ρ
μ ν μ ν μν ρ

∇ = ∂ + Γ

∇ = ∂ −Γ

Covariant 
derivatives:

T

- affine connection

ρ ρ ρ
μν μν νμ= Γ − Γ - torsion tensor

1 1( ) ( )
2 2

g g g T T Tμνρ μ νρ ν ρμ ρ μν μνρ νρμ ρμνΓ = ∂ + ∂ − ∂ + − +

( )R σ σ λ σ
μνρ μ νρ μρ νλ μ ν= ∂ Γ −Γ Γ − ↔ - curvature tensor

R R ν
μρ μνρ= R g Rμρ

μρ=- Ricci tensor - scalar curvature

Riemann-Cartan geometry 

0g g g gσ σ
μ νρ μ νρ μν σρ μρ νσ∇ = ∂ −Γ −Γ = - metricity condition

( , , )g TM

( , , )g ΓM



3

Cartan variables 

i j
ijg e eμν μ ν δ=

( )ie xμ - SO(m)-connection

- orthonormal basis ( , )i j i j ije e e e gμ ν
μν δ= =

Covariant derivatives:

- vielbein ( ),ij ij jixμ μ μω ω ω= − , 1,...,i j m=

i ie eμ μ= ∂

i
iX X X eμ

μ= ∂ = - vector field

0i i i j i
je e e eρ

μ ν μ ν μν ρ ν μω∇ = ∂ −Γ + =

i i j i
j

j
i i i j

X X X

X X X
μ μ μ

μ μ μ

ω

ω

∇ = ∂ +

∇ = ∂ −

- definition of vielbein

- definition of SO(m)-connection
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Cartan variables (continued) 

( )

( )

i i j i
j

i i k i
j j j k

T e e

R
μν μ ν μ ν

μν μ ν μ ν

ω μ ν

ω ω ω μ ν

= ∂ − − ↔

= ∂ − − ↔

- torsion

- curvature

,i i i i
j jT T e R R e eρ σ ρ

μν μν ρ μν μνρ σ= =

Theorem (local). If                  , then there exists the rotational 

angle field             such that

0i
jRμν =

1i k i
j j kS Sμ μω −= ∂( )i

j xω

Theorem (local). If                   and                  , then there exists

the coordinate system            and the rotational angle field 

such that                                    and

( )iy x
1i k i

j j kS Sμ μω −= ∂

( )i
j xω

i j i
je y Sμ μ= ∂

0i
jRμν = 0iTμν =

( ) ( )j
iS mω ∈SO - orthogonal matrix
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Differential geometry of elastic deformations

( )i iy x y→

( ) 2
k l

ij kl ij i j j i ij iji j
y yg x u u
x x

δ δ δ∂ ∂
= ≈ − ∂ − ∂ = −
∂ ∂

ε

1
2 ( ) 0ijk i jk j ik k ijg g gΓ = ∂ + ∂ − ∂ ≠

( )l l m l
ijk i jk ik jmR i 0j= ∂ Γ −Γ Γ − ↔ =

i i j
jkx x x= −Γ k

0l
ijkR =

0k k k
ij ij jiT = Γ −Γ =

x

( )i i ix y u x= +

- diffeomorphism: 3 3→R
i

- induced metric

(*)

(*)

- Christoffel’s symbols

- curvature tensor

- extremals (geodesics)

- Saint-Venant integrability conditions of

- torsion tensor

y ix
ijδ ijg

y
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Dislocations

Edge dislocation Screw dislocation

b
1x

2x

b

b
1x

2x

3x 3x

- Burgers vector

Vacancy

Linear defects:

( )iu x
⎧
⎨
⎩

is continuous       = elastic deformations
is not continuous = dislocations

Point defects:
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Edge dislocation

C

b
1x

2x
i i i

C C

dx u dx y bμ μ
μ μ∂ = − ∂ = −∫ ∫

, 1,2,x 3μ μ =

( )iy x

( )i i i

C S

b dx e dx dx e e iμ μ ν
μ μ ν ν μ= = ∧ ∂ − ∂∫ ∫∫

( )

( )

i i ij
j

ij ij ik j
k

T e e

R
μν μ ν μ ν

μν μ ν μ ν

ω μ ν

ω ω ω μ ν

= ∂ − − ↔

= ∂ − − ↔

i ib dx dx Tμ ν
μν= ∧∫∫

- arbitrary curvilinear coordinates

- is not continuous !

- Burgers vector in elasticity

- torsion

- curvature

ij ji
μ μω ω= −

- definition of the Burgers vector
in the geometric theory

0ijRμν = 0ij
μω →thenBack to elasticity:  if

( )
lim

i
i

i

y
e x

y
μ

μ
μ

⎧∂⎪= ⎨
∂⎪⎩

- triad field
(continuous on the cut)

SO(3)-connection

(*)

(*)⇒

- outside the cut

- on the cut
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Disclinations

( )in x 0
in

0 ( )i j i
jn n S ω=

(3)j
iS ∈SO

(3)ij jiω ω= − ∈ so
1
2

jk
i ijkω ε ω=

ijkε 123( 1)ε =

- unit vector field - fixed unit vector

- orthogonal matrix

- Lie algebra element (spin structure)

- rotational angle

- totally antisymmetric tensor

Examples

C

1x

2x

C

1x

2x ij ij

C

dxμ μωΩ = ∂∫
jk

i ijkεΘ = Ω

i
iΘ = Θ Θ2πΘ = 4πΘ =

- Frank vector
(total angle of rotation)

Ferromagnets
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Summary of the geometric approach
(physical interpretation)

3 with a given Riemann-Cartan geometry

Independent variables
i

ij

eμ

μω

⎧⎪
⎨
⎪⎩

- triad field

- SO(3)-connection

( )

( )

i i ij
j

ij ij ik j
k

T e e

R
μν μ ν μ ν

μν μ ν μ ν

ω μ ν

ω ω ω μ ν

= ∂ − − ↔

= ∂ − − ↔

- torsion       (surface density of 
the Burgers vector)

- curvature   (surface density of 
the Frank vector)

0, 0

0, 0

0, 0

0, 0

ij i

ij i

ij i

ij i

R T

R T

R T

R T

μν μν

μν μν

μν μν

μν μν

= =

= ≠

≠ =

≠ ≠

Elastic deformations:

Dislocations:

Disclinations:

Dislocations and disclinations:

Media with dislocations and disclinations =
=
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y

z

xR

−2πθ

Wedge dislocation

θ - deficit angle

Staruszkiewicz (1963)
Clement (1976)
Deser, Jackiw, ‘t Hooft (1984)

Bellini, Ciafaloni, Valtancoly (1995)
Welling (1995)
Menotti, Seminara (1999)

1x

2x

3x

Iz
Ip
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The free energy

3 , det iS d x gL g eμ= =∫ [ ]
[ ]

ij
ijL R R Rκ γ= −

[ ]

( )
( , )ij

R e
R e ω

- the Hilbert-Einstein action

- antisymmetric part of the Ricci tensor

3
N

I I I
I

S d x gR m d q q gα β
αβτ= +∑∫ ∫

{ }( ) ( )I Iq qατ τ= : I
I

dqq
dτ

=

1 1 ,
2 2

,I I I

R g R T

q q q

αβ αβ αβ

α α β γ
βγ

− =

= −Γ

3
1 ( )I I I

I I

m q q
T

qg
α β

αβ δ= −∑ x q

- wedge dislocation axis - notation

where

Equations of equilibrium

1 1 2 2( ) : ( ) ( )x q x qδ δ δ− = − −x q

Katanaev, Volovich Ann. Phys. 216(1992)1
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Canonical Formulation

2N N N N
g

N g

ρ
ρ ν

αβ
μ μν

⎛ ⎞+
= ⎜ ⎟⎜ ⎟
⎝ ⎠

1 2 3 3 1 2( , , ) ( , ,x x x x x x ) , , 3,1,2
, , 1,2

α β
μ ν

=
=

…
…

,( )g pμν
μν

- reordering of coordinates - notations

- ADM parameterization of 3D metric

- coordinates and conjugate momenta

gμνNwhere      - lapse and       - shift functionsNμ - 2D metric on slices 3 constx =

( , )I Iq pα
α

( )3 (0)
HES d x p g NH N Hμν μ

μν μ⊥= − −∫ (0) - the Hilbert-Einstein action

- general relativity constraints
( )(0) 2

(0)

1 ˆ

ˆ2

H p p p gR
g

H p

μν
μν

ν
μ ν μ

⊥ = − −

= − ∇



13

( )3| |I I I I IS d p q N q Gα
ατ= −∫

2 2
3

1 ˆ: | | 0I I I I IG p N p m p
N

μ
μ= − − − = - first class constraints 1, ,I N= …

( )I I Iτ τ τ′2ˆ ˆ:I I Ip p p gμν
μ ν=

The gauge 3 1Iq = ( )2 2ˆI I I I I IS d p q N m p N pμ μ
μ μτ= + − +∫

0, 0N Np p
μ

= = - primary constraints

( )2 2 21 ˆ ˆ ( ) 0

ˆ2 ( ) 0

I I
I

I
I

H p p p gR m p
g

H p p

μν
μν

ν
μ ν μ μ

δ

δ

⊥ = − − − − − =

= − ∇ − − =

∑

∑

x q

x q

3
T ( )I I

I
S d x p g p q NH N Hμν μ μ

μν μ δ ⊥
⎛ ⎞

= + − − −⎜ ⎟
⎝ ⎠

∑∫ x q μ - total Hamiltonian

- secondary constraints

- the action for wedge dislocations
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( )2 2 21 ˆ ˆ ( ) 0

ˆ2 ( ) 0

I I
I

I
I

H p p p gR m p
g

H p p

μν
μν

ν
μ ν μ μ

δ

δ

⊥ = − − − − − =

= − ∇ − − =

∑

∑

x q

x q

Secondary constraints

Equations of equilibrium

( ) ( )

( ) ( )

2

2 2

2 2 ˆ ˆ ,

2ˆ
2

ˆ ˆ ˆ ˆ ˆˆ

( )
ˆ

I I
I

I I I

N Ng p g p N N
g g
N Np g p p p p p p p

g g

g Ng N p N p N N p

p pN
m p

μν μν μν μ ν ν μ

μν μν ρσ μρ ν μν
ρσ ρ

μν μ ν μρ ν νρ μ ρ μν
ρ ρ ρ

μ ν
δ

= − +∇ +∇

= − − − +

+ Δ −∇ ∇ − ∇ − ∇ −∇ +

+ −
−

∑ x q
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Complex coordinates

1 2 1 2: , :z x ix z x ix= + = −

: 0p p gμν
μν= =

where

- conformally flat metric

- the third gauge condition

1 2( , ) ( , )x x z z

2g e φ
μν μνδ=

1
2

1
2

0

0
μνδ

⎛ ⎞
⎜ ⎟=
⎜ ⎟
⎝ ⎠

1 1 1 1
1 2 1 2, ,

0, 0

z z
z z

z z
z z

p p ip p p ip

p p

= + = −

= = , , z
zg p pμν

μν φ

Solution of the kinematical constraints

0Hμ =
1 ( )
2

z
z z Iz I

I
p p z zδ∂ = − −∑ 1

2
z Iz

z
II

pp
z zπ

= −
−∑
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Solution of the Dynamical Constraint

0H⊥ =
2 2 22 2 4 ( )z z

z z I Iz Iz I
I

p p e m p p e z zφ φφ δ− −Δ = − − −∑

( )2 : 2 ln 2 z z
z zp pφ φ= −

0Iz
I

p =∑Central of mass coordinate system:

2 ( )( )
( ) ( )

Az N A
z

I II I

z zP zp C
z z z z
−

−
= =

− −
∏

∏ ∏
1( , ) :

2I Iz Iz J
I J I

C z p p z
π ≠

= ∑ ∑

22 4 ( 1) ( ) 4 ( )I I A
I A

e a z z z zφφ π δ π δ−Δ = − − − − −∑ ∑

2 224 : Iz Iz
I I z z

z z

p pa m e
p p

φπ −= −

- ansatz

where
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Solution of the Dynamical Constraint

For one wedge dislocation at the origin of the coordinate system:

22 4 ( 1) ( )Ie a zφφ π δ−Δ = − −
12

2
2 2

8 Ia
Ia zze φ

−
− ⎛ ⎞

⎜ ⎟Λ Λ⎝ ⎠
∼| | 0 :z →

1z z
z zp p

zz
∼

22 4 ( 1) ( ) 4 ( )I I A
I A

e z z z zφφ π μ δ π δ−Δ = − − − − −∑ ∑ 4 | |I Imπμ =

2 2 2( )( )
2 | |

( )( )
A AA

I II

z z z z
e C e

z z z z
φ φ− −
=

− −
∏
∏

and
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Lapse function

0p p g p gμν μν
μν μν= + =

( )2 2 42 z z Iz Iz
z z I

II

p pN p p e N e N z z
m

φ φ δ− −Δ = − − −∑
( )IN z

21 4
IzzN

μ
⎛ ⎞− ⎜ ⎟Λ⎝ ⎠

∼

( ) 0I I

II

p pNg N p p N
mg

μ
μμν

μν δΔ + + − =∑ Ix q

One can prove that              is finite

2
2

1
( )( )2

Iz Iz

I II

p pN e N
z z z z

φ

π
−Δ = −

− −∑

2
2

1
2

Iz Izp pN e N
zz

φ

π
−Δ = −

One dislocation at the origin:
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Shift functions

1 ( ) 0
2

g g g gρσ
μν μν ρσ− =

2z z z
z z zN Ne p pφ−∂ = − ×

2 ( )z
zz

z
N N f z

p
= ∂ +

2 0N p N N g N
g

ρ
μν μ ν ν μ μν ρ+∇ +∇ − ∇ =

2z z
z z z zp N N∂ = ∂ ∂
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Reduction to the Riemann—Hilbert problem
a b

abg e eαβ α β δ=

0Rαβγδ =

2 det a
aS d z h h y yαβ

α β= ∂ ∂∫

αβγε
1
2

R Rες
αβγδ αβε γδςε ε=

The gauge:

a ae yα α= ∂

3
3 3: ( )a a a a a

z ze y C x dz e dze= ∂ = + +∫ ∫

- antiholomorphic

- totally antisymmetric tensor

0a
z z y∂ ∂ =

3 3 3( , ) ( , ) ( )a a a ay F z x G z x H x= + +

3: (a a a
z z ze , )y e z x= ∂ =

3: (a a a
z z ze , )y e z x= ∂ =

a a
z ze e=

- holomorphic
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Reduction to the Riemann—Hilbert problem
3( , )a

ze z x

0

0

0 0( ) ( )

(1 )

I

I I

I

zz
a a a a

z z z
z z

a a
I I z

y z y z dz e dz e dz e

M Y dz e

γ

γ

= + +

= − +

∫ ∫ ∫

∫

{ }( )1 0\ ,..., , ; (3) (3, )Nz z z zπ ∞ → ⊂C SO GL C

IzIγ

Show that for any representation

there is a Fuchsian system of equations with a given monodromy

(3)IM ∈SO - the monodromy matrix

Everything is defined by

Let      be a closed loop around the dislocation axis at

the Riemann—Hilbert problem

{ }( )1 0\ ,..., , ; ( , )Nz z z z pπ ∞ →C GL C
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Conclusion

1  Wedge dislocations in elastic medea are described by 3-dimensional
Euclidean gravity coupled to point particles.

2  Solving Einstein Equations is reduced to solving the Riemann-Hilbert problem

3  For two wedge dislocations the problem is solved analytically in terms of
the hypergeometric functions

4  For arbitrary number of wedge dislocations much can be done analytically


