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Introduction

A conventional way to consider a higher-dimensional theory in lower dimension
is by the Kaluza-Klein mechanism going from Rd+k to Rd × (S1)k as well as its
further generalizations to less trivial compact manifolds. It may be however
interesting analyze similar procedure starting from AdS space.
The procedure is divided in the steps

I Foliation of AdS geometry

I Splitting of the world indices

I Splitting of the fiber indices

I Choose the convenient variables

I Fourier expansion



Foliation of AdS geometry
The description of AdSd+1 geometry

d̂Ω̂
AB

+ Ω̂
A

C ∧ Ω̂
CB

= 0 , Ω̂
AB

= −Ω̂
BA
, A,B, . . . = 0, . . . , d + 1 .

The covariant definition of the frame field and Lorentz connection

V AVA = 1 , Ĥ
A

= D̂V A , Ω̂
AB

L = Ω̂
AB

+ V AĤ
B
− V BĤ

A
.

The covariant splitting of fiber indices

UAUA = −1 , V AUA = 0 .

The description of AdSd geometry

dωAB + ωA
C ∧ ωCB = 0 .

DUB = 0 , hA = DV A , ωAB
L = ωAB + V AhB − V BhA .

The splitting of the world indices

d̂ = d + dϕ∂ϕ , Ω̂
AB

= ΩAB + dϕΨAB ,

ΩAB = ωAB + (1− cos−1(ϕ))
(
V AhB − V BhA

)
+ tan(ϕ)

(
UAhB − UBhA

)
,

ΨAB = cos−1(ϕ)
(
UAV B − UBV A

)
, ϕ ∈ [0, 2π) .



Symmetric Bosonic Massless Field in AdSd+1

Ŵ A(s−1),B(s−1) 1-form carrying the representation of o(d , 2)

R̂A(s−1),B(s−1) = D̂Ŵ A(s−1),B(s−1) ,

δŴ A(s−1),B(s−1) = D̂ΛA(s−1),B(s−1) .

On-Mass-Shell theorem

R̂A(s−1),B(s−1) = s2ĤC ∧ ĤDB
A(s−1)C ,B(s−1)D ,

ηA(2)B
A(s),B(s) = 0, VBB

A(s),B(s) = 0.

Weyl module

D̂LBA(i+s),B(s) = (i + s + 1)ĤC

[
BA(i+s)C ,B(s) +

s

i + 2
BA(i+s)B,B(s−1)C

]
+

(i + 1)(d + i + 2s − 3)

d + 2i + 2s − 1

[
Ĥ

A
BA(i+s−1),B(s)− i + s − 1

d + 2i + 2s − 3
η
A(2)
L ĤCB

A(i+s−2)C ,B(s)

− s

d + i + 2s − 3
ηABL ĤCB

A(i+s−1),B(s−1)C

+
s(i + s − 1)

(d + 2i + 2s − 3)(d + i + 2s − 3)
η
A(2)
L ĤCB

A(i+s−2)B,B(s−1)C

]
, i = 0, 1, . . .



Cell Operator Algebra

Consider the generating function T (k,l) = TA(k),B(l)yA1 . . . yAkpB1 . . . pBl ,
k, l = 0, 1, . . ., where TA(k),B(l) irrep of o(d , 2) and

XAΣ̂+
1 AT

(k,l) ∈ T (k+1,l), XAΣ̂−1 AT
(k,l) ∈ T (k−1,l),

XAΣ̂+
2 AT

(k,l) ∈ T (k,l+1), XAΣ̂−2 AT
(k,l) ∈ T (k,l−1).

Σ̂−1 A =
∂

∂yA
+

1

x̂ + 2
pB ∂

∂yB

∂

∂pA
, Σ̂−2 A =

∂

∂pA
,

x̂ = ŷ − p̂, ŷ = yA ∂
∂yA

, p̂ = pA ∂
∂pA

. The explicit form of Σ̂+
1 A and Σ̂+

2 A is more
complicated.
The formulation of symmetric massless field in AdSd+1

R̂(s−1,s−1) = D̂Ŵ (s−1,s−1) , δŴ (s−1,s−1) = D̂Λ(s−1,s−1) ,

R̂(s−1,s−1) = Ĥ
B
∧ Ĥ

A
Σ̂−L

1 BΣ̂−L
2 AB

(s,s) ,

D̂LB(s+i,s) = Ĥ
A

Σ̂−L
1 AB

(i+s+1,s) +
(x̂ + 1)(ẑ − 3)

ẑ + x̂ − 1
Ĥ

A
Σ̂+L

1 AB
(i+s−1,s) ,

i = 0, 1, . . . , ẑ = d + ŷ + p̂ .



Splitting space indices
We single out the components of forms along the (d+1)th direction

R̂(s−1,s−1) = R(s−1,s−1) − dϕ ∧ T (s−1,s−1) ,

Ŵ (s−1,s−1) = W (s−1,s−1) + dϕC (s−1,s−1) .

R(s−1,s−1) = DW (s−1,s−1), T (s−1,s−1) = DC (s−1,s−1) − D̂ϕW
(s−1,s−1).

The relation of the AdSd+1 covariant derivative to that of AdSd

D̂XA = (D + dϕD̂ϕ)MA
B X̃

B = MA
B(D + dϕ∂ϕ)X̃B ,

RA(s−1),B(s−1) = MA1

A′1
. . .M

Bs−1

B′s−1
R̃A′(s−1),B′(s−1)

and the same formulas for T , W , C , B.
On mass shell theorem

R̃(s−1,s−1) = DW̃ (s−1,s−1) = cos−2(ϕ)hA ∧ hBΣ̂−1 AΣ̂−2 B B̃
(s,s) ,

T̃ (s−1,s−1) = DC̃ (s−1,s−1) − ∂ϕW̃ (s−1,s−1)

= cos−2(ϕ)hA
[
Σ̂−1 AΣ̂−2 (Ũ)− Σ̂−1 (Ũ)Σ̂−2 A

]
B̃(s,s) ,

where ŨA = UBM
BA = cos−1(ϕ)UA + tan(ϕ)V A.



Splitting fiber indices

The branching rule for o(d , 2) ↓ o(d − 1, 2) in the case of two-row rectangular
Young tableaux

s-1

s-1 ⇒
s−1⊕
t=0

s-1

t

The vector UA allows to make the branching in the covariant way

R̃(s−1,s−1) =
s∑

t=1

(Σ̂+
2 (U))s−t r̃ (s−1,t−1) ,

W̃ (s−1,s−1) =
s∑

t=1

(Σ̂+
2 (U))s−tw̃ (s−1,t−1) ,

T̃ (s−1,s−1) =
s∑

t=1

(Σ̂+
2 (U))s−t t̃(s−1,t−1) ,

C̃ (s−1,s−1) =
s∑

t=1

(Σ̂+
2 (U))s−t c̃ (s−1,t−1) .



The decomposition of Weyl tensor

The decomposition of Weyl tensor in accordance with the branching rule

B̃(s,s) =
s∑

t=0

(Σ̂+
2 (U))s−t b̃(s,t) .

B̃(s,s) carries o(d , 1) irrep. ⇒ Σ̂−
2 Ṽ

B̃(s,s) = 0 . It gives for b̃(s,t)

Σ−1 V b̃
(s,t) = 0 ,

(s − t)(s − t + 1)Σ+
2 (V )b̃(s,t−1) − sin(ϕ)(s − t)(ẑ − x̂ + s − t − 3)b̃(s,t)

+
(ẑ − x̂ + s − t − 3)(ẑ − x̂ + s − t − 2)

(ẑ − x̂ − 1)
Σ−2 (V )b̃(s,t+1) = 0, t = 0, . . . , s−1

b̃(s,t) are not irreps of o(d − 1, 1). We introduce b(s,t) with
Σ−1 V b

(s,t) = Σ−2 V b
(s,t) = 0 and

b̃(s,t) =
t∑

k=0

(Σ+
2 (V ))t−kγt

k(x̂ , ẑ)b(s,k) ,

where γt
k(x̂ , ẑ) = N t

k(x̂ , ẑ)C
ẑ−x̂−3

2
t−k (sin(ϕ)) .



The choose of convenient variables

The equations in AdSd take the form of mixture for different spins

r̃ (s−1,t−1) = hA ∧ hB

{
t∑

k=0

cos−2(ϕ)
(
Σ+

2 (V )
)t−k

(. . .)γt
k(x̂ , ẑ + 2)Σ−1 AΣ−2 B

−
t−2∑
k=0

(
Σ+

2 (V )
)t−k−2

(. . .)γt−2
k+2(x̂ , ẑ)Σ+

2 AΣ−1 B

}
b(s,k) ,

t̃(s−1,t) = − cos−1(ϕ)
t∑

k=0

(Σ+
2 (V ))t−k(. . .)γt

k(x̂ , ẑ)hAΣ−1 Ab
(s,k) .

We require that in new variables the equations take the form

r (s−1,k−1) =
cos−2(ϕ)

ẑ − x̂ + 2s − 2k − 2
hA ∧ hBΣ−1 AΣ−2 Bb

(s,k) ,

t(s−1,k) = − cos−1(ϕ)(x̂ + 2)(ẑ − x̂ − 1)

(x̂ + 1)(ẑ − x̂ − 2)(ẑ − x̂ + 2s − 2k − 4)
hAΣ−1 Ab

(s,k) .

There is the reversible transformation (r , t)⇔ (r̃ , t̃).



Fourier expansion

w (s−1,k−1) =
∞∑
n=0

w (s−1,k−1)
n P(k)

n (ϕ), c (s−1,k−1) =
∞∑
n=0

c (s−1,k−1)
n cos(ϕ)P(k−1)

n (ϕ),

r (s−1,k−1) =
∞∑
n=0

r (s−1,k−1)
n P(k)

n (ϕ), t(s−1,k−1) =
∞∑
n=0

t(s−1,k−1)
n cos(ϕ)P(k−1)

n (ϕ),

b(s,k) =
∞∑
n=0

b(s,k)
n cos2(ϕ)P(k)

n (ϕ) .

The conditions for P
(k)
n (ϕ) follow form the curvatures

r (s−1,k−1) = . . .+ (. . .) cos(ϕ) [∂ϕ + (d + 2k − 6) tan(ϕ)] hAΣ+
2 A ∧ w (s−1,k−2) ,

t(s−1,k) = . . .+ (. . .)∂ϕw
(s−1,k) .

The equations

∂2
ϕP

(k)
n + (d + 2k − 5) tan(ϕ)∂ϕP

(k)
n + (∆(k)

n )2P(k)
n = 0 , k = 0, 1, . . . , s.

The condition of normalizability of P
(k)
n gives the spectrum

(∆(k)
n )2 = (n + 1)(n + d + 2k − 4) .



On mass shell theorem and Weyl module

On mass shell theorem

r (s−1,k−1)
n =

1

d + 2s − 4
hA ∧ hBΣ−1 AΣ−2 Bb

(s,k)
n ,

t(s−1,k)
n = − (s − k + 1)(d + 2k − 1)

(s − k)(d + 2k − 2)(d + 2s − 4)
hAΣ−1 Ab

(s,k)
n .

Weyl module we deduce from the above equations

DLb(s+i,k)
n = hAΣ−1 Ab

(s+i+1,k)
n + αi

n(x̂ , ẑ)hAΣ+L
1 Ab

(s+i−1,k)
n

+ β i
n(x̂ , ẑ)hAΣ−2 Ab

(s+i,k+1)
n−1 + γ i

n(x̂ , ẑ)hAΣ+L
2 Ab

(s+i,k−1)
n+1 ,

for k = 0, 1, . . . , s and i = 0, 1, . . .



The curvature

r (s−1,k−1)
n = Dw (s−1,k−1)

n +
(s − k + 1)(d + 2k − 3)∆

(k)
n

(d + 2k − 6)(d + s + k − 2)
hAΣ+

2 A ∧ w
(s−1,k−2)
n+1 ,

t(s−1,k)
n = Dc (s−1,k)

n +
(s − k + 1)(d + 2k − 1)∆

(k)
n

(d + 2k − 2)(d + s + k − 3)
hAΣ+

2 Ac
(s−1,k−1)
n+1

+
(d + s + k − 2)∆

(k+1)
n−1

(s − k)(d + 2k − 2)
w

(s−1,k)
n−1 − d + 2k − 1

d + 2k − 2
Σ+

2 (V )w (s−1,k−1)
n

− (s − k + 1)(d + 2k − 3)(d + 2k − 1)∆
(k)
n

(d + 2k − 6)(d + 2k − 4)(d + 2k − 2)(d + s + k − 3)
(Σ+

2 (V ))2w
(s−1,k−2)
n+1 .

They are invariant under gauge transformations

δw (s−1,k−1)
n = Dξ(s−1,k−1)

n +
(s − k + 1)(d + 2k − 3)∆

(k)
n

(d + 2k − 6)(d + s + k − 3)
hAΣ+

2 Aξ
(s−1,k−2)
n+1 ,

δc (s−1,k)
n = −

(d + s + k − 2)∆
(k+1)
n−1

(s − k)(d + 2k − 2)
ξ
(s−1,k)
n−1 +

d + 2k − 1

d + 2k − 2
Σ+

2 (V )ξ(s−1,k−1)
n

+
(s − k + 1)(d + 2k − 3)(d + 2k − 1)∆

(k)
n

(d + 2k − 6)(d + 2k − 4)(d + 2k − 2)(d + s + k − 3)
(Σ+

2 (V ))2ξ
(s−1,k−2)
n+1 .


