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Dynamics of localized states in extended supersymmetric quantum mechanics with multi-well potentials

The aim of the present paper is to describe the dynamics of localized
states in multi-well potentials in the non-perturbative approach. We use
multi-well potentials obtained in the framework of N = 4 SUSY QM [1]
and describe the dynamics of wave packets with corresponding
propagators, calculated using approach of [2, 3, 4].
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N =4 SUSY QM and multi-well potentials

m To construct multi-well potentials in N = 4 SUSY QM [1],
the states with energy ¢ below the ground state Ej of the
initial Hamiltonian Hp is added (assuming that Hp has only
discrete spectrum).

m The super—-Hamiltonian of N =4 SUSY QM consists of three
non—trivial Hamiltonians [1] H; = H* = Hy — ¢, H_ and
Hi. Spectra of the latter two have the additional state below
the ground state of the initial Hamiltonian in case of exact
N = 4 SUSY, while other states coincide with the those of
Ho —E&.
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HZ and its wave functions have the following relations to H = Ho — € and its

initial wave functions:
o2
HZ=H ——— |”(<P1(X’ 6) + @2(X76),

dx?
_ _ 1 W{1/)J:(X, Ef)v‘p(xv‘fv 1)}
w7 (X7 E) N 2(E,' — E) (p(X, & 1) '
V(0 E=0) = s el 1) = piloe) £l e)
N2 = 2W{§017§D2} A(X,E) — @1()(’5) - @Q(X’g)

A(+00,€) — A(—o0,€)’ w1(x,€) + p2(x, €)

m pi(x,e), i =1,2 are two linear independent non—negative solutions to
the auxiliary equation Hop(x) = e¢(x). Their asymptotics: ¢1(x) — +00
(¢2(x) — 0) under x — —o0, and ¢1(x) — 0 (p2(x) — +00) under
X — +00

m ¢ (x, E;) are normalized wave functions of Hp

m W{p1, 2} is Wronskian.
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Using the form-invariance of H and HZ [1] similar expressions for
Hi, 1/)1 could be obtained:

2
HE = Hy = 20 (o1(69) + A, A) ol 9)).
N—l
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Aoo,e) = A — (A +1) A(—o00,¢)
A(c0,e) + A — (A +1) A(—o0,¢)’

A A) =

where parameter A is restricted to A > —1 and normalization
constant is N/(z =(1+ ) N2
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When choosing Hamiltonian of harmonic oscillator (HO) as initial,
potentials U~ and Ui and corresponding wave functions are:

Potential (1) UZ(£) (w =1, v = —0.02) (a), wave functions of ground
(b), first excited (c) and second excited states (d). () UF (&, A +1)
(w=1, v=-0.02, A = —0.95) and corresponding wave functions.
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Time evolution of localized states in N =4 SUSY QM

The time evolution of the Gaussian wave packet

®(x) = (wjrzR> v exp <—; (x — x0)? e2R>

where R is a squeezing parameter, initially localized in x = xq is
determined by

®(x,t) = [T K (x,t;%0,0) ®(x0) dxo,

K (x,t:x0,0) = Y02 ¥n(x) ¥ (x0) e,

where K (x, t; xp,0) is a propagator, which is sufficient to describe
the dynamics of localized states in potentials of arbitrary
complexity.
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In N =4 SUSY QM three K32 (x, t;x0,0) (0; = £) exist. For
example, K:{ (x, t; x0,0) is

1 +oo
K (x,t;y,0)= 2LXL},/ dzK| (x,t;2,0) G, (z,y,¢) +

—00

NX2 e—iEt

+ )
p(x.6,N) ¢y, e, \)

Here L, = (d% - %) and G (z,y,¢) is the Green function

of the Schrodinger equation with energy e:
Gy (x,y:8) = —wrry (filx,€) £y, €)0(y — x) +

+f,(y,6) fr(X,€)9(X - _)/)) .
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According to the notation used: fi(x,¢) = @a(x,€),
fr(x,€) = @1(x,€). Acting by the operator L, and simplifying, the
expression for propagator becomes

#/\) L, {/\(g, A) /ym dz K (x,t;2,0) ¢o(z,e)—

Ki(Xat;y70): _4,0(}/ c

+ N/\—2 efl'st .
o(x,e,N)p(y,e,N)

- /yoo dz K (x, t;2,0) <p1(276)}

For Hamiltonian of HO as initial:

. 1/2
_,W(l_;’_n) .
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Small squeezed states.

]

Time dependence of |®(¢, T)| initially located in left minimum with
R =0.35 (a) (& = —2.29) in UZ (&), (b) (& = —2.153) in U (&, ),
A= —0.95.
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In case of symmetric potential the evolution of wave packet have
" Josephson” —type oscillations. But for U the phenomenon of partial trapping
of the wave packet is observed: in case of asymmetric potential, the portion of
wave packet which tunnel from initial well is very small.
This phenomenon is more obvious when the initial WP is uniformly distributed
among local minima (&, €r) of Ut (&, 1), e.g.
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Time dependence of |®(&, T)| in (a) left (§ = —2.153) and (b)
(& = 2.755) wells. R = 0.35.
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It's important to note that in the left well Wave packet oscillates
and completely restores after time T, = (E E) ~ 300. At the
same time, the portion of the wave packet in the right well
increases at 0 < T < 150 while complete variation of |®(&, T)| is
caused by the tunneling from left well. Moreover, when time is
close to T ~ 150 the strong squeezing of the packet occurs and
while time T increasing |®(&, T)| decreases and reaches its
minimum. This means that some sort of partial " confining” of the
portion of WP inside right well occurs. Thus, in one (left)
minimum tunneling dynamics has oscillatory nature while in
another partial "trapping” of part of WP occurs.
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Conclusions

m We propose a non-perturbative approach to the description of
the temporal dynamics of localized states. This approach is
based on exactly solvable quantum mechanical models with
multi-well potentials and their propagators.

m We also consider the properties of the tunneling of wave
packets, taking into account all states of Hamiltonians with
symmetric and asymmetric potentials, as well as their
dependence on the degree of localization and deformations of
potentials.

m The study the dynamics of initially localized states shows,
that applicability of the two-state approximation for the
description of tunneling is considerably limited.



