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Notations

3 ; : . . . :
R® - continuous elastic media = Euclidean three-dimensional space

X', yi 1 =1,2,3 - Cartesian coordinates

Oii - Euclidean metric

u' (X) - displacement vector field

X Elasticity theory of small deformations
&ij = §(aiuj at (3jUi) - strain tensor

] o0+ f!=0 - Newton'’s law
o' - stress tensor

o' = /15ij8kk +2ue" - Hooke's law

f! (X) - density of nonelastic forces ( f | = 0)

A, 1 - Lame coefficients il



Affine geometry (M,qg,I’)
M (~R™), dimM=m - manifold X“, w=1..,m -local coordinates

Metric

9,,(X), 9,, =0, detg,, #0 -metic (X,Y)=X*Y"g,, -scalar product

Affine connection

pr(x) - affine connection €oVANANGA N Y X YA2F
derivatives: o 3
Tﬂvp = Fﬂvp —Fvﬂp - torsion tensor Vo= o, A _r,quAp
Riemann-Cartan geometry (M, g,T)
TG S SO PR pggm =0 - metricity condition
r :_(a gvp+a gp,u_a g,uv)—'_ ( ARy V +Tp,uv)
R., =0,I,° —Fﬂp’?‘lﬂwf — (1 > Vv) - curvature tensor

m | 4 . am )
R,up = R,uvp - Riccl tensor R= 9 R,up - scalar curvature 2



Cartan variables

eﬂl (X) - vielbein 0)/,” (%), C!)ﬂ =) SO(m) -connection 1, J=1,...,m
9, =€,8,'8; -definition of vielbein
e =e*,0, -orthonormal basis (e.e;)=e"e";9,, =5

X =X*9,=X'g -vectorfield

E‘Vi = 8ﬂevi _prepi gis evja)ﬂji =0 - definition of SO(m)-connection

Covariant derivatives: VﬂX' = 6HX' + X Ja)ﬂj'

- J
Vv, Xi=8,%—a,X,



Cartan variables (continued)

Tyvi > aluevi —eﬂja)vji —(uev) - torsion

R,uvjI ¥ a,ua)vjl _a)lujka)vkl —(,Ll <> V) - curvature

L S i
TﬂV _T/W €5 1 RﬂVj _R/WP

Theorem (local). If RWJ-' =0, then there exists the rotational

angle field ;' (X) such that @, ;' =8,87 S,

e i .
Theorem (local). If R ;' =0 and T, =0, then there exists
the coordinate system Y' (X) and the rotational angle field a)ji (X)
such that @,

T=aksal=s Trandeefl= oIS

S; J(w) € SO(m) - orthogonal matrix



Differential geometry of elastic deformations

/ X y' > X(y) - diffeomorphism: ]RS — R3
i y' X
y X =Yy +U (X) & O

k I

~ ~

F’é”kl =— alfjkl —Flkmrjml o (l <> J) = O - curvature tensor
X' = —lijki)'(j)'(k - extremals (geodesics)
Rijkl =0 - Saint-Venant integrability conditions of (*)

~

Tijk 7 1_‘ijk _fjik =0 - torsion tensor



Dislocations

Linear defects:

Edge dislocation Screw dislocation

&

' IS continuous = elastic deformations
u'(x) {

b - Burgers vector

Point defects:

Vacancy

IS not continuous = dislocations



Edge dislocation

pax“o,u' =—Pdx“a,y' =—b ()
C C

x“, ©=1,2,3 - arbitrary curvilinear coordinates

yi (x) - is not continuous !

| -
8ﬂy - outside the cut  triad field

eﬂi (X) o) | e i :
lim aﬂy _on the cut (continuous on the cut)

(*)= b' = <j5dx“eﬂi = ﬂ dx* A dx” ((’3ﬂevi —Gveﬂi) - Burgers vector in elasticity
€ S

i i ij : y s
h—tc e —a)ﬂjevj —(ue>v)  -torsion g A i
JZ )z
Ruv” ‘S 5#%” il @yl a)vkj — (1 <> v) -curvature led SO(3)-connection

b' = H dx“ A dXVTWi - definition of the Burgers vector
In the geometric theory

Back to elasticity: if RWij =0 then a)ﬂij —0 7




Disclinations

Ferromagnets n'(X) - unit vector field né - fixed unit vector
n' =Ny S ()
SN S, = S@(B) orthogonal matrix
- v 7 a)” ——w) e 50(3) - Lie algebra element (spin structure)
1
w; = —ei-ka)Jk - rotational angle
2 J
g - totally antisymmetric tensor (&1, =1)
Examples

' X i i
QY = g’idxﬂﬁﬂw

X 0 =¢ kQJk - Frank vector
(total angle of rotation)




Summary of the geometric approach

(physical interpretation)

Media with dislocations and disclinations —

= R?’ with a given Riemann-Cartan geometry

_ e, - triad field
Independent variables 4]
a)#” - SO(3)-connection
Tuvi £ aﬂevi _1 a)ﬂij €5 (1 <>v) - torsion (surface density of
! the Burgers vector)
w, ) — (1 <> V) - curvature (surface density of
the Frank vector)

ij i B il
RW —8ﬂa)v @,

Elastic deformations: RW” =0, TW' =C,
Dislocations: R, 7=0, T, '#0
Disclinations: RWij # 0, T/Wi =0

Dislocations and disclinations: RWU # 0, TW' #0



y Wedge dislocation

Staruszkiewicz (1963)
Clement (1976)
Deser, Jackiw, ‘t Hooft (1984)

@ - deficit angle

Bellini, Ciafaloni, Valtancoly (1995)
Welling (1995)
Menotti, Seminara (1999)
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The free energy

S= [[dexfoll, /o= dete), L = kR - yR;;R]

R(e) - the Hilbert-Einstein action

Riijj (6, @) - antisymmetric part of the Ricci tensor

Katanaev, Volovich Ann. Phys. 216(1992)1

q,(7) = {qf‘ (T)} - wedge dislocation axis q, = di - notation

dr
S [d*ygR+ Y m, [dr favala,,
I

Equations of equilibrium

g 1 2. 1 m,q,.q,
R, —=0,R==T,s, here T = e 0000
¥ of8 af wWhepe
2 Zﬂ 5 \/72 d;
..a__l—w a A '7/’
i pr it o(x-0q)=5(x'-q)o(x* —q°)
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Canonical Formulation

A L N o
o — >

(Xl, X°, X3) —> (X3, Xt X2) - reordering of coordinates - notations

N“+N’N, N, s |
gaﬂ = P - ADM parameterization of 3D metric
Nﬂ g,UV

where N - lapse and Nﬂ- shift functions g,y - 2D metric on slices x> = const

(gw, p‘”) (Qfl, p.a) - coordinates and conjugate momenta

HE = J-d X( p“"g,, —NH] P —N ﬂHf,O)) - the Hilbert-Einstein action

Hi°)=%(p“”pw—p2)—@fe

(O S LV
Hﬂ _—Zvvpﬂ

- general relativity constraints
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S| n jdf( pmcﬁx ~N | Q? |G| ) - the action for wedge dislocations

1

G, ::W| p|3—N”p|ﬂ|—\/m|2— p° =0 -firstclass constraints | =1,...,N

L= P, P, 9" 7, > 7(7))

The gauge CI?=1 —= SI:J‘dz—(plluqllu_FN\/mlz_ﬁlz+Nlupl,u)

PNy = 0, Py = 0 - primary constraints

1 A X
H, :T(P”‘” P = P°) =R =X mf — pf 5(x~a) =0
9 ! - secondary constraints

Hu :_Z%vay_z p|ﬂ5(X—Q)=O
I

St :J‘d3x(pwgw +IZ P di'0(x—q)—NH - N”Hﬂj - total Hamiltonian
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Secondary constraints
1 A 2
o = (B, =) YIRS~ (- =0
|

H/,t :_Z%valu_z p|ﬂ5(X—q):0
|

Equations of equilibrium

: 2N 2N
gy \/ap,uv_ﬁ

N e ANk o
i (p? ppa—pz)—ﬁ(p””p o ol

gwp+V N, +V N,

pﬂ

+\/6(ANQ“V —%ﬂ%VN)— p“°V N — p*V N# —%p(NPpW)+

-I-NZ\/pI pl 5()( ql)

ml_pl
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Complex coordinates

(2, x%) > (2,Z) where Z:=X +ix*, Z:=x-ix°

0

9. = 62¢5ﬂv - conformally flat metric 5#1/ -

O N

1
2

p=p“g, =0 -thethird gauge condition

2 v ol e e

uv Z
p’,=0, p°;=0 Quv: P71 9Py

Solution of the kinematical constraints

7 1 4 £
4,20 — op, =L po-2) — g7, L3
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Solution of the Dynamical Constraint

H =0 = 2A¢:2pfzpzfe_2¢_Z\/mlz_4plzplfe_2¢ 6(z-1))
|

2& =2¢—1In (prz pzf) - ansatz

Central of mass coordinate system: Z P, =0
|

2 (z—12,)
_H.N 5‘_?) %T(z 2y e P zp'ZZZJ

J =l

20p =6 47> (8, -1) 8(2-2)) -4z 6(z2—12,)
| A

47za, ::\/mlz plzplz —2¢
e
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Solution of the Dynamical Constraint

For one wedge dislocation at the origin of the coordinate system:

. . o lnn 27 Rl
2A¢ =e % —4Azx(a, —1)5(2) |z|>0: e~ Azl (Azj

va Z
aAnawIg=s B ==
Z Z ZZ

20 = — 47y (i, 1) 5(2-2))-47 Y 5(2~2,) | 4z, =m, |
I A

H (Z ZA)(Z ZA) 2¢

29 _
e 5 [1,GE-2)z-7)
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Lapse function

= [T e R U e

u
JgAN o p“VpW+NZp'—5(x—q,)=O
|

Jo

One can prove that N(z,) is finite

Pi; Piz 020
Zzzz(z—zl)(zl—z) N

One dislocation at the origin:

= 4
AN :_212 Pz Piz 29 N ~1—4(—ZZ )
T 7
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Shift functions

, 1 -,
g,uv _Eg,uv(gp gpa) =0

l
ZTZI 0 +VﬂNv+VVNﬂ—gWVpN” =0
l
0,N* =-Ne™p?, xp’,
l
p?,0,N? =20,0,N
l

NZ=—2 9,N+f(2)

z
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Reduction to the Riemann—Hilbert problem

b
gaﬂ > eaaeﬂ §ab
1

E . .
Raﬂy& 2 €ope 75gR 2 € qpy - totally antisymmetric tensor

a

Raﬂ}/§ =0 =5 eaa ™ aay

The gauge: S :jdzz\/Mh“ﬂaayaaﬁya —  9,0,y*=0
y? = Fa(z,x3)+G£‘l"‘(7, x%)+ H?(x°)
*:=0,y* =6,%(2,x%) - holomorphic
e,® =0,y* =e,%(Z,x°) - antiholomorphic e," =g,
et =8,y =C? (xV)+ jdz e,” + jdfefa
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Reduction to the Riemann—Hilbert problem

Everything is defined by €, (Z, Xs)
Let y, be a closed loop around the dislocation axis at Z;
Z Zy
v3(z) > §(z,) = jdz e +<j‘>dz o fi j dze,?
Zy 7 Z,

4
M, € SO(3) - the monodromy matrix

7(C\{z,.. 2y, 2,,}:25) = SO(3) = GL(3,C)

the Riemann—Hilbert problem

Show that for any representation ﬂ(C\{Zl,..., L\ } ; Zo) — GL(p,C)

there is a Fuchsian system of equations with a given monodromy 21



Conclusion

1 Wedge dislocations in elastic medea are described by 3-dimensional
Euclidean gravity coupled to point particles.

2 Solving Einstein Equations is reduced to solving the Riemann-Hilbert problem

3 For two wedge dislocations the problem is solved analytically in terms of
the hypergeometric functions

4 For arbitrary number of wedge dislocations much can be done analytically
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