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The model

The action

S =
1

2κ2

∫
M

dDz
√
|g|
{
R[g]− hαβgMN∂Mϕ

α∂Nϕ
β − (1.1)

∑
a∈4

θa
na!

exp[2λa(ϕ)](F a)2g

}
where

g = gMN (z)dzM ⊗ dzN - a metric defined on M ,
|g| = |det(gMN )|
ϕ = (ϕα) ∈ Rl - a set of scalar fields,

hαβ - a constant non-degenerate symmetric matrix, l × l , (l ∈ N) ,

F a = dAa =
1

na!
F aM1...Mna

dzM1 ∧ . . . ∧ dzMna is an na -form

λa - is a 1-form on Rl
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The manifold and spaces

The manifold

M = (u−, u+)×M1 ×M2 × . . .×Mn, (u−, u+) ∈ R (1.2)

The ansatz for the metric

g = we2γ(u)du⊗ du+

n∑
i=1

e2β
i(u)ĝi, (1.3)

w = ±1 ,
gi = gimini(yi)dy

mi
i ⊗ dy

ni
i is a metric on Mi , i = 1, . . . , n .

ĝi = p∗i g
i , pi : M →Mi , i = 1, . . . , n .

βi is a scale factor corresponding to Mi .
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The factor spaces

All manifolds Mi are Ricci flat spaces.

Ric[gi] = 0, i = 1, . . . , n.

The volume form

The volume di -form on the manifold Mi , and a signature factor

τi ≡
√
|gi(yi)|dy1i ∧ . . . ∧ dy

di
i . (1.4)

ε(i) = sign
(
det
(
gimini

))
= ±1, for ∀ i = 1, . . . , n. (1.5)
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The p -brane set S

Let Ω = Ω(n) be a set of all ordered (non-empty) subsets of {1, . . . , n}
and I = {i1, . . . , ik} ∈ Ω , i1 < . . . < ik .

The composite form-fields

F a =
∑
s∈S

δasFs, S = Se t Sm, s = (as, υs, Is)∀s ∈ S

F (a,e,I) = dΦ(a,e,I) ∧ τ(I), F (a,m,I) = e−2λa(ϕ) ∗
(
dΦ(a,m,J) ∧ τ(J)

)
.

where

as ∈ 4 is a color index,

υs = e,m is an electro-magnetic index

Ωa,e,Ωa,m ⊂ Ω , Is ∈ Ωas,υs describes the location of p -brane
worldvolume.
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The field equations

RMN −
1

2
gMNR = TMN (1.6)

4[g]ϕα −
∑
a∈4

θa
λαa
na!

e2λa(ϕ)(F a)2g = 0 (1.7)

∇M1
[g](e2λa(ϕ)F a,M1...Mna ) = 0 (1.8)

The stress-energy tensor splits to two components

TMN = TMN [g, ϕ] +
∑
a∈4

θae
2λa(ϕ)TMN [F a, g] (1.9)

TMN [g, ϕ] = hαβ(∂Mϕ
α∂Nϕ

β − 1

2
gMN∂Pϕ

α∂Pϕβ)

TMN [F a, g] =
1

na!

[
−1

2
gMN (F a)2g + naF

a
MM2...Mna

F a,M2...Mna
]
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Non-linear σ -model

Enough space-time symmetries

black-brane solutions

S-brane solutions

Flux-brane solutions

Assumption

ϕα = ϕα(u) , Φs = Φs(u) , for
u ∈ (u−, u+) .

Block-diagonal structure of the stress energy tensor

σA = (βi, ϕα) ∈ RN , N = n+ l (2.1)

UsA = UsAσ
A =

∑
i∈I

diβ
i − χsλa(ϕ), χs = ±1, s = e,m. (2.2)

V.D. Ivashchuk, V.N. Melnikov, Class.Quant.Grav. 14, 1997.
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Non-linear σ -model

The action of σ -modenic harmonic gauge

Sσ =
µ

2

∫
du
{
ĜÂB̂(X)∂XÂ∂XB̂

}
,

where X = (XÂ) = (βi, ϕα,Φs) .

The minisupermetric of the target space

G = ĜÂB̂X
Â ⊗XB̂ = Ĝ+

∑
s∈S

εse
−2Us(σ)dΦs ⊗ dΦs,

Ĝ = Gijdβ
i ⊗ βj + hαβdϕ

α ⊗ dϕβ .

ĜÂB̂ =

 Gij 0 0
0 hαβ 0
0 0 εs(I) exp(−2Us(σ))δss′


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Toda-like system

Equations of motion for Φs

d

du

(
exp (−2Us(σ))Φ̇s

)
= 0⇐⇒ Φ̇s = Qs exp (2Us(σ)) (2.3)

Toda-like system Lagrangian and energy

LQ =
1

2
GABσ̇

Aσ̇B − VQ, VQ =
1

2

∑
s∈S

εsQ
2
s exp 2Us(σ) (2.4)

EQ =
1

2
GABσ̇

Aσ̇B + VQ, A = (i, α). (2.5)
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The solutions of Toda-like system

σA =
∑
s∈S

UsA

(Us, Us)
qs + cAu+ c̄A, A = (α, i). (2.6)

GAB =

(
Gij 0
0 hαβ

)
, Gij =

δij

di
+

1

2−D
. (2.7)

Usi = GijUsj = δiIs −
d(Is)

D − 2
, Usα = −χsλαas , (2.8)

(Us, Us
′
) = GABU

sAUs
′B . (2.9)
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Notation

(Us, Us
′
) ≡ d(Is ∩ Is′) +

d(Is)d(Is′)

2−D
+ χsχs′λαasλβas′h

αβ , (2.10)

s, s′ ∈ S , with (hαβ) = (hαβ)−1 .

Assume that
(i) (Us, Us) 6= 0, (2.11)

for all s ∈ S , and
(ii) det(Us, Us

′
) 6= 0, (2.12)

i.e. the matrix (Us, Us
′
) is a non-degenerate one.

(Ass′) =
(

2(Us, Us
′
)/(Us

′
, Us

′
)
)

(2.13)

is ”quasi-Cartan” matrix.
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Toda molecule and its Lagrangian

q̈s = −Bs exp
(∑
s′∈S

Ass′q
s′
)
, (2.14)

LTL =
1

4

∑
ss′∈S

hsAss′ q̇
sq̇s

′
−
∑
s∈S

As exp
(∑
s′∈S

Ass′q
s′
)
, (2.15)

where hs satisfy the relations

hs = K−1s , Ks = (Us, Us). (2.16)

Bs = εsKsQ
2
s, As = Bshs/2, (2.17)

s ∈ S .
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The general solutions

g =
(∏
s∈S

[fs(u)]2d(Is)hs/(D−2)
){

exp(2c0u+ c̄0)wdu⊗ du+

n∑
i=1

(∏
s∈S

[fs(u)]−2hsδiIs
)

exp (2ciu+ 2c̄i)gi
}

(3.1)

exp (ϕα) =
(∏
s∈S

f
hsχsλ

α
as

s

)
exp (cαu+ c̄α) (3.2)

F a =
∑
s∈S

δaasF
s, Fs = Qs

(∏
s′∈S

f
−Ass′
s′

)
du ∧ τ(Is), s ∈ Se (3.3)

Fs = Qsτ(Īs), s ∈ Sm (3.4)

where fs = exp(−qs)
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Flux and S - brane solutions

Flux-brane solutions

M1 = S1 , g1 = dφ⊗ dφ ,
0 < φ < 2π , - a family of
composite fluxbrane solutions.

S-brane solutions

M1 = R , g1 = −dt⊗ dt ,
−∞ < t < +∞ ( t is time
variable).
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The solutions related to Lie algebras

Toda chains related to Am

Cse
−qs(u) =

m+1∑
r1<...<rs

vr1 . . . vrs∆
2(wr1 , . . . , wrs)e

(wr1+...+wrs )u, (3.5)

where ∆2(wr1 . . . wrs) is the square of the Vandermonde determinant

∆2(wr1 . . . wrs) =
∏
ri<rj

(wri − wrj )2, s = 1, . . . ,m (3.6)

and wr and vr are integrating constants, satisfying

m+1∏
r=1

vr = ∆−2(w1, . . . , wm+1),

m+1∑
r=1

wr = 0. (3.7)

Cs =

m∏
s′=1

B−A
ss′

s′ , Ass
′

= (Ass′)
−1. (3.8)
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Polynomial solutions

linear asymptotics at infinity

qs = −βsu+ β̄s + o(1), u→ +∞, (3.9)

where βs, β̄s are constants, s ∈ S .

exp(−u) = ρ, Hs = fse
−βsu = e−q

s−βsu (3.10)

V.D. Ivashchuk, Composite fluxbranes with general intersections, Class.
Quantum Grav., 19, 3033-3048 (2002); hep-th/0202022.
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The solutions

g =
(∏
s∈S

H2hsd(Is)/(D−2)
s

){
dρ⊗ dρ+

(∏
s∈S

H−2hss

)
ρ2g1 +

n∑
i=2

(∏
s∈S

H
−2hsδiIs
s

)
gi
}
, (3.11)

exp(ϕα) =
∏
s∈S

H
hsχsλ

α
as

s , (3.12)

Fs = −Qs

(∏
s′∈S

H
−Ass′
s′

)
ρdρ ∧ τ(Is), s ∈ Se, (3.13)

Fs = Qsτ(Īs), s ∈ Sm. (3.14)
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Polynomial structure of Hs for Lie algebras

We introduce z = ρ2 , Hs(z) > 0 and H(z = +0) = 1 .

Non-linear differential equations for Hs

d

dz

(
z

Hs

d

dz
Hs

)
=

1

4
Bs
∏
s′∈S

H
−Ass′
s′ , (3.15)

Conjecture.

Let (Ass′) be a Cartan matrix for a semisimple finite-dimensional Lie
algebra G . Then the solution to eqs. (3.15), (if exists) is a polynomial

Hs(z) = 1 +

ns∑
k=1

P (k)
s zk,

where P
(k)
s are constants, k = 1, . . . , ns , βs = 2

∑
s′∈S

Ass
′

= ns ∈ N,

P
(ns)
s 6= 0 , s ∈ S .
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Example:B3 -polynomials

B3
∼= so(7)

The Cartan matrix

B =

 2 −1 0
−1 2 −2

0 −1 2


⇐⇒ The Dynkin diagramu u u

2 2 1

>

The twice components for Weyl vector in dual basis

n1 = 6, n2 = 10, n3 = 6. (3.16)

A.A.Golubtsova, V.D. Ivashchuk, On calculation of fluxbrane polynomials
corresponding to classical series of Lie algebras, nlin.SI:0804.0757
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B3 -polynomials

H1 = 1 + P1z +
1

4
P1P2z

2 +
1

18
P1P2P3z

3 +
1

144
P1P2P

2
3 z

4 +
1

3600
P1P

2
2 P

2
3 z

5

+
1

129600
P 2
1 P

2
2 P

2
3 z

6,

H2 = 1 + P2z +
(1
4
P1P2 +

1

2
P2P3

)
z2 +

(1
9
P2P

2
3 +

2

9
P1P2P3

)
z3 +

( 1

144
P 2
2 P

2
3

+
1

72
P1P

2
2 P3 +

1

16
P1P2P

2
3

)
z4 +

7

600
P1P

2
2 P

2
3 z

5 +
( 1

1600
P1P

3
2 P

2
3 +

1

5184
P 2
1 P

2
2 P

2
3

+
1

2592
P1P

2
2 P

3
3 )z

6 +
( 1

16200
P1P

3
2 P

3
3 +

1

32400
P 2
1 P

3
2 P

2
3

)
z7 +

( 1

518400
P1P

3
2 P

4
3

+
1

259200
P 2
1 P

3
2 P

3
3

)
z8 +

1

4665600
P 2
1 P

3
2 P

4
3 z

9 +
1

466560000
P 2
1 P

4
2 P

4
3 z

10,

H3 = 1 + P3z +
1

4
P2P3z

2 +
( 1

36
P1P2P3 +

1

36
P2P

2
3

)
z3 +

1

144
P1P2P

2
3 z

4

+
1

3600
P1P

2
2 P

2
3 z

5 +
1

129600
P1P

2
2 P

3
3 z

6.
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The examples:A1 -solutions, D = 11 supergravity

F is a 4 -form in the bosonic sector.
Let n = 3 , M3 be 7 -dimensional (Ricci-flat) manifold with the metric
g3 = g3µνdx

µ ⊗ dxν of signature (−,+, . . . ,+) and
M2 be 2 -dimensional (flat) manifold of signature (+,+) with the
metric g2 = g2mndy

m ⊗ dyn and Is = {1, 2} .

The solution reads

g = H1/3

{
dρ⊗ dρ+H−1(ρ2dφ⊗ dφ+ g2) + g3

}
, (4.1)

F = −QH−2ρdρ ∧ dφ ∧ τ2, (4.2)

where H = 1 + 1
2Q

2ρ2 .
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The examples:A2 -solutions, D = 11

F6 ∩ F3 fluxbrane configuration with (a non-standard) A2 intersection
rules defined on the manifold

M = (0,+∞)×M1 ×M2 ×M3 ×M4, (4.3)

where d2 = 2 , d3 = 5 , d4 = 2 .

g = H1/3
e H2/3

m

{
dρ⊗ dρ+H−1e H−1m ρ2dφ⊗ dφ+H−1e g2 +

H−1m g3 + g4
}
, (4.4)

F = −QeH−2e Hmρdρ ∧ dφ ∧ τ2 +Qmτ2 ∧ τ4, (4.5)

where metrics g2 and g3 are (Ricci-flat) metrics of Euclidean signature,
g4 is the (flat) metric of the signature (−,+) and

Hs = 1 + Psρ
2 +

1

4
P1P2ρ

4, (4.6)

where Ps = 1
2Q

2
s , s = e,m .
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The examples:S0 -branes related to Lie algebras (rank 3 )

M = (0, t)×M1 ×M2

Let Ps = nsP , =⇒ Hs = (1 + Pt)ns = Xns , where X = 1 + Pt

g = X2A

{
−dt⊗ dt+X−2Bt2dφ⊗ dφ+ g2

}
,

exp(ϕα) = XB1λ
α
1 +B2λ

α
2 +B3λ

α
3 ,

F 1 = −Q1X
n2−2n1tdt ∧ dφ,

F 2 = −Q2X
n1−2n2+k1n3tdt ∧ dφ,

F 3 = −Q3X
k2n2−2n3tdt ∧ dφ,

where

A =
B

D − 2
, B =

3∑
s=1

Bs, Bs = nsK
−1
s ,

k1 = (1, 2, 1) , k2 = (1, 1, 2) , for A3 , B3 and C3 , respectively.
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THANK YOU FOR YOU ATTENTION!
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