Proceedings of the Second International Symposium on

Quantum Theory
and Symmetries

Krakéw, Poland July 18-21, 2001
Editors
Edward Kapuscik

Andrzej Horzela

— H. Niewodniczarski Institute of Nuclear Physics
Krakbw, Poland

\\' & World Scientific

New Jersey « London « Singapore - Hong Kong



CONTRACTION AND INTERBASES EXPANSIONS ON
N-SPHERE

A.A.IZMEST’EV, G.S. POGOSYAN,*, A.N. SISSAKIAN
Joint Institute for Nuclear Research, Dubna, Moscow Region, 141980, Russia

P. WINTERNITZ
Centre de recherches mathématiques, Université de Montréal, C. P. 6128, succ.
Centre Ville, Montréal, Québec, H3C 3J7, CANADA

Lie algebra contractions from o(n+1) to e(n) are used to construct the asymptotic
limit of the interbasis expansions between two general subgroup chains O(n+1) D
O(na+ng)®0(ny) and O(n+1) D O(na)®0(ny+ng), where n+1 = ng+ny+ng.
Tt provides the asymptotic formula of Racah coefficients for SU(2) and SU(1,1)
groups.

1 Introduction

In a series of papers!:2:3* we have presented a new aspect of the theory of Lie
group and Lie algebra contractions: the relation between separable coordinates
systems in curved and flat spaces, related by the contraction of their isometry
group.

In article! we considered the two-dimensional sphere S;. The contractions
we use are analytical ones: the radius of the sphere R is built into the
infinitesimal operators and into the sets of commuting operators, not only into
the structure constants. The contractions can be viewed as singular changes of
bases, as was the case of the original Indnii-Wigner® contractions. For R — oo
the sphere S, ~ O(n+1)/0(n) goes into the Euclidean space E, ~ E(n)/O(n).

In paper® the dimension of the space was arbitrary, but only the simplest
types of coordinates were considered, namely subgroup type coordinates.
Furthemore, we introduced a graphical method of connecting subgroup—type
coordinate systems on the sphere S,, (characterized by tree diagrams) and on
the Euclidean space E, (characterized by cluster diagrams) and gave rules
relating the contraction limit R — oo of the coordinates, invariant operators,
eigenvalues and basis functions.

Vilenkin, Kuznetsov and Smorodinsky® (see also”:®) developed a graphical
method, the “method of trees” to describe subgroup type coordinates on S,.
The corresponding separated eigenfunctions are hyperspherical functions [5-
8]. Their relation to subgroup chains and subgroup diagrams was analyzed in
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paper 3, as were their contractions to subgroup type separated basis functions
for the groups E(n).

In many-body theories it is often necessary to expand one type of hyper-
spherical functions in terms of other ones. The expansion coefficients have
been called T-coefficients, or overlap functions?.

The purpose of this contribution is to investigate the R — oo contraction
limit of the interbases expansions and overlap functions for the different
spherical and hyperspherical functions on S,,.

A convenient way of calculating the T-coefficients corresponding to a trans-
formation from one tree to another is to introduce a sequence of ”intermediate”
trees, each differing from the previous one by the transplantation of exactly
one branch from one side of a branching point to the other. The T-matrix
will be factorized into a product of ”elementary T-matrices”, corresponding
to such elementary transformations. Each elementary T-matrix can be repre-
sented by a tree-type diagram consisting of a cell with three ends, each of which
can be either open or closed. Therefore there are eight inequivalent diagrams
of this type. The T-coefficients for all 8 types of elementary transformations
were calculated by Kil’dyushov®. They were expressed in terms of generalized
hypergeometric functions of argument z = 1: 3F;(1), 3F2(1), 4F3(1), Wigner
D-functions, or Clebsch-Gordon and Racah coefficients for positive discrete
series of representations of the group SU(1,1) 10,

The T-coeflicients representing the general transformation corresponding
to the diagram on Fig.1a have the form®

Ji1J273 _ V(2512 + 1)(2j23 + 1) [T(j2 + j3 + j2a + 2)
T(2j; + 2) L(j23 — j2 — js)

J12J J23
y I'(j2 — js + jas + DI(J — gz — 33)T (1 + jiz2 + 52 + 2)
F(jaz —je +ja + )G — j1z + js + YT (51 + j1z — j2 + 1)

% T(G+ji2—d3+ DG —s1 + 2 + DG+ j1 + Jas + 2)
LG+ 12 + 33 + 2)L (12 — j1 — 52)T(G — 1 — G2 + Ja)

y \/F(j + 41~ jag + DTG = 1 — Ga + 3s)L( — 1 — o + da)

LG+ +d2~-Js+2)T(G —j1 — j23)T(§ — j1 + j23s + 1)
—jiz+g1+ j2+ 1, jro+ 1 +j2+2, jaz+ 52 —ja+1, jo— jza —j23
X4F3 1;. (1)
2§2+2,j+j1+d2—Ja+2, i+j2—ja—j+1

Here j;(jix) label the discrete representations of SU(1,1). It was pointed out
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in7 that if the number j; = —1 /4, or -3/4 is associated with an end point, then
one obtains values of the T-matrix for transitions in cells with open ends. The
transition matrices for all 8 types of cells can be obtained in this manner.

2 Contractions of the Interbasis Expansion

Let us have two wave functions \Iljljf:“ and \Il;‘]::“, which are solutions of
the Helmholtz equation on S, and correspond to the two subgroup chains
O(n+1) D O(ng +ng) ® O(n,) and O(n + 1) D O(n,) ® O(n., + ng), where
n+1 = n, +ny + ng. The transformations between these two functions
corresponds to the recoupling of the angular momentum {j1, j2, j3, j12,7} and
{41,352, 73,J23,7}. The overlap functions expressed in terms of Racah coeffi-

cients and the corresponding interbases expansion is

. i—q-1 J1j233 o
2. i J2.
VEERELe) = Y ||| Y 6,6), 2)
Jes=jz+is+1|| 7127 J23
where the angles are related as follows
cosf;, = cos b cos b} cot 83 = cot 8] sin 65,

The wave functions in eq. (2) can be constructed following the rules presented
in papers®7 (see also*) and have the form

(27 + 1)(2512 + DT (g1 + j2 + J12 + 2)T(G + ja + 1z + 2)
FGrz+hi=Jje+D)lGi2~s1+j+ DG —jiz+js +1)

U 0,0) =

P12 —j1 —32)0( =12 = J3) ;.. piv2t1 11251 +1
x\/ TG 772 — a7 1) (sin 65) (cos 85) 3)

in @' )2d9s+1 /\2i12+1 p(272+1,251+1) 1\ p(2ds+1,2512+1) /
x (sin 67) (cos6)) Py Tl (cos 205) P= 0w ot (cos 261)

(24 +1)(2423 + DTG + j1 + jas + 2)T(j2 + 3 + Jaz + 2)
P(jes —da+j2+ 1D)l(Ges —j2 + 43+ DL + jas — gz + 1)

pI1.d2.ds (61,6;) =

JhJ2s

T(j23 — j3 — 32)0(G — 1 = J23) , ., \2iet1 '
X LA 4 sin 65)272 11 (cos 6, )2 11 4
\/ PG —-Jjm+is+1) (sin 27 (cos62) @
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i \2d23+1 2141 p(2ds+1,242+1 2j23+1,2j1+1
x(sin 8 )27+ (cos 6, )1+ P]-(zgijs_j’;_l)(cos202)Pj(_J]f‘;z_jlfl ) (cos 26,)

here P{* #(x) are Jacobi polynomials.
Consider the contraction limit R — oo in the wave functions (3)-(4) and
overlap functions (1). For large R we put

. . . T Tj Tj
]~ kR’ N2 ~PR1 J1~ ‘IR, 0'1 ~ —Ij'iz'y 912 ~ _;22'7 01 ~ %a (5)

where 7j,, = 1/7‘]22 + 1'?3, k?z = p2 —_ q2’ k:?3 = k2 - p2 and k]zza = k?z + sz3
Taking into account the formula®*

lim LG — j23_ — — 1) .(3j?3t1.’2i‘1+1) (cos26,) = 92j23+1 J2J’23+1(kj23' Tjas) ,
Rooo  I'(§ + jaz — 1) j—jas—h , (a2 ) 2L

where J,,(z) is Bessel function, we have

: J1d2ds gt gty — &I2d3 . .
lim W% (91702) - q’kk’jzkjs (rhir.?a)

R—00 J.J12
=2y kp J2J'2+1(kj27'1'2)J2.’is+1(k'jsrjs): (6)
Jim IE(01,00) = BT (7 02) = 2VE ajas 1 (Kiss Tins)

(2723 + V)T (jas + jz + ja + 2)T(jas — j2 — J3)
T(jos — jo +Js + YTz + j2 — ja + 1)

x (sin 62)%3371 (cos §,)%72 1 P};ji}':_’z]; 241 (cos 265). (7)

Using the asymptotic formulas for 4F3 functions, we obtain

lim nazge =V (2j2s +1) [T(jz + 43 +das + 2)T(j2 — js + Jas + 1)
R0 1] 512 4 jos I'(2j23 + 2) T(jos — j2 — j3)T(j2s —Ja +Ja +1)

: 2 _ 2 ja+3% 2 _ 2 js+3%
9 2p (P —4q k- —-p
k2 — g2 \ k2 — ¢2 K2 — g2
Y .
x oFy | =3 — joz + J2, —Jz +jas +J2 + 1,252 + 25 e
Using the transformation

2Fi(a, b; ¢; 2) = (1 -2)7* % yFi(c—a, c—b; ¢ 2)
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we finally get that

lim R \/p2(2j23 + DI'(j2 — js + J2s + DI(J2 + J3 + jas + 2)
1 2 __ 2 ) — -
B2 | a2 das (k% — @*)T'(j23 — j2 — 33)['(J2s — Ja + Js + 1)
x (cos ¢)2+1 (sin g) e+ . PEAYL 28t (co59g),  (8)
where

2 _ 2\ 1/2 k2 _ p2\ /2
Taking the contraction limit R — oo on both sides of the interbases expansion
(2) and using the formulas (6)-(7) and (8), we have (6 = 8)

oo
J2,33 . Y J23,J2:3 gJ2s J2.ds (. .
Qk"’:‘z kjs (T'” ’ TJS) - Z Wkk,'; k;s Qkkas (rhs ’ 02) (9)
Jes=j2+js+1
or in explicit form

J2jz+1(2 080 cos @) Jajs +1(2sin @ sin @) = (sin $sin §)?5+! (cos ¢ cos )22 +1

y i (=1)fas—d2=35=1 (2555 + 1)T(jias + J2 + js + 2)['(J2s — j2 — J3)
J2s=jz2+js+1 2 F(J23 —J2+js+ 1)]:‘(.'1'23 +Jj2—j3+ 1)
x P L) (cos 26) Pl D (cos 20) Ba(2) - (10)

where z = kj,,7;,, and

Tj, = Tjzs COSO, Tjy = Tjyq SING,

kj, = kj,s cos 9, kjs = kj,q sin ¢,
The last expansion is equivalent to well-known formulas in the theory of Bessel
functions!?, namely expansions of the product of two Bessel functions in terms
of the product of one Bessel function and two Jacobi polynomials.

The presented procedure of contraction is illustrated on Fig.1l. The ver-
tical arrows correspond to the contraction limit (5) from the S,, to E,,. The
left tree in Fig.1la contracts to bihyperspherical coordinates; the second to hy-
perspherical ones. The contraction of the coefficients T is given by eq. (8).
This is an asymptotic formula for the Racah coefficients, where the three mo-
menta satisfy j,j1,j12 = oo. The interbases expansions (9) between two E,
cluster diagrams are obtained from the interbases expansions (2) for the S,
tree diagrams. We thus obtain relations between the bihyperspherical and
hyperspherical solutions of the Helmholtz equation on E,.
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Figure 1: Contractions in interbasis expansion for a general transformation.
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