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Abstract 

The 4-jet events collected by the DELPHI experiment at LEPl in 1992, 1993 and 1994 are analysed to determine the 

contribution of the triple-gluon vertex. Two of the four jets are tagged as jets from b- or c-quarks using lifetime and lepton 

transverse momentum information. The 4-jet contributions from double-gluon bremsstrahlung, the triple-gluon vertex, and 

secondary quark-antiquark pair production then yield significantly different two-dimensional distributions in the generalized 
Nachtmann Reiter angle versus the opening angle of the two secondary jets. These distributions are used to fit CA/C,, the 
ratio of the coupling strength of the triple-gluon vertex to that of gluon bremsstrahlung, and NC/N,, the ratio of the number 

of quark colours to the number of gluons, giving CA/C, = 2.51 f 0.28 and N,-/N, = 0.38 + 0.10 in agreement with the 
values expected from QCD: CA/C, = 9/4 = 2.25 and N,/N, = 3/8 = 0.375. 0 1997 Published by Elsevier Science B.V. 

1. Introduction 

An essential feature of Quantum Chromodynam- 

its (QCD> is the self-coupling of the gluons due to 
their colour charges. The ‘triple-gluon vertex’ is a 

direct consequence of the non-Abelian nature of this 

gauge theory. The large two-jet rate for medium jet 

energies at hadron colliders can be considered as 
direct evidence for gluon-gluon scattering [l], if one 

accepts the extrapolation of the gluon structure func- 
tion of the proton from deep-inelastic UN scattering 
to collider energies. A colourless gluon would lead 

to the reaction Y + 2 jets [2], which is not observed 
[3]. In e+e- annihilation, the energy dependence [4] 
of the strong coupling constant (Ye, where the triple- 

gluon vertex enters through loop corrections, consti- 
tutes further indirect evidence for its existence. Di- 
rect evidence can be obtained from the study of 4-jet 
events in e+e- annihilation, since in four-parton 

final states the triple-gluon vertex contributes to the 
Born diagrams. Additional contributions to the 4-jet 
rate at Born-level originate from several classes of 
diagrams, e.g. those with double gluon 
bremsstrahlung and those in which a radiated gluon 
splits into a q@ pair (secondary q4 production) (Fig. 

1). 
In our previous analyses of 4-jet events [5,6], the 

two-dimensional distribution of the generalized 

Nachtmann-Reiter angle [7] versus the opening angle 
o!34 of the two secondary jets was used. These two 
angles are defined in Fig. 2. The generalized Nacht- 

mann-Reiter angle OiR distinguishes between the 

triple-gluon vertex contribution and secondary q$ 

production. The opening angle CYST distinguishes 

between the triple-gluon vertex and double-brems- 
strahlung. Thus the triple-gluon vertex contribution 

may be determined directly from the two-dimen- 
sional event distribution in these two observables. 

Our previous analyses used energy-ordering of the 
jets to distinguish between jets coming from primary 

(b) 
Fig. 1. Diagrams yielding 

gluon bremsstrahlung, (b) 

triple-gluon vertex. 

four-parton final states: (a) double 

secondary q? pair production, (c) 
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Fig. 2. Definitions of the generalised Nachtmann-Reiter angle O,,$ 

and of the angle oj4, which are the two angles used in the 

analysis: p, and pz are the momentum vectors of the two primary 

jets, p3 and p4 are those of the secondary jets, 0;s is the angle 

between p, - p2 and p3 - p4, while as4 is the angle between p3 

and ~4. 

and secondary partons. Other analyses of 4-jet events 

at LEP [8-101 have done the same. However, the 
primary quarks give the two highest energy jets in 

only 42% of the 4-jet events. This leads to a smear- 

ing of the distributions of the observables for the 

different contributing diagrams, and diminishes the 
differences between them. 

In this analysis, the primary jets were instead 
tagged by exploiting the long lifetime and the 

semileptonic decay of the primary hadrons from 

heavy quarks, which lead to detectable secondary 
vertices or to leptons with high transverse momenta. 

The higher purity of this tagging method results in 
larger differences between the shapes of the distribu- 

tions of the observables for gluon bremsstrahlung, 

the triple-gluon vertex, and secondary quark produc- 
tion; it thus increases the sensitivity of the method. 

2. Theoretical basis 

The triple-gluon vertex in e+e- annihilation ap- 
pears in terms which are second order or higher in 

the strong coupling constant. The diagrams are shown 
in Fig. 1 for double bremsstrahlung, the triple-gluon 
vertex and secondary q4 production. Thus testing 
the triple-gluon vertex requires a study of 4-jet events. 
For the rest of the paper, jets 1 and 2 correspond to 
the primary partons, jets 3 and 4 to the secondary 
partons. 

The fundamental couplings are illustrated in Fig. 

3. The Casimir factors C,, CA and TF respectively 
measure the coupling strengths of gluon radiation 

from quarks, of the triple-gluon vertex and of gluon 
splitting into a quark-antiquark pair. 

For any representation of a gauge group describ- 

ing these couplings, the Casimir factors are deter- 
mined in terms of its generators t& and its structure 

constants f’“’ by the relations (the notation of T. 
Hebbeker [ll] is used): t:,t,l, = aacCF, frs’frsu = 
S’“C,, and tibtlo = 6,,rTF, where a, b ,... = l,...., Nc 

is the quark color index, r,s ,... = l,...., NA is the 

gluon color index, and repeated indices are to be 
summed. The ratio of the coupling strength TF for 

g -+ q4 to the coupling strength C, for q + qg is 
then given by [12]: 

TF/C, = Nc/N, . (1) 

The interference terms contain combinations of 

these basic couplings and this leads to more compli- 
cated graphs for the transition probabilities. The 

graphs can be grouped into simple planar ones, and 

more complicated non-planar ones in which particle 

lines cross. Ellis, Ross and Terrano [14] have calcu- 
lated the differential cross sections for the production 
of the four-parton final states to order oi. Their 

2 2 

(4 a cx TF 
.i 

Fig. 3. Casimir factors for the fundamental couplings. Diagrams 

(a) and (c) have the same @g topology; their relative coupling 
strengths are determined by statistical factors, i.e. they are related 

to the numbers of quark colours Nc and the number of gluons N, 

by TF/CF = NC/N,. 
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result is referred to below as the ‘ERT’ matrix 
element. Figs. 6 and 8 of their paper show all of the 
topologically distinct graphs for the transition proba- 
bilities. For the q&g final state, there are 36 contri- 
butions which can be grouped into three classes: 

1. planar double-bremsstrahlung graphs with weight 

C;; 
2. non-planar double-bremsstrahlung graphs with 

weight C&C, - iC,>; 
3. graphs involving the triple-gluon vertex with 

weight C, C, . 
Similarily the 36 contributions to the q;qG final 

state fall into the following classes: 

1. planar graphs with weight CFTR; 
2. non-planar graphs with weight C,(C, - iC,>; 
3. graphs with weight C,, which give contributions 

only if the charge of the partons is determined 
experimentally and are therefore not relevant to 

this analysis. 

In these expressions, TR is given by: 

TR = TF nf, (2) 

where nf = 5 is the number of active quark flavours. 
This number could be altered from its expectation of 

five by new physics, such as the existence of a very 

light gluino [13]. For greater generality, the original 
factor Nc has been replaced by C,, since this is the 

relevant coupling for the triple-gluon vertex [12]. In 
SU( N,) gauge theory, and in particular in QCD, the 
quantities C, and N, are equal. In other gauge 
groups, however, the different physical meaning of 

these factors results in different numerical values. 
The differential cross section for 4-jet production 

in e+e- annihilation can be written in the form: 

gd( Yij> = aqq,q,( Yij) + uqFjq& Yi,j). (3) 

Here y;, = mfj/s is the normalised effective mass 
squared for any pair of jets (partons). 

The two contributions are therefore given by: 

xFB( Yij) + C 5F (y..) C ‘1 7 
F 1 (4) 

where go is the zeroth order 2 parton cross section 

and F,,..., FE are kinematic functions which corre- 

spond to the distributions for the classes A,. . . ,E, 

for which the formulae are given in Ref. [14]. These 

formulae are also used in the matrix element (ME) 

simulation in the JETSET [15] Monte Carlo Pro- 

gram, discussed further below. 
Grouping the contributions with respect to the 

Casimir factors C,, C, and TR gives: 

cTq( Yi,) = 00 as2 C; 

Fc,( Y,j) + :&A( Y,j) + :I;,,( Y,j) 3 
F F 1 (6) 

where: 

F,F( Yij) = FA( Yij> +FB( Yij) +FE( Yij), (7) 

FCA( Y,j) = Fc( Yij) - f ( FB( Yi,) + FE( Yi,))? 

(8) 

FTR( Yij) = FD( Yi,). (9) 

For QCD, the Casimir factor giving the coupling 

strength of the q + qg vertex is C, = 4, that of the 
triple-gluon vertex is C, = 3, and that of the g 4 qij 

vertex is TF = 3. For the Abelian model, the values 

are C, = 1, C, = 0, and TF = 3. For QED, the corre- 

sponding values are C, = 1, C, = 0, and TF = 1. The 

values for Nc/N, and C,/C, in other gauge groups 
are given in Table 1 [12]. Since the dependence on 

the couplings, or Casimir operators, is gauge invari- 
ant, the ratios C,/C, and T,/C, can be determined 
by fitting the shape of the distribution. The results 
provide a test of QCD, and can also be compared 

with the predictions of other gauge groups. 
In this analysis, integrated contributions of the 

classes are considered which are functions of only 
the two angular observables 8GR and (y34 defined 
previously (see Fig. 2). There is some correlation 
between t3iR and I+; the study is therefore per- 
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Table 1 

Expectations in different gauge theories for the ratio N,/N, of 

the number of quark colours to the number of gluons, which is 

equal to the ratio TF /C, between the g + qq and 4 + qg 
coupling strengths, and for the ratio C, /C, between the triple- 

gluon vertex and the q -P qg coupling strengths. The quarks are 

assumed to be in the fundamental representation and the gluons in 

the adjoint representation, except for the lines marked with * 

where the quarks are in the next higher representation of the 
preceding gauge group 

Group Gluons: Quarks: NC/& C,/CF 

SU(n) 

SOW 

Sp(2 n) 

G2 

4 

E6 

E7 

E8 
U(l), Abelian 

U( 1) QED-like 

n2 - 1 n 

n2 - 1 n(n-l) 

n(n-l) n 

n(2n2+1) 2n 

n(2n+l) 2n?-n- 

14 7 

52 26 

78 27 

133 56 

248 248 

1 3 

1 1 

n 

77 

li”Fii n 

z 
n-1 

3 

?n+l 
l-l/n 

l/2 

l/2 
9/26 

8/19 

3 

* 
* 

n_ 
Cn+lKn-2, 

2-&/N, 
~+&/NA 

~-NC/& 
2 

3/2 
18/13 

24/19 

0 
0 

formed by fitting the two-dimensional distribution in 

these observables. 

3. Treatment of data and b-quark tagging 

The analysis is based on 2.7 million multi- 

hadronic events from efe- annihilations at centre of 

mass energies around the 2’ resonance collected by 
the DELPHI detector in 1992, 1993 and 1994. 

3.1. The DELPHI detector 

A detailed description of the DELPHI detector 

and its performance can be found elsewhere [16,17]. 
In the barrel region, the charged particle tracks 

are measured by a set of cylindrical tracking detec- 
tors whose axes are parallel to the 1.2 T solenoidal 
magnetic field and to the beam direction. The time 
projection chamber (TPC) is the main tracking de- 
vice. The TPC is a cylinder with a length of 3 m, an 
inner radius of 30 cm and an outer radius of 122 cm. 
Between polar angles 0 = 39” and 8 = 141” with 
respect to the beam direction, tracks are recon- 

structed using up to 16 space points. The TPC also 
provides a measurement of the ionisation energy 

loss, dE/&, in the drift gas. Additional precise R@ 
measurements, in the plane perpendicular to the 
magnetic field, are provided at larger and smaller 

radii by the Outer and Inner detectors respectively. 

The Outer Detector (OD) has five layers of drift cells 
at radii between 198 and 206 cm and covers polar 

angles from 42“ to 138”. The Inner Detector (ID) is a 
cylindrical drift chamber having an inner radius of 

12 cm and outer radius of 28 cm. When the data 
used in this analysis were taken, it covered polar 

angles between 29” to 151” and contained a jet 
chamber section providing 24 R@ coordinates sur- 
rounded by five layers of proportional chambers 

providing both R@ and longitudinal z coordinates. 

The vertex detector (VD) is located between the 
LEP beam pipe and the ID. It consists of three 

concentric layers of silicon microstrip detectors 

placed at radii of 6.3, 9 and 11 cm from the interac- 
tion region. For all layers, the microstrip detectors 

provide hits in the R@ plane with a measured 

resolution including alignment errors of about 8pm. 
For the data taken in 1994, the VD was upgraded so 
that the two layers at the smallest and largest radii 
also provided z, information. 

In the forward and backward regions (0 in the 

range ll”-33” or 147”-169”) two additional drift 

chamber systems improve the tracking of charged 
particles. Forward chamber A (FCA) consists of 

three pairs of wire planes, rotated by 120” with 
respect to each other in order to resolve internal 

ambiguities. Forward chamber B (FCB) consist of 12 
wire planes, twice repeating the orientations of FCA. 

The barrel electromagnetic calorimeter (HPC) 
covers the polar angles between 42” and 138”. It is a 
gas-sampling device which provides complete three 

dimensional charge information in the same way as a 
time projection chamber. Each shower is sampled 
nine times in its longitudinal development. Along the 
drift direction, parallel to the DELPHI magnetic 
field, the shower is sampled every 3.5 mm; in the 
plane perpendicular to the drift, the charge is col- 

lected by cathode pads of variable size ranging from 
2.3 cm in the inner part of the detector to 7 cm in the 
outer layers. The excellent granularity allows good 
separation between close particles in three dimen- 
sions, and hence good electron identification even 
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inside jets. The DELPHI Forward Electromagnetic 

Calorimeter (FEMC) subtends a polar angle 10” < 8 
< 37” and 143” < 8 < 170”. It consists of two 5 m 

diameter disks with a total of 9064 lead glass blocks 

in the form of truncated pyramids arranged to point 
just 3” from the interaction point. The lead glass 

counters (20 X, deep and 5 X 5 cm* in cross-sec- 

tion, i.e. = I” x lo) are read out with vacuum photo- 

diodes. The electron energy resolution is a/E = 
0.003 @ 0.12/ fi @ 0.1 l/E, with E in GeV, the 

last term being due to amplification noise. 
Muon identification in the barrel region is based 

on a set of muon chambers (MUB), covering polar 

angles between 53” and 127”. It consists of six active 

planes of drift chambers, two inside the return yoke 
of the magnet after 90 cm of iron (inner layer) and 

four outside after a further 20 cm of iron (outer and 
peripheral layers). The inner and outer modules have 
similar azimuthal coverages. The gaps in azimuth 

between adjacent modules are covered by the periph- 

eral modules. Therefore a muon traverses typically 
either two inner layer chambers and two outer layer 

chambers, or just two peripheral layer chambers. 
Each chamber measures the R@ coordinate to 2-3 

mm. Measuring R@ in both the inner layer and the 

outer or peripheral layer determines the azimuthal 
angle of muon candidates leaving the return yoke 

within about f 1”. These errors are much smaller 

than the effects of multiple scattering on muons 
traversing the iron. In the Forward part, the inner and 
outer layers each consist of two planes of drift 

chambers with anode wires crossed at right angles. 

3.2. Track and erlent selection 

Tracks were accepted only if their impact parame- 
ter relative to the nominal interaction vertex was 
below 5 cm in the plane transverse to the beam axis 

and below 10 cm along the beam direction, and their 
measured track length was above 50 cm. Both 

charged and neutral particles were used in the event 
reconstruction. Photons were reconstructed as neutral 
showers in the HPC, or as photons converted in the 
material in front of the TPC. Particles were required 
to have momenta greater than 100 MeV/c. 

An event was accepted if the total visible energy 
was larger than 15 GeV and each of the hemispheres 

cos0 > 0 and cos 8 < 0 contained more than 3 GeV 
visible energy, where 0 is the angle to the beam 

direction. Hadronic decays, Z” + 44, were selected 
by requiring at least 5 charged particles. Further- 

more, for all events, the polar angle of the sphericity 
axis had to be between 40” and 140” and the total 

momentum imbalance below 20 GeV/c. An event 
was excluded if a single photon carried more than 70 

% of the jet energy. 
Only particles in the 25” < 8 < 155” region were 

used. Jets were defined with the algorithm LUCLUS 

provided with JETSET. In this algorithm, two parti- 

cles or jets with momenta p, and p2 and opening 

’ angle (Y,~ are merged if 2 p, +p? -sin? 5 dloin. Each 

time two jets are merged, new jet axes are deter- 
mined and all particles are reassigned to the nearest 

jet. With the new jets so defined, the procedure is 

repeated until a stable configuration is reached. In 
this analysis, the jet resolution parameter djoin was 

set to a fixed value of 4 GeV. This cut was opti- 

mized to suppress 4 jets coming from 3 parton 
events without losing to much signal. This selection 

yielded 39819 4-jet events from the data of 

1992/1993 and 41367 from 1994. 

3.3. Monte Carlo simulation 

To determine the influence of detector effects on 
the analysis, JETSET matrix element (ME) events 

with full simulation of the DELPHI detector were 

used. The samples used for the 1992/1993 data 
comprised 30188 4-jet events from four parton final 
states and a separate production of 4058 4-jet events 

from 2-, 3- and 4-parton final states that was made in 

order to study the background to q-jet events coming 
from initial states with less than 4 partons. For the 

1994 data, a single sample of 70888 4-jet events 
coming from 2-, 3- and 4-parton final states was 
produced. 

Consistency between the matrix element simula- 
tion and the real data was checked by comparing the 
thrust distributions of 4-jet samples and the particle 
transverse momenta in and out of the event plane 
with respect to the event axis, defined by the spheric- 
ity tensor. For each of jets 1 to 4, the distributions of 
the jet momenta, of the charged particle multiplicity 
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in the jet, and of the transverse and longitudinal 
particle momenta relative to the jet axis were also 
examined. The average values and widths in data and 
simulation agreed typically within about 3%. 

3.4. b-tagging procedure 

separations are possible only for primary quarks with 
heavy flavours, using the large mass, long lifetime 
and distinctive decay modes of heavy-flavour 
hadrons. This separation is most effective for bottom 
quarks, which have the largest mass and longest 
lifetimes; furthermore, gluon splitting into bottom 
quarks is heavily suppressed. The methods for tag- 
ging b-quarks group into two basic categories: those 
using semileptonic decays and those using lifetime 

This analysis requires a distinction between jets 
coming from the primary quarks and jets coming 
from gluons or secondary quarks. In practice, these information. 
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Fig. 4. Output of the four different nodes of the neural network using DELPHI data (filled boxes) and simulation (open boxes). Nodes l-4 

correspond to jets l-4 numbered in order of decreasing energy. All of the distributions have high peaks for outputs above 0.8 (not shown). 

A jet with output below 0.5 was classified as a quark jet. Only events with exactly two jets classified as quark jets were used in the analysis. 
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The semileptonic tagging method consists of iden- 
tifying high transverse momentum leptons in hadronic 
Z” decays. Muon identification [17] was based on an 
algorithm using a x2 fit, using the degree of agree- 

ment between the extrapolated track and the track 
element constructed with the hits in the muon cham- 

bers. Electron identification [17] was performed us- 
ing an algorithm combining the information from the 

HPC (based on a comparison of the deposited energy 

with the momentum measured by the tracking sys- 
tem, and on the longitudinal shape of the shower) 
and the dE/dx measurement from the TPC. For the 

determination of the transverse momentum, the lep- 

ton was excluded from the jet and the new jet 

direction was calculated. 
The lifetime method uses the fact that the finite 

lifetime of B-hadrons leads to decay products with 
large impact parameters. The distribution of impact 

parameters is characteristically larger in jets contain- 

ing a B-hadron. A probability was calculated for the 
whole event, and also for each jet separately, that all 

the well-measured tracks belonging to the event or 

jet originated from the main vertex (compatible with 

the mean beam crossing point). 
For this analysis, it was necessary to tag both 

b-jets in a 4-jet event. It was therefore important to 
use an efficient tagging procedure. The lifetime-tag, 

lepton-tag and energy ordering methods were com- 
bined using a neural network. With respect to the use 

of the standard b-tagging procedure [17], which re- 
lies on lifetime information alone and is less efficient 

in the case of many jets, this increased the efficiency 
for tagging both b-jets in a 4-jet event by over 50% 

for fixed purities of the tagged sample in the range 
55% - 85% (the purity used in the analysis was 

70%). 
There were 13 input variables to the neural net- 

work: the transverse momenta of the electron in each 
jet, the transverse momenta of the muon in each jet, 
the lifetime probability for each jet, and the event 

lifetime probability. The network had one hidden 
layer and four output nodes, one for each jet. Output 
node one corresponded to the highest energy jet, and 
so on. Therefore energy ordering was also included. 
The output variables were normalized to be between 

0 and 1. A jet was tagged as a primary quark jet 
when the corresponding output variable had a value 
below 0.5. An event was accepted if exactly two of 

the four jets were tagged as primary quark jets. This 
happened in 15.6 + 0.2% of all 4-jet events for 
Monte Carlo and in 15.9 f 0.2% for DELPHI data. 

In the accepted Monte Carlo event sample, the prob- 
ability that both primary quarks were correctly iden- 

tified was 70.0 k 0.7%. 
The net was trained to find b-quarks with simu- 

lated ME events. In the training sample, the jet with 

the smallest angle with respect to the parton direc- 

tion was taken as the corresponding jet. The data and 
the simulation were in good agreement, as is demon- 

strated in Fig. 4, which shows the output of the four 

nodes of the neural network. 
Those events which passed the multihadron selec- 

tion and were seen as a 4 jet event with two tagged 

jets were selected. This yielded 5794 data events and 

4707 simulated events (4148 from the 4 parton ME, 
559 from the 2-, 3- and 4-parton ME) for the 

1992/1993 data, and 6795 data events and 12121 

simulated events for 1994. 
For the following analysis the jets selected as 

coming from primary quarks were treated as jets 1 

and 2. 

4. Analysis 

4.1. Fit of the Casimir factors 

The 4-jet events from the data were binned into 
an 8 X 8 matrix according to their values of Icos~~~;,( 

and cos (Yap. The 1992/93 and 1994 data were con- 
sidered separately because of the VD upgrade. The 

theoretical predictions Fcf, FcA and FTR were pre- 
pared as two-dimensional reference distributions 

R,,(l,m), R,,(l,m) and R,,(l,m), in the form of 
8 X 8 matrices in lcost?i,l and cos as4. These were 
produced from the JETSET 7.3 generator using the 
second order ERT matrix element [ 141 followed by a 

full simulation of the DELPHI detector. The theoreti- 
cal prediction for the number of 4-jet events is then 
given, for each bin l,m, by: 

T( 1,m) = N 
CA Rd l+> 

R,,( 1,m) + c 
F 2.25 

+ TR R&m) 

c, 1.875 I ’ ( 10) 
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reference distribution R,, reference distribution R,, 

reference distribution R,, background 

DELPHI-Data 

Fig. 5. Two-dimensional distributions in kos 19isl and cos oj4. The three reference distributions R,, (double gluon bremsstrahlung), R,, 

(triple gluon vertex), and R,, (secondary &j pair production), normalized according to formula 10, and the distribution of the background 

of j-Patton events seen as 4 jets, are fitted to the DELPHI data distribution. The generalized Nachtmann-Reiter angle 0;s distinguishes 

R,, from R,,. The opening angle ojq distinguishes R,-, from R,,. 

where N is the overall normalisation factor. The 
denominators 2.25 and 1.875 take into account that 
the reference distributions were produced with the 
nominal QCD values of CA/C, and TR/CF. The 
two-dimensional reference distributions and the dis- 
tribution of DELPHI data are shown in Fig. 5. 

The data are compared to: 

P(Z,m)= T(l,m)+F(l,m), (11) 

where F(Z,m) represents the background to the 4-jet 
events from fragmentation fluctuations of three and 
two parton events. Its contribution was determined 
from the full simulation of detector effects with the 
complete QCD matrix element and amounts to 0.96 
+ 0.09% of the 4-jet events. The shape of this 
background differs from that of the reference distri- 
butions (see Fig. 5) so it is important to include it 
correctly into the fit. 
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A x 2 fit was then performed to the (cos f&l The squares of the weights for each event were 

versus a34 distribution in terms of the two variables also sorted into histograms. They allow calculation 

X, = 2, and X2=$, using MINUIT [181 for min- of the elements ucFucF, uCAvCA and vCFvC. of the 

imisation. A combined fit to both variables allows covariance matrix for R,, and R,, (class E con- 

the relative contribution of the three classes to be tributes only about 0.3 % to the events; its influence 

separated. is neglected here): 

4.2. Details and results of the fitting procedure 
“CF’CF = : W,‘,(i) (19) 

i= I 
The separate reference distributions R,,(l,m), 

R,,(L,m) and R,,(l,m) cannot be generated directly 

on an event by event basis, since for some ( yij) 
configurations the contribution to R ,-,,( 1, m) becomes 
negative. The problem was solved as follows. 

“CA’CA = : W,‘,(i) (20) 
i= I 

The @gg and qijqq events were generated in 

JETSET as usual, and followed through the detector 

simulation and tagging procedure. To calculate the 

reference distributions, for each qqgg event the 
weights W,, W,, W,, and for each 4444 event the 

weights W,, WE, as given in JETSET, were calcu- 

lated (using FA, F,, F, and F,, FE) and stored. The 
weights in JETSET were defined as the contribution 

of each class to an event. 

‘CF L’CA =0.55(1 - W:F(i) - WzA(i)) 
i= I 

The reference distributions were then obtained by 

summing over the qqgg and qqqq events in each 

bin: 

since W,,(i) + W,,(i) = 1 (21) 

The reference distributions R,, and R,, have some 

correlations, since they originate from the same 

events. Using the covariance matrix, this can be 
taken into account correctly. Note that the qiq4 
events originate from class D only, if class E is 
neglected, so R,,is not correlated with R,, and 

R CF’ 
The background to 4-jet events coming from frag- 

R,,(l,m) = $ WCF(i) + ; W,,(i) (12) 
i= I i= I 

I?,-( l,m) = 2 W,-(i) - 0.5 F W,,(i) (13) 
i= I i= 1 

R,,( l,m) = z WTR( i) (14) 
i=l 

mentation fluctuations of 3- and 2-parton events 
(Fig. 5) was included, together with the propagation 

of its statistical error. The influence of the back- 
ground is therefore included in the total statistical 

error. 

Here the following definitions have been used: 

W,,(i) = C, {K(i) + WB(i)) / WR,(i) (15) 

W,,(i) =CA{-0 .5WB( i) + Wc( i)} / W,,( i) 

(16) 

In the standard fits, only 55 bins of the 8 X 8 
matrix were used. The 8 bins in the row near cos a34 

= 1 were omitted, together with the bin nearest 

lcose;Rl= 1, COS(Yjd = - 1. These bins contain only 
a few events which, in addition, are at the boundaries 

of the two-jet resolution and are therefore less reli- 

able in the simulation. The fit gives a x2 of 56.4 at 
53 d.o.f. 

The combined fit results from the 1992/93 and 
1994 data were 

W&i) = TR W&)/W,,-(i) ( 17) 

W,,(i) = (C, - OSC,) W,(i) / Wqq( i) (18) 

where C, = 4/3 and C, = 3 are the nominal QCD 
values and W,, and Wqq are the total weights for 
qqgg and qqq4 events respectively. 

CA/C, = 2.51 f 0.25 (stat.) 

TJC, = 1.91 & 0.44(stat.) 

where TR = nf TF. 

(22) 

(23) 

The production of secondary heavy quark-anti- 
quark pairs is kinematically suppressed. The quark 
tagging algorithm increases the ratio of secondary 
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heavy flavours again. A separate study with the 
applied jet cut has shown that the different flavours 

are selected in the ratio d:u:s:c: b = l:l:(l .l 1 + 

0.06):(1.50 f 0.07):(1.95 + 0.07). This enrichment in 

heavy quarks due to the tagging algorithm is already 
built into the reference distributions which are used 

in the fit. Since the number of secondary quarks is 

known to be 5, one has to divide by 5 to reduce the 

result for TR/CF to the value TF/C, for one quark 

flavour. 

5. Systematic errors 

5.1. Fragmentation 

To study the influence of the variation of the 
fragmentation parameters on the results, the five 

fragmentation parameters 1151, namely a and b for 
the LUND fragmentation function, E, and l b for the 

Peterson fragmentation function, and cr4, were cho- 

sen independently in large ranges around their nomi- 
nal values (see Table 2), using a random generator. 

The fragmentation cut-off and QCD scale parameters 
were varied similarly, and Bose-Einstein correlations 
were switched off and on. 

The same large sample of 4-parton events was 

used to study the fragmentation for each set of 

parameters. A simple b-tagging algorithm and a 
simple detector simulation were included at genera- 

tor level. The fragmentation was done for 500 differ- 

ent sets of parameters. The resulting sets of events 

were then considered as data. The values of C,/C, 

and T,/C, for these data sets were then compared 
with those from 500 sets generated with the nominal 

fragmentation parameters. The root-mean-square 

shifts in C,/C, and TR/CF were +O.l 1 and f0.25, 
respectively. 

5.2. Influence of higher orders 

No complete O((Y:) calculations of the jet cross 
sections exist. Therefore it is not possible to deter- 

mine the influence of higher orders exactly. In order 

to get an estimate, the 5-parton Born cross section 
[19] has been implemented in the JETSET event 

generator [201. With our cuts, about 37% of the 
5-parton events are seen as 4-jet events. Experimen- 

tally the ratio of 5-jet to 4-jet events is about 5.6%. 

The observed 5-jet rate has contributions from all 
higher orders. From a migration efficiency of 37% 
from 5-pat-tons to 4-jet events, the background from 

higher orders is estimated to be about 3% in the 4-jet 

sample, so the background is small. Since, in addi- 
tion, the distributions in 13;~ and as4 for 5-parton 

events were found to be similar to those for 4-parton 

events, the influence of the 5-parton background on 
the measurement of C,/C, and T,/C, was ne- 

glected. 

5.3. Influence of heavy quark masses 

The ERT matrix element includes the effects of 
quark masses only on the parton energies, but not 

their effects on the angular structure of the event. 
The OPAL collaboration investigated the effect with 

generators including this mass effect fully [lo]. It 

was found not to influence the result on C,/C, and 
to have only a small effect on T,/C,. 

Table 2 

Parameter variations used in evaluation of fragmentation systematic 

Parameter Name inside Jetset 7.3 Value Variation v 

Lund a 

Lund b 
Peterson E, 

Peterson l b 

Transverse Momentum a4 

Fragmentation Cut off 

QCD Scale 
Bose-Einstein Correlation 

PARJ(41) 

PARJ(42) 

PARJ(54) 

PARJ(55) 

PARJ(21) 

PARJ(35) 

PARJ(122) 

MSTJ(51) 

0.9 kO.18 

0.534 kO.10 

- 0.075 +0.014 

- 0.008 f 0.002 

0.415 + 0.08 

1.9 kO.38 

0.17 f 0.034 

Oor 1 
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5.4. Dependence on yc”,, 

In the calculation of the parton cross-sections, a 

Y ,“,, is applied at the parton level to handle the 

divergences from soft and collinear gluons, with 
y$ = 2 EjEi(l - COS~,~)/E~ and E = _&EL On the 
parton level, y,“,, = 0.01 in the generator is below the 

cut imposed on the kinematic configuration by the 
value of djoin applied on the hadron level in the 

LUCLUS cluster routine. When lowering yP,,, addi- 

tional softer partons are produced, but after applying 
the cluster routine with the value of djoio used at the 
hadron level to the parton configuration, exactly the 

same partons survive. This independence of the y&, 
value is not perfect for the jets reconstructed from 

the hadrons, due to fluctuations in the fragmentation 

of the partons. 
The influence of the change in the y,“,, on the 

result of the analysis was determined by generating 
50 samples of events with y& = 0.011,0.012 and 

0.014. This was done using the same simple b-tag- 
ging algorithm as for the fragmentation study. The 

events were fitted against the real data. There was no 

significant shift with respect to the result using the 
value yP,, = 0.010. 

5.5. Dependence on the b-tagging procedure 

The procedure was used with different calibra- 

tions of the VD and its errors and with different 

_: -:-1;:“K 
0 0.2 0.4 Q.6 0.8 1 -1 -0.5 0 0.5 1 

I cos OI;R I 
cos %4 

0.15 

0.1 

0.05 

OoW * Eii~tt~~~~i~~dLti 0.8 1 -1 -0.5 0 0.5 - -1 
I cos & I cos G 

Fig. 6. Comparison of the shapes of the projections on the 1~0s O,& and cos us4 axes of the two-dimensional distributions used in the fit. The 
full lines show the shapes of the distributions of correctly b-tagged events. the dashed lines show those of the events in which the jets are 

assigned incorrectly. 
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network designs. The result of the fit of the Casimir 

factors did not change noticeably. 
The shapes of the reference distributions are dif- 

ferent from each other also for jets which are as- 

signed incorrectly (see Fig. 6). To estimate the influ- 

ence of the b-tagging procedure, two types of refer- 
ence distributions (correctly tagged and incorrectly 
tagged) were generated and added with different 

weights to get reference distributions with different 
purities. For purity values in the range 60% - 80%, 

6 

t3 
z” 

2 

1 

_.. 

- 

I’ I ’ I I I ’ I ‘I 

U(l), : Abelian vector gluon model 

l DELPHI 

* SU(3): QCD 

q Theory with 
light Gluino 

U(1): QED 
‘\ 

V< SQ(3)Es 

Fig. 7. 68% and 95% CL contour plots for the measured variables CA/C, and N,JN,, and expectations from different gauge theories 

including QCD with and without a light gluino. CA/C, is the coupling strength ratio of g -+ gg to 4 + qg, and N,-/Na = T,/C, is the 

number of quark colours divided by the number of gluons. The results clearly show that the triple-gluon vertex must exist and that the 

number of gluons is larger than the number of quark colours. 
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the values of C,/C, and TR/CF obtained by fitting 
these distributions to the DELPHI data were found to 
vary linearly with purity. Assuming an uncertainty of 

& 3% for the purity gave systematic errors of T 0.07 

for C,/C, and -to.03 for TR/CF. 

5.6. Dependence on the cluster algorithm 

In the analysis, jets are defined with the LUCLUS 

algorithm. To investigate the influence of the cluster 

algorithm, the analysis was repeated using the JADE 

algorithm [151 with ycut = 0.02 and the jet resolution 

parameters were varied by +20% for both algo- 
rithms. No systematic effects were observed, so no 

additional systematic error was included. 

6. Discussion and conclusions 

The combined results of the analysis of the 

1992/93 and 1994 data are: 

C,/C, = 2.51 * 0.25 (stat.) * 0.11 (fragm.) 

and 

+ 0.07 ( b - tagging) (24) 

TR/C, = 1.91 + 0.44(stat.) _t 0.25 (fragm.) 

+ 0.03 ( b - tagging), (25) 

where TR = nf TF. The possible influence of higher 
order terms provides an additional unquantifiable 

uncertainty which, in the following discussion, is 
assumed to be negligible. 

Since T,/C, = Nc/N, and nf = 5, one can obtain 
the ratio for the number of quark colours Nc to the 
number of gluon colours NA. Adding the errors in 
quadrature results in 

C,/C, = 2.51 f 0.30 

and Nc/N, = 0.38 + 0.10. (26) 

The result for C,.,/C, is in agreement with the 
value 9/4 expected for QCD. The value for N,/N, 
is consistent with the QCD value of 3/8. The errors 
are substantially smaller than in our previously pub- 
lished result, C,/C, = 2.12 f 0.35 and N,/N, = 
0.46 + 0.19 [61, obtained without b-tagging. The 68 
% and 95 % confidence level contours are given in 
Fig. 7. 

At leading order, a massless gluino would lead to 
an excess in the number of active flavours. Mass 

effects can lower this excess. The light gluino hy- 
pothesis is not favoured by these measurements, but 

a full discussion of this point would require detailed 
simulation of the possible effects on the analysis of 

any undetected gluino decay products and of the 
long lifetime of very light gluinos. In addition the 

fragmentation of the gluino is not known and the 
effect of the b-tagging procedure is therefore un- 
clear. We therefore do not consider this result to be 

strong evidence against the light gluino hypothesis. 

The measured variables C,/C, and N,/N, rep- 

resent the ratios of the coupling strength of the 

triple-gluon vertex to that of gluon bremsstrahlung 

from a quark, and of the number of quark colours to 
the number of gluons. The result shows that the 

triple-gluon vertex must exist and that the number of 
quark colours has to be smaller than the number of 

gluons. 

The expectations for various other gauge groups 
are also given in Table 1 and Fig. 7. The quarks are 

assumed to be in the fundamental representation and 
the gluons in the adjoint representation, except for 

SU(4)‘, SP(4)‘, and SP(6l’, which are examples with 

quarks in the next higher representation. 

From Table 1, it is evident that most groups in the 

plot are excluded already by their number of quark 
colours, which is also restricted experimentally to 

Nc = 3 by the hadronic cross section in e’e- anni- 
hilation, usually expressed as R = u (e+ e- -+ 
hadrons) / (T ( ei e- + E.L’ k- ), and by the decay 

width of the no into two photons via quark loops. 

Apart from SU(3) and the Abelian U(l), model, 
which was invented ad hoc, only SO(3) has 3 colours 
for the quarks. But it has only 3 gluons, in contrast 

to the 8 gluons in QCD. Our result excludes SO(3) 

(and U(l),) as candidates and establishes that 8 f 2 
gluons exist in nature. 
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