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Abstract

The final state interaction of pions in Ke4 decay allows one to ob-
tain the value of the isospin and angular momentum zero ππ scattering
length. We have shown that the electromagnetic interaction of pions
and isospin symmetry breaking effects caused by different masses of
neutral and charged pions, have an essential impact on the procedure
of scattering length extraction from Ke4 decay.

1 Introduction

For many years the decay

K± → π+π−e±ν (1)

was considered as the cleanest method to determine the isospin and angu-
lar momentum zero scattering length a0 [1]. At present the value of a0 is
predicted by Chiral Perturbation Theory (ChPT) with high precision [2]
(∼ 2%) and its measurement with relevant accuracy can provide useful con-
straints on the ChPT Lagrangian. The appearance of new precise experi-
mental data [3, 4] requires approaches taking into account the effects, which

∗On leave of absence from Yerevan Physics Institute
†Also Siberian Physical Technical Institute

1

http://arxiv.org/abs/0711.4618v2


have been neglected up to now in extracting the scattering length from ex-
perimental data on Ke4 decays.
The common way to get the scattering length a0 from the decay probability
is based on the classical works [5, 6]. The transition amplitude for decay (1)
can be written as the product of the lepton and hadronic currents:

A =
GF sin θc√

2
〈π+π−|Jµ

had|K+〉〈e+νe|J lep
µ |0〉. (2)

The leptonic part of this matrix element is known exactly, while the hadronic
part can be described by three form factors F,G,H [6]. Making the partial-
wave expansion of the hadronic current with respect to the angular momen-
tum of the dipion system and taking only S and P waves,1 the hadronic form
factors can be written in the following form:

F = fse
iδ0

0
(s) + fpe

iδ1

1
(s) cos θπ,

G = gpe
iδ1

1
(s), H = hpe

iδ1

1
(s). (3)

Here s = M2
ππ is the square of dipion invariant mass; θπ is the polar angle of

the pion in the dipion rest frame measured with respect to the flight direc-
tion of dipion in the K meson rest frame. The coefficients fs, fp, gp, hp can
be parameterized as functions of pion momenta q in the dipion rest system
and of the invariant mass of lepton pair seν in the known way [8]. The phases
δI
l relevant to isospin I and orbital momenta l of the dipion system due to

Fermi—Watson theorem [9] coincide with the corresponding phase shifts in
elastic ππ scattering. From the other hand the phases can be related to the
scattering lengths by the set of Roy equations [10].
Recently, the experiment NA48/2 at CERN [11] has observed the anomaly
(cusp) at the two charged pions production threshold in the neutral pi-
ons mass distribution from the decays K± → π±π0π0. As N. Cabibbo
pointed [12], this is a result of isospin breaking in the final state due to the dif-
ference of masses of neutral and charged pions in the reaction 2 π+π− → π0π0.
The final state interaction of pions in Ke4 decay is usually considered using
the Fermi—Watson theorem [9] valid only in the isospin symmetry limit i.e.
at mc = m0.
As was independently shown in [15, 16, 17, 18] using different approaches to
the problem of Ke4 decay, the distinction in masses of neutral and charged

1As was shown in [7], the contribution of higher waves are small and can be safely
neglected.

2The possibility of cusp in π0π0 scattering due to different pion masses in charge ex-
change reaction π+π− → π0π0 was firstly predicted in [14].
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pions leads to breaking of this theorem3 and results in the corrections, which
are not small even far from the production threshold [4].
In the present paper we consider all isospin symmetry breaking effects in-
cluding the electromagnetic interaction in the dipion system and calculate
their impact on the value of scattering length a0 extracted from Ke4 decay
rates.

2 Isospin symmetry breaking due to pions

mass difference

The phase shift δ0
0 relevant to scattering length a0, has an impact only on

hadronic form factor F , whereas the form factors G and H depend only on P -
wave phase shift δ1

1. The P -wave neutral pions production in inelastic process
π+π− → π0π0 is forbidden due to identity of neutral pions. Thus inelastic
transitions can change only the first term in the form factor F , relevant to
production of S-wave pions in the state with isospin I = 0.
It can be shown that in one loop approximation of nonperturbative effective
field theory (see e.g. [20]), the decay amplitude M relevant to dipion in the
state with I = l = 0

M = M1(1 + ik2a+−) + ik1axM2. (4)

Here M1,M2 are the so called “unperturbed” amplitudes [12] correspond-
ing to the decays with charged and neutral dipions in the final state; k1 =
√

M2
ππ − 4m2

0/2, and k2 =
√

M2
ππ − 4m2

c/2 are the relative momenta in the
π0π0 and π+π− systems with the same invariant mass Mππ; a+− and ax are
the S-waves amplitudes of the elastic scattering π+π− → π+π− and charge
exchange reaction π0π0 → π+π−.
As discussed in [13, 20], these amplitudes are related with scattering lengths
a0, a2 through the following relations4:

a+− =
2a0 + a2

3
(1 + ǫ),

ax =

√
2(a0 − a2)

3

(

1 +
ǫ

3

)

, ǫ =
m2

0 −m2
c

m2
c

. (5)

A simple relation between the “unperturbed” amplitudes M1 =
√

2M2, fol-
lows from the rule ∆I = 1/2 for semi-leptonic decays. Thus, in the isospin

3The breakdown of Fermi—Watson theorem in photoproduction has been discussed
in [19].

4Our definition of amplitudes coincide with the one adopted in [23], and differs from
the accepted definition in [13, 20].
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symmetry limit (m0 = mc)
5 :

M = M1(1 + ika0) = M1

√

1 + k2a2
0 exp(iδ0

0). (6)

This equation is nothing else than the Fermi—Watson theorem for the ππ
interaction in the final states.
The considered picture can be generalized to higher orders [21]. Summing
all subsequent loops of ππ scattering we obtain the following:

M =
M1(1 − ik1a00) + ik1axM2

D
,

D = (1 − ik1a00)(1 − ik2a+−) + k1k2a
2
x, (7)

where the π0π0 elastic amplitude a00 = (a0 + 2a2)(1 − ǫ)/3.
Using the relation between “unperturbed” amplitudes M1 =

√
2M2, it is

convenient to rewrite this equation in the following form:

M =
M1

√

1 + k2
1

(

a00 − ax/
√

2
)2

|D| exp(iδ0
0),

δ0
0 = arctan

{

k1a00 + k2a+−

1 + k1k2(a2
x − a00a+−)

}

− arctan{k1(a00 − ax/
√

2)}. (8)

Thus, unlike to isospin symmetry limit the decay amplitude depends on a2.
The expression (8) is the generalization of Fermi—Watson theorem for the
case of the isospin symmetry breaking in the strong phase relevant to the
S-wave ππ scattering.
Another effect which can be important in the procedure of the scattering
lengths extraction from the experimental data on Ke4 decay, is the Coulomb
interaction among the charged pions. The widely spread wisdom is that
in order to take the electromagnetic effects into account it is sufficient to
multiply the square of matrix element (2) by Gamov factor

G =
2πw

1 − exp(−2πw)
, w =

α

υ
. (9)

Here υ is the relative velocity in the dipion system and α = e2/(4π) is fine
structure constant.
Later on we show that besides this multiplier the electromagnetic interaction
between pions also change the expression (8) for the strong phase results
in essential influence on the value of scattering length a0 extracted from
experimental data.

5In this limit the scattering lengths aI corresponding to ππ states with isospin I = 0, 2
are connected with elements of K-matrix by the relation exp(2iδI) = (1+ ikaI)/(1− ikaI).
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3 Electromagnetic interaction in ππ system

In order to take into account the electromagnetic interactions between pions,
we take an advantage of the trick successfully used in [21]. To switch on the
electromagnetic interaction, one has to replace the charged pion momenta
k1 by a logarithmic derivative of the pion wave function in the Coulomb
potential at the boundary of the strong field r0:

ik1 → τ =
d log[G0(kr) + iF0(kr)]

dr

∣

∣

∣

∣

r=r0

. (10)

Here F0, G0 are the regular and irregular solutions of the Coulomb problem.
In the region kr0 ≪ 1, where the electromagnetic effects are significant, this
expression can be simplified:

τ = ik − αm [log(−2ikr0) + 2γ + ψ(1 − iξ)] ,

Re τ = −αm [log(2kr0) + 2γ +Reψ(1 − iξ)] ,

Im τ = kG, ξ = αm/(2k), (11)

where Euler constant γ = 0.5772 and digamma function ψ(ξ) = d log Γ(ξ)/dξ.
Substituting these expressions in (8) one can express the modified phase for
π+π− state (I = l = 0) δ̃0

0 through the standard phases [1] δ0
0 , δ

2
0 relevant to

exact isospin symmetry limit.
Dividing the modified S-wave phase as a sum of strong δ0

st and Coulomb δ0
c

terms, we obtain:

δ̃0
0 = δ0

st + δ0
c ,

δ0
st = arctan(A tan δ0

0 +B tan δ2
0),

A = [2G(1 + ǫ) + λ(1 + ǫ/3)]/3, B = [G(1 + ǫ) − λ(1 + ǫ/3)]/3,

δ0
c = Arg{Γ(1 − iα/β)}, β =

√
1 − 4υ/(1 − 2υ),

λ =
√

(1 − 4u0)/(1 − 4uc), uc = m2
c/s, u0 = m2

0/s. (12)

Let us note that,whereas the Coulomb phase δc has a common textbook
form [22], the strong phase δ0

st is essentially modified by electromagnetic
effects as well as by isospin symmetry breaking effects provided by pions
mass difference.
Using the same approach one can show that the modified P -wave phase
becomes as follows:

δ̃1
1 = δ1

st + δ1
c ,

δ̃1
st = arctan

{

(1 + α2/β2)G tan δ1
1

}

, δ1
c = Arg{Γ(2 − iα/β)}. (13)
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The difference of S and P -wave Coulomb phases has a simple form:

δ0
c − δ1

c = arctan(α/β). (14)

In the limit of exact isospin symmetry (mc = m0; α = 0) the above expres-
sions turn to well known one.
Setting in accordance with ChPT a0 = 0.225, a2 = −0.037 and using the
relevant phases δ0

0, δ
1
1 from Appendix D of [1], we calculated the modified

phases differences δ = δ̃0
0 − δ̃1

1 as a function of the invariant mass Mππ.
Fig.1 shows these dependencies in the two limiting cases. The dashed line
corresponds to exact isospin symmetry limit (m0 = mc, α = 0). To get
δ = δ0

0 − δ1
1 we use the phases values from Appendix D of work [1]. The solid

line is the result of all the isospin breaking effects, calculated by obtained
above expressions. The experimental data are from [4].
This figure demonstrates agreement between experimental data and the pre-
dictions of ChPT, when isospin symmetry breaking corrections are taken into
account.

In table 1 we cite δ as a function of dipion invariant mass Mππ in respect to
different isospin breaking corrections. This allows one to estimate separately
the contribution of considered above effects.

Table 1: The impact of considered corrections on phase difference δ = δ̃0
0−δ1

1 :
1) standard case [1] with a0 = 0.225, a2 = −0.037; 2) the case with charge
exchange process λ =

√

(1 − 4u0)/(1 − 4uc); 3) the impact of parameter ǫ
(expression (5)); 4) the case with electromagnetic effects in the strong phases;
5) the case with the Coulomb phases difference (14)

Mππ 1 2 3 4 5
0.285 0.048 0.059 0.061 0.063 0.082

0.300 0.096 0.103 0.108 0.110 0.122

0.315 0.134 0.140 0.147 0.149 0.159

0.330 0.170 0.175 0.184 0.186 0.195

0.345 0.205 0.210 0.220 0.223 0.231

0.360 0.239 0.244 0.256 0.259 0.267

0.375 0.274 0279 0.292 0.296 0.304

0.390 0.309 0.314 0.328 0.333 0.340

6



4 Conclusions

All the isospin symmetry breaking corrections considered above increase the
phase difference δ. Their contribution is the largest near the threshold, but
even far from it they are essential.
The Ke4 decay amplitude if to take the isospin symmetry breaking effects
into account depends on scattering length a2 unlike the common approach.
Our results are in accordance with approach developed in [15, 17, 18], thus
allowing to extract the values of scattering lengths from Ke4 decays with
higher accuracy than in standard approximation.
The authors are grateful to V.D. Kekelidze and D.T. Madigozhin for useful
discussions and support.
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Figure 1: The dependence of δ = δ̃0
0 − δ̃1

1 on dipion invariant mass Mππ in
the exact isospin symmetry case (dashed line) and with all isospin symmetry
breaking corrections taken into account (solid line).
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