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ABSTRACT

In our fourth paper on super
integrable potentials on spaces of constant curvature we discuss the
case of the three
dimensional hyperboloid� Whereas in many coordinate systems an explicit path
integral solution for the corresponding potential is not possible� we list in the soluble cases the
path integral solutions explicitly in terms of the propagators� Green functions� and the spectral
expansions into the wave
functions�

We discuss in some detail the formulation and construction of coordinate systems on the
three
dimensional hyperboloid� which includes the statement of the Schr�odinger operator� the
general form a potential must have to be separable in the coordinate system� and the relevant
observables�

Some special care is taken for the proper generalization of the harmonic oscillator and the
Kepler problem� We �nd the analogues of the maximally and minimally super
integrable poten

tials of IR� on the hyperboloid� and many minimally super
integrable potentials which emerge
from the subgroup chains corresponding to SO��� �� In an appendix we give a list of super

integrable potentials in the spaces of constant curvature in two and three dimensions� including
the corresponding observables�



Contents

� Introduction �
��� Motivation and Symmetry Methods in Physics� � � � � � � � � � � � � � � � �
��� Super�Integrable Systems� � � � � � � � � � � � � � � � � � � � � � � � � � � � �
��� Interbasis Expansions� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
��� Path Integral Approach� � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
��� Presentation of Results� � � � � � � � � � � � � � � � � � � � � � � � � � � � � 	

� Coordinate Systems on Hyperboloids ��
��� Coordinate Systems and Observables� � � � � � � � � � � � � � � � � � � � � � ��
��� Coordinate Systems on the Three�Dimensional Hyperboloid� � � � � � � � � ��
��� Enumeration of the Coordinate Systems� � � � � � � � � � � � � � � � � � � � ��

� Path Integral Formulation of the Maximally Super�Integrable Potentials
on 
��� ��
��� The Higgs�Oscillator� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

����� Pure Oscillator Case� � � � � � � � � � � � � � � � � � � � � � � � � � � �	
����� General Case� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

��� The Coulomb Potential� � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��
����� Sphero�Elliptic Coordinates� � � � � � � � � � � � � � � � � � � � � � � ��
����� Spherical Coordinates� � � � � � � � � � � � � � � � � � � � � � � � � � ��
����� Elliptic�Parabolic � Coordinates� � � � � � � � � � � � � � � � � � � � ��

��� A Radial Scattering Potential� � � � � � � � � � � � � � � � � � � � � � � � � � ��
��� A Stark�Eect Potential� � � � � � � � � � � � � � � � � � � � � � � � � � � � � �	

� Path Integral Formulation of the Minimally Superintegrable Potentials
on 
��� ��

��� Analogues of the Minimally Superintegrable Potentials of IR�� � � � � � � � ��
����� Double Ring�Shaped Oscillator� � � � � � � � � � � � � � � � � � � � � ��
����� Hartmann Potential� � � � � � � � � � � � � � � � � � � � � � � � � � � ��
����� Generalized Radial Potential� � � � � � � � � � � � � � � � � � � � � � ��
����� Analogue of the Holt�Potential� � � � � � � � � � � � � � � � � � � � � ��

��� Minimally Superintegrable Potentials from the Group Chain SO��� �� � E���� �	
����� Subsystem of Oscillator� � � � � � � � � � � � � � � � � � � � � � � � � �	
����� Subsystem of Holt Potential� � � � � � � � � � � � � � � � � � � � � � � ��
����� Subsystem of Coulomb Potential� � � � � � � � � � � � � � � � � � � � ��
����� Subsystem of Modi�ed Coulomb Potential� � � � � � � � � � � � � � � ��

��� Minimally Superintegrable Potentials from the Group Chain SO��� �� �
SO���� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��
����� Subsystem of Oscillator� � � � � � � � � � � � � � � � � � � � � � � � � ��
����� Subsystem of Coulomb Potential� � � � � � � � � � � � � � � � � � � � ��

��� Minimally Superintegrable Potentials from the Group Chain SO��� �� �
SO��� ��� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �	
����� Construction of the Potentials V���V��� � � � � � � � � � � � � � � � � �	
����� Path Integral Discussion of the Potentials V���V��� � � � � � � � � � � 	�

� Summary and Discussion �	

i



A Elementary Path Integral Techniques �
�
A�� De�ning the Path Integral� � � � � � � � � � � � � � � � � � � � � � � � � � � � ���
A�� Transformation Techniques� � � � � � � � � � � � � � � � � � � � � � � � � � � ���
A�� Separation of Variables� � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���
A�� Path Integral Identity for the P�oschl�Teller Potential� � � � � � � � � � � � � ���
A�� Path Integral Identity for the Modi�ed P�oschl�Teller Potential� � � � � � � � ���
A�� Path Integral Identity for the Rosen�Morse Potential� � � � � � � � � � � � � ���

B New Superintegrable Potential in IR� �
�
B�� Subsystem of Higgs Oscillator on S���� � � � � � � � � � � � � � � � � � � � � ���
B�� Subsystem of Coulomb potential on S���� � � � � � � � � � � � � � � � � � � � ���

C New Superintegrable Potential on S��� �
�
C�� Subsystem of Higgs Oscillator on S���� � � � � � � � � � � � � � � � � � � � � ��	
C�� Subsystem of Coulomb Potential on S���� � � � � � � � � � � � � � � � � � � � ���

D List of Superintegrable Potentials in Spaces of Constant Curvature ���

References ���

List of Tables

��� Application of Basic Path Integrals � � � � � � � � � � � � � � � � � � � � � � 	
��� Group Path Integration and Perturbation Expansions � � � � � � � � � � � � ��

��� Operators and Coordinate Systems in Flat Space � � � � � � � � � � � � � � ��
��� Operators and Coordinate Systems on Spheres � � � � � � � � � � � � � � � � ��
��� Coordinate Systems on the Three�Dimensional Hyperboloid � � � � � � � � ��

��� Maximally Super�Integrable Potentials on 
��� � � � � � � � � � � � � � � � � ��

��� Minimally Super�Integrable Potentials on 
���� Analogues of Three�Dimen�
sional Flat Space � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

��� Minimally Super�Integrable Potentials from the Group Chain SO��� �� �
E��� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

��� Minimally Super�Integrable Potentials from the Group Chain SO��� �� �
SO��� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

��� Minimally Super�Integrable Potentials from the Group Chain SO��� �� �
SO��� �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � 	�

��� Maximally Super�Integrable Potentials in Three Dimensions � � � � � � � � 	�
��� Minimally Super�Integrable Potentials in Three Dimensions � � � � � � � � � 		

D�� Super�Integrable Potentials in IR� � � � � � � � � � � � � � � � � � � � � � � � ���
D�� Maximally Super�Integrable Potentials in IR� � � � � � � � � � � � � � � � � � ���
D�� Minimally Super�Integrable Potentials in IR� � � � � � � � � � � � � � � � � � ���
D�� Super�Integrable Potentials on S��� � � � � � � � � � � � � � � � � � � � � � � ���
D�� Maximally Super�Integrable Potentials on S��� � � � � � � � � � � � � � � � � ���
D�� Minimally Super�Integrable Potentials on S��� � � � � � � � � � � � � � � � � ��	
D�� Super�Integrable Potentials on 
��� � � � � � � � � � � � � � � � � � � � � � � ���

ii



� Introduction

��� Motivation and Symmetry Methods in Physics�

The present paper is the fourth in a sequel concerning super
integrable potentials in spaces
of constant curvature� It continues our studies which started from the investigation in two

and three
dimensional Euclidean space� i�e�� in IR� and IR�� on the two
 and three
dimensional
sphere S��� and S���� and on the two
dimensional hyperboloid ����� Our goal is devoted to the
study of physical systems in spaces of constant curvature which have accidental degeneracies �
i�e�� systems which have due to their peculiar features a so
called hidden or dynamical group
structure� thus giving rise to degeneracies in the energy spectrum� and additional integrals of
motion� respectively observables�

The most well
known of these kinds of potential systems in three
dimensional �at space are
the harmonic oscillator with quantum energy spectrum

EN � ���N � �
� � N � IN� � ����

and the Kepler
Coulomb problem with the quantum energy spectrum

EN � � Me�

����N � ��
� N � IN� � ����

Here� N denotes the principal quantum number� and for �xed N each level EN for the oscillator
is �N � ��N � ���
fold degenerate� and in the Coulomb problem �N � ��
fold degenerate�

The particular symmetry features have the consequence that there are additional constants of
motion in classical mechanics� respectively observables in quantum mechanics� In comparison�
the orbits of a simple integrable system� e�g�� a three
dimensional anharmonic oscillator� are
generally only periodic with respect to each coordinate� but not globally�� For a physical system
in D dimensions just to be integrable� a number of D constants of motion is required� with
one of them the energy E� In classical mechanics these constants of motion have vanishing
Poisson brackets with the Hamiltonian� and with each other� in quantum mechanics they are
operators which commute with the quantum Hamiltonian and with each other� For instance�
for a spherical symmetric system� the constants of motion are the energy E� the square of the
total angular momentum L�� and the square of the �usually chosen z
component of the angular
momentum L�

z� in classical mechanics as well as in quantum mechanics�
In systems like the isotropic harmonic oscillator or the Kepler
Coulomb problem in three

dimensions� there are two more functionally independent constants of motion� In the case of
the harmonic oscillator the additional constants of motion correspond to the conservation of the
quadrupol moment� the so
called Demkov tensor Tik � pipk���xixk ����� and in the case of the
Kepler
Coulomb problem the conservation of the square of another component of the angular
momentum and the third component of the Pauli
Lenz
Runge vector A � �

�M �L � P � P �
L� e�x�jxj� and both systems have �ve constants of motion� respectively observables�

A more careful investigation shows that the highly spherical symmetric systems of the
isotropic harmonic oscillator and the Kepler
Coulomb problem can be perturbed in various
ways by the incorporation of additional potential terms� First� this does not spoil the degener

acy of the energy levels at all� i�e�� there are still �ve observables�� second� one of the observables
is removed� i�e�� they are four left� and third� only the minimum number of three observables

�However� they are periodic globally if the frequencies ������ are commensurable� i�e�� if their respective quo�

tients are rational numbers�
�In the sequel we use the notions �energy levels� and �periodicity of closed orbits�� �observables� and �con�

stants of motion�� �Coulomb�� or �Kepler�problem�� referring to quantum mechanical or classical mechanical

properties� respectively� as synonymous�

�



for integrability remains� The �rst possibility is described by the notion of a maximally super	

integrable system� the second possibility by the notion of a minimally super	integrable systems�
and the last possibility just describes an integrable system� If the system in three dimensions
has less than three observables it is not integrable� and can be referred as a chaotic system� for
instance the anisotropic Kepler problem� c�f� ���� ��� ��� ����� or the Coulomb potential with a
magnetic �eld� e�g� �����

In this respect� the physical signi�cance of the consideration of separation of variables in
several coordinate systems is as follows� The free motion in some space is� of course� the most
symmetric one� and the search for the number of coordinate systems which allow the separation
of the Hamiltonian is equivalent to the investigation how many inequivalent sets of observables
can be found� In particular� the free motion in various coordinate systems on the hyperboloid has
been studied in Refs� ���� ��� ��� 	�� 	�� ����� The incorporation of potentials usually removes
at least some of the symmetry properties of the space� Well
known examples are spherically
symmetric systems� and they are most conveniently studied in spherical coordinates�

All the super
integrable systems have the particular property that all the energy
levels of
the system are organized in representations of the non
invariance group which contain represen

tations of the dynamical subgroup realized in terms of the wave
functions of these energy
levels
����� In the case of the hydrogen it enabled Pauli ���	�� Fock ���� and Bargmann ��� to solve the
quantum mechanical Kepler problem without explicitly solving the Schr�odinger equation� The
additional integrals of motion also have the consequence that in the case of the super
integrable
systems in two dimensions and maximally super
integrable systems in three dimensions all �nite
trajectories are found to be periodic� in the case of minimally super
integrable systems in three
dimensions all �nite trajectories are found to be quasi
periodic� ������ Of course� in the case of
the pure Kepler or the isotropic harmonic oscillator all �nite trajectories are periodic�

Generally� a physical system in D dimensions is called minimally super	integrable if it has
�D�� integrals of motion� and it is called maximally super	integrable if it has �D�� integrals of
motion� respectively observables� Therefore we are led to the search of more �potential
 systems
which have similar features concerning degeneracy and number of observables as the isotropic
harmonic oscillator and the Coulomb problem�

Attempts to classify separable potentials along these lines in general go back to Eisenhart
����� Aly and Spector ���� Bose ����� and Luming and Predazzi ������ however with the empha

size on �solvable potentials� in quantum mechanics� A systematic study was undertaken by
Smorodinsky� Winternitz and co
workers ���� ��	� ����� i�e�� they looked for potentials which are
separable in more than one coordinate system� The separation of a quantum mechanical poten

tial problem in more than one coordinate systems has the consequence that there are additional
integrals of motion and that the spectrum is degenerate� The Noether theorem ����� connects
the particular symmetries of a Lagrangian� i�e�� the invariances with respect to the dynamical
symmetries� with conservation laws in classical mechanics and with observables in quantum me

chanics� respectively� The choice of a coordinate system then emphasizes which observables are
considered to be the most appropriate for a particular investigation�

��� Super�Integrable Systems�

The harmonic oscillator in various coordinate systems has been studied by Evans ����� Kallies
et al� ������ and Pogosyan et al� ������ in spaces of constant curvature by e�g� by Bonatsos et al�
����� Higgs ����� Lemon ������ Granovsky et al� ���� and �	�� 	��� The Coulomb
Kepler problem
in �at space in various coordinate systems has been studied by many authors including� e�g��
Cisneros and McIntosh ��	�� Coulson et al� ���� ��� concerning the Coulomb problem in spheroidal

�The notion quasi�periodic means that they are periodic in each coordinate� but not necessarily periodic in a

global way� They are periodic globally if the respective periods are commensurable�

�



coordinates� Davtyan et al� ���������� Fock ����� Guha and Mukherjee ����� Hartmann ����� Higgs
���� and Lemon ������ Hodge ������ Kibler et al� �����
���	�� Lutsenko et al� ������ Pauli ���	� with
his famous solution based on the algebra without solving the Schr�odinger equation explicitly�
Teller ��	��� who �rst dealt with the two
center Coulomb problem� Vaidya and Boschi
Filho
��	��� and Zhedanov ������ and in spaces of constant curvature by Barut et al� ��� in the general
context of the SO��� � dynamical algebra� Granovsky et al� ����� Hietarinta ��	�� Katayama
������ Mardoyan et al� ����� ����� Otchik and Red�kov ������ Pogosyan et al� ������ Schr�odinger
������ Stevenson ��	�� and Vinitsky et al� ������

Corresponding path integral discussions are due to� e�g�� Carpio
Bernido et al� ��	������ for
the generalized Kepler
Coulomb problem and the Hartmann potential� Chetouani at al� ���������
concerning parabolic coordinates and the D
dimensional Coulomb problem� Duru and Kleinert
���� with the �rst evaluation of the Coulomb problem within the path integral formalism by
means of the Kustaanheimo
Stiefel transformation� Gerry ����� Refs� ���� ��� and in particu

lar Refs� ��	� ��� ��� 	�� concerning parabolic coordinates� modi�ed Coulomb
potentials in two
and three
dimensions� and the general aspect of separation of variables and super
integrable
potentials� Inomata ����� with a careful lattice investigation of the Kustaanheimo
Stiefel trans

formation� and by S�okmen ����� and Steiner ��	�� in the context of space
time transformations
in polar coordinates�

The notion of �super
integrability� ���� ��	� ���� can now be introduced in spaces of constant
curvature �	�� 	��� Whereas the general form of potentials which are �super
integrable� in some
kind is not clear until now� one knows that the corresponding Higgs
oscillator �c�f� Bonatsos et
al� ����� Granovsky et al� ����� Higgs ����� Ikeda and Katayama ������ Katayama ������ Leemon
������ Nishino ������ and Pogosyan et al� ����� and Kepler problems �c�f� Granovsky et al� �����
Infeld ������ Infeld and Schild ������ Kalnins et al� ������ Kibler et al� ������ Kurochkin and
Otchik ������ Nishino ������ Otchik and Red�kov ������ Vinitsky et al� ����� ����� Zhedanov
����� in spaces of constant curvature do have additional constants of motion� the analogues
of the �at space� For the Higgs
oscillator this is the Demkov
tensor ���� �	� ���� and in the
Kepler problem a Pauli
Runge
Lenz vector on spaces of constant curvature can be de�ned� c�f�
���� ��� ���� ���� ����� Corresponding path integral considerations are due to Barut et al� ��� 	��
Otchik and Red�kov ������ and ���� �D
dimensional case� and �	�� �super
integrable aspects�

It is interesting to remark that the Kaluza
Klein monopole system� e�g� ����� is a super

integrable system as well� Its observables can be constructed in complete analogy to the ob

servables in the Kepler
Coulomb system ���� ����� i�e�� a Pauli
Lenz
Runge vector exists� Path
integral discussions are due to Bernido ���� and Inomata and Junker ����� in spherical coordi

nates� and due to Ref� ���� in parabolic coordinates� However� a system which is separable in
spherical and parabolic coordinates is also separable in prolate spheroidal coordinates� similarly
as the Coulomb or the Hartmann potential� In �	�� we have analysed the corresponding inter

basis expansions of the parabolic basis with respect to the spherical basis� and in �	�� we will
analyse the spheroidal basis with respect to the spherical basis� such that all three coordinate
bases of the Kaluza
Klein monopole system are explicitly known� and can be transformed into
each other�

Disturbing the spherical symmetry usually spoils it� The �rst step consists of deforming
the ring
shaped feature of the �maximally super
integrable modi�ed oscillator and Coulomb
potential� One gets in the former a ring
shaped oscillator and in the latter the Hartmann
potential� two minimally super
integrable systems� The number of coordinate systems which
allow a separation of variables drop from eight to four �namely spherical� circular polar� oblate
spheroidal and prolate spheroidal coordinates Kibler et al� ����� ��	�� and from four to three�
namely spherical� parabolic� and prolate spheroidal II coordinates� The ring
shaped oscillator
has been discussed by� e�g�� Carpio
Bernido et al� ���� ���� Kibler et al� ����� ���� ����� Lutsenko et
al� ������ and Quesne ������ The Hartmann system has been discussed by� e�g�� Carpio
Bernido

�



et al� ��	������� Chetouani at al� ����� Gal�bert et al� ����� Gerry ����� Granovsky et al� ��	��
��	�� Guha and Mukherjee ����� Hartmann ����� Kibler et al� �����
������ ������ Lutsenko et al�
������ Vaidya and Boschi
Filho ��	��� and Zhedanov ������ compare also the connection with a
Coulomb plus Aharonov
Bohm solenoid ���� e�g�� Chetouani et al� ����� Kibler and Negadi ������
and S�okmen ������

Disturbing the system further� and one is left with� say� one coordinate systems which still
allows separation of variables� A constant electric �eld �Stark e�ect allows only the separation in
parabolic coordinates ��	�� Here it is interesting to remark that in the momentum representation
of the hydrogen atom the bound state spectrum is described by the free motion on the sphere S����
To be more precise� the dynamical group O�� describes the discrete spectrum� and the Lorentz
group O��� � the continuous spectrum ���� Now� there are six coordinate systems on S��� which
separate the corresponding Laplacian� The solution in spherical and cylindrical coordinates
corresponds to the spherical and parabolic solution in the coordinate space representation� The
elliptic cylindrical system is of special interest because it enables one to set up a complete
classi�cation for the energy
levels of the quadratic Zeeman e�ect �c�f� Solov�ev ������ Brown and
Solov�ev ����� Herrick ����� Lakshmann and Hasegawa ������

The separation in parabolic coordinates is also possible in the case of a perturbation of the
pure Coulomb �eld with a potential force � z�r which allows an exact solution ���� ���� The
two
center Coulomb problem turns out to separable only in spheroidal coordinates �Coulson
and Josephson ����� Coulson and Robinson ����� Morse ����� as has been studied �rst in the
connection with the hydrogen
molecule ion by Teller ��	���

Another possibility to disturb the spherical symmetry is to remove the invariance to rotations
with respect to some axis� e�g�� about a uniform magnetic �eld� Usually this invariance is used
to illustrate the azimuthal quantum number m of the Lz operator� The physical meaning of
this quantum number then is that there exists a preferred axis in space� This symmetry can be
broken if one considers a Hamiltonian of a nucleus with an electric quadrupole moment Q and
spin J in a spatially varying electric �eld ����� ��	�� Here sphero
conical coordinates are most
convenient� and the projection of the terminus of the angular momentum vector traces out a cone
of elliptic cross section about the z
axis ���	�� Also the problem of the asymmetric top �Kramers
and Ittmann ������ Luka c ���	�� Smorodinsky et al� ����� ���� ����� the symmetric oblate top
���	�� or the case of tensor
like potentials �Luka c and Smorodinsky ����� can be treated best in
sphero
conical coordinates� Therefore sphero
conical coordinates are most suitable for problems
which have spherical symmetry but not a sphero
axial symmetry�

In order that a potential problem can be separated in ellipsoidal coordinates is that the
shape of the potential resembles the shape of a ellipsoid� Of course� the anisotropic harmonic
oscillator belongs to this class� Introducing quartic and sextic ��	�� interaction terms then
eventually allows only a separation of variables in ellipsoidal coordinates� Another example is
the Neumann model ������ which describes a particle moving on a sphere subject to anisotropic
harmonic forces �Babelon and Talon ���� and MacFarlane ������

The case of magnetic �elds on the two
dimensional hyperboloid has been considered by means
of path integrals in ����� and it has been found that in spherical� horicyclic and equidistant
coordinates a separation of variables is possible� i�e�� in coordinate systems which have one
ignorable coordinate ������ and the corresponding solutions are circular� respectively plane waves
in this �ignorable coordinate� Depending on the strength of the magnetic �eld a �nite number
of bound states can exist� with energy levels given by �b � eMB��c� � �� e the electric charge�
B the magnetic �eld strength� and c the velocity of light� e�g� ����

En �
�
�

�M

h
b� � �

�
� �b� n � �

�

�
i
� n � �� � � � � NM � b� �

�
� ����

Such investigations play an important r!ole in the theory of tensor
weighted Laplacians� auto

morphic forms� determinants of Laplacians and zeta
function regularization� and quantum �eld
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theory on �super
 Riemann surfaces� e�g� ���� and references therein�
Our �rst paper �	�� dealt with super
integrable potentials in two
 and three
dimensional

�at space� where we distinguished minimally and maximally super
integrable systems� In two
dimensional Euclidean space they are four �maximally super
integrable systems ����� i�e�� the
�generalized harmonic oscillator V��x� the Holt
potential V��x� the �generalized Coulomb
potential V��x� and a modi�ed Coulomb potential V��x�

�

In three
dimensional Euclidean space there has been found �ve maximally and nine mini

mally super
integrable systems� Among the maximally super
integrable are the �generalized
harmonic oscillator V��x� the Holt
potential in IR�� V��x� and the �generalized Coulomb po

tential V��x� among the minimally super
integrable systems were a double
ring shaped oscillator
V��x� the Hartmann potential V	�x� a three
dimensional analogue of the Holt
potential V��x�
four potentials V��x� V��x� V��x� V
�x which emerged from the group chain E�� � E��� i�e��
they are super
integrable in IR�� and the two potentials V��x� V��x which emerged from the
group chain E�� � SO��� i�e�� they are super
integrable on the two
dimensional sphere S����
In appendix D we give in tables D���D�� a list of the super
integrable potentials in IR� and IR��
where we list in each case the separating coordinate systems� and the corresponding integrals of
motion� In the underlined coordinate systems an explicit path integral solution has been found�

In our second paper �	�� we continued our study on the two
 and three
dimensional sphere�
On S��� we found only two potentials with the required properties� i�e�� the �generalized Higgs
oscillator V��s and the �generalized Coulomb potential V��s� We have not been able to �nd
the super
integrable analogues of the Holt
potential and the modi�ed Coulomb potential� On
the three
dimensional sphere S��� we have found three maximally super
integrable and four
minimally super
integrable potentials� respectively� Among the maximally super
integrable po

tentials were the �generalized Higgs oscillator V��s� the Coulomb potential V��s� and as a
third potential V��s a pure scattering potential which corresponds to V��x in IR�� Among the
minimally super
integrable systems have been the analogues of the double ring
shaped oscillator
V��s and the Hartmann potential V��s on S���� and the two remaining potentials V��s� V	�s
emerged from the group chain SO�� � SO��� However� we have not been able to �nd a super

integrable potential on S��� incorporating a constant electric �eld� c�f� V��x in IR�� In appendix
D our results are listed in tables D���D��� similarly as in the �at space cases�

In �	�� we considered the super
integrable potentials on the two
dimensional hyperboloid
����� We have found the analogues of the �generalized harmonic oscillator V��u� i�e�� the Higgs
oscillator in a space of constant negative curvature� the �generalized Coulomb potential V��u�
and of the Holt
potential V��u on ����� We also found two more systems V��u� V��u� which
are due to the peculiarity of the hyperboloid that in spaces of constant negative curvature there
are generally more orthogonal coordinate systems which separate the Schr�odinger� respectively
Helmholtz equation� in comparison to �at or constant positive curvature spaces� However� we
have not been able to �nd a super
integrable version of the modi�ed Coulomb potential� c�f� V��x
in IR�� The results are compiled in appendix D in table D���

��� Interbasis Expansions�

An important aspect of group path integration in quantum mechanics is the so
called interbasis
expansion technique for problems which allow the representation of the wave
functions in various
coordinate space representations� The basic formula is quite simple being

jk ��
Z
dElCp�kjp � �

X
n

Cn�kjn � � ����

�The notion of minimally super�integrable systems in two dimensions does not make sense� because the number

of integrals of motions equals two� and is thus equal to the number of integrals of motion which are required that

the system is separable at all�
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where jk � stands for a basis of eigenfunctions of the Hamiltonian in the coordinate space
representation k� and

R
dEl is the spectral
expansion with respect to the coordinate space rep


resentation l with coe"cients Cp�k� Cn�k which can be discrete� continuous or both� The main
di"culty is� in case one has two coordinate space representations in the quantum numbers k
and p�n� respectively� to �nd the expansion coe"cients Cp�k and Cn�k� Well
know n are the
expansions which involve cartesian coordinates and polar coordinates� In the simple case of free
quantum motion in Euclidean space� this means that exponentials representing plane waves are
expanded in terms of Bessel functions and spherical waves� a discrete interbasis expansion� i�e��
ez cos� �

P
��ZZ e

i��I��z�
This general method of changing a coordinate basis in quantum mechanics can now be

used in the path integral� We assume that we can expand the short
time kernel� respectively the
exponential ezxj�� �xj in terms of matrix elements of a group ���� by choosing a speci�c coordinate
basis� We then can change the coordinate basis by means of ����� Due to the unitarity of the
expansion coe"cients Cl�k the short
time kernel is expanded in the new coordinate basis� and
the orthonormality of the basis allows to perform explicitly the path integral� exactly in the
same way as in the original coordinate basis� However� to �nd the dynamical group and its
corresponding coordinate space representation in a super
integrable system� one of the principal
problems� is not always very easy�

From the two �or more di�erent equivalent coordinate space representations� formul# and
path integral identities can be derived� These identities actually correspond to integral and
summation identities between special functions� The case of the expansion from cartesian coor

dinates to polar coordinates has been studied by Peak and Inomata ������ and they obtained the
solution of the isotropic harmonic oscillator as well� The path integral solution of the isotropic
harmonic oscillator in turn enables one to calculate numerous path integral problems related
to the radial harmonic oscillator� actually problems which are of the so
called Besselian type�
including the Coulomb problem�

Summarizing� the following small list of interbasis expansion have been investigated until
now in the literature �we do not claim completeness�

�� Homogeneous Spaces of Constant Curvature�

�a The Two
Dimensional Euclidean Space�

i� The expansion of plane waves with respect to the polar basis is a well
known
expansion theorem involving Bessel
functions and circular waves ���� p������

ii� The expansion of plane wave in terms of the elliptic basis can be found in �����
p��	��� and

iii� the expansion of the polar basis with respect to the elliptic bases in ����� p��	���

�b The Three
Dimensional Euclidean Space�

i� A formal discussion of the interbasis expansion of ten of the eleven bases with
respect to the cartesian basis is due to ����� and references therein�

ii� The expansion of the sphero
conical basis in terms of the in terms of the spher

ical basis corresponds to the subgroup chain E�� � SO��� and is therefore
essentially the same as in ������

iii� The expansion of plane waves into the spherical basis is a expansion theorem
involving Bessel
functions and Gegenbauer polynomials ���� p��	���

iv� The expansion of plane waves in terms of �oblate and prolate spheroidal wave

functions is due to ����� p������

�c Two
 and three
dimensional Minkowski space�

�



i� Interbasis expansions relating the cartesian basis with the polar and elliptic bases
in two dimensions� and the cartesian basis with the spherical and spheroidal bases
in three dimensions have been discussed in �����

�d The Two
Dimensional Sphere�

i� On the two
dimensional sphere� there is only the interbasis expansion of the
elliptic basis with respect to the spherical basis which can be found in ������

�e The Three
Dimensional Sphere�

i� The expansion of the spherical basis with respect to the cylindrical basis is de

termined by the Clebsch
Gordan coe"cients� e�g� ��� �		��

ii� The expansion of the sphero
elliptic basis in terms of the in terms of the spher

ical basis corresponds to the subgroup chain SO�� � SO��� and is therefore
essentially the same as in ������

iii� The expansion of the two ellipso
cylindrical bases �the oblate elliptic and prolate
elliptic with respect to the spherical� respectively the cylindrical� is due to ��	��

iv� The expansion of the ellipsoidal basis with respect to another basis is not known
yet� but will be the subject of a future investigation �����

�f The Two
Dimensional Hyperboloid�

i� The only known interbasis expansions on ���� deal with the expansions of eight
out of nine bases with respect to the spherical basis ������

�g The Three
Dimensional Hyperboloid�

i� The interbasis expansions of the four bases corresponding to the subgroup chain
SO��� � � E�� are the same as in IR��

ii� the interbasis expansions of the two bases corresponding to the subgroup chain
SO��� � � SO�� are the same as on S����

iii� the interbasis expansions of the nine bases corresponding to the subgroup chain
SO��� � � SO��� � are the same as on �����

iv� Interbasis expansions corresponding to the non
subgroup bases on the three

dimensional hyperboloid are not known�

�� Potential Problems�

�a The Oscillator in IR��

i� The expansion of the elliptic and cartesian basis with respect to the polar basis
is due to ������

�b The Coulomb potential in IR��

i� The expansion of the elliptic basis with respect to the polar and parabolic bases
is due to ������

�c The Coulomb potential in IR��

i� The expansion of the parabolic basis with respect to the spherical bases is deter

mined by the Clebsch
Gordan coe"cients� e�g� ��� �		��

ii� The expansion of the spheroidal basis with respect to the spherical bases is due
to ����� and with respect to the parabolic bases due to ������

�d Generalized Oscillator and Kepler
Coulomb Problem in IR��

i� In the Coulomb problem the expansion of the spheroidal basis with respect to
the spherical and parabolic bases is due to ������

�



ii� In the oscillator problem the expansion of the spheroidal basis with respect to
the spherical and cylindrical bases is due to ������

�e Oscillator and Kepler
Coulomb Problem on S����

i� In the Coulomb problem the expansion of the ellipso
cylindrical basis with respect
to the spherical basis is due to ������

ii� In the oscillator problem the expansion of the cylindrical basis with respect to
the spherical basis and vice versa is due to ��	� �����

�f The Kaluza
Klein Monopole system�

i� The expansion of the parabolic basis with respect to the spherical basis is deter

mined by the Clebsch
Gordan coe"cients �	���

ii� The expansion of the spheroidal basis with respect to the spherical and parabolic
bases will be discussed in �	���

��� Path Integral Approach�

In our investigations the path integral turns out to be a very convenient tool to formulate
and solve the super
integrable potentials on spaces of constant curvature� in particular on the
hyperboloid� The subsequent separation of variables in each problem can be performed in a
straightforward and easy way�

This line of reasoning must be seen in the endevaour to solve quantum mechanical problems
�from the point of view of �uctuating paths� ����� In the contributions ���� ��� we have already
presented our approach �How To Solve Path Integrals in Quantum Mechanics� by listing the
relevant Basic Path Integrals necessary for the calculations� and a comprehensive �Table of Path
Integrals� will appear soon ����� This includes path integral problems which are based on the
general Gaussian Path Integral ���� ���� based on the path integral of the general quadratic
Lagrangian� the Besselian Path Integral ���� ��� ��� ��	� ���� based on the path integral of
the radial harmonic oscillator� and the Legendrian Path Integral ���� ��� ��� �	� ��	� ���� ����
based on the path integral of the �modi�ed P�oschl
Teller potential� respectively� as well as path
integral formul# which deal with point interactions and boundary conditions �����

In tables ��� and ��� we have summarized the wide range of quantum mechanical problems
which are accessible by path integration� For details we refer to ���� and ����������

Higher dimensional path integral problems can usually be put into a hierarchy corresponding
which one
dimensional path integral is most important for their evaluation� For instance� in
the Coulomb problem� the Besselian part is the most important because after separating o� the
angular path integrations� and a space
time transformation� a path integral for a radial harmonic
oscillator remains�

The class of Natanzon potentials� where the con�uent and hypergeometric case are both
subject to path integration ����� are the most general kinds of Besselian and Legendrian path
integral potential problems� with six parameters which may be chosen freely�

The classes of �conditionally solvable� potentials are somewhat more restricted in comparison
to the Natanzon potentials by having only four free parameters� However� fractional power
dependences can be incorporated� e�g�� a long
range ��

p
r behaviour ���� and references therein�

For the conditionally solvable potentials con�uent �Besselian and hypergeometric �Legendrian
versions can be found as well�

	



Table ���� Application of Basic Path Integrals

Quadratic Lagrangian Radial Harmonic P�oschl�Teller Modi�ed P�oschl�Teller
Oscillator Potential Potential

In�nite square well Liouville potential Scarf potentials Re�ectionless potential

Linear potential Morse potential Symmetric top Rosen�Morse potential

Repelling oscillator Uniform magnetic �eld Magnetic top Wood�Saxon potential

Forced oscillator Motion in a section Higgs oscillator Hult�en potential
on spheres

Saddle point potential Calogero model Manning�Rosen potential

Uniform magnetic �eld Aharonov�Bohm Hyperbolic Scarf potential
problems

Driven coupled Coulomb� and Hyperbolic barrier and
oscillators con�nement potentials modi�ed

Rosen�Morse potentials

Two�time action Smorodinsky�Winternitz Hyperbolic spaces
�Polaron� potentials of rank one

Second derivative Coulomb�like potentials Kepler problem
Lagrangians in polar and parabolic on �pseudo�� spheres

coordinates

Semi�classical expansion Nonrelativistic Hyperbolic strip
monopoles

Generating functional Kaluza�Klein monopole Higgs oscillator
on pseudospheres

Moments formula Poincar�e plane Hermitean spaces
	 magnetic �eld
	 potentials

E
ective potentials Klein�Gordon� and
Dirac Coulomb problem

Anharmonic oscillator Anyons

Conditionally solvable pots� Natanzon potentials Natanzon potentials
Conditionally solvable pots�

��� Presentation of Results�

The contents of this paper is as follows� In the next section we give an introduction into the
formulation and construction of coordinate systems on the three
dimensional hyperboloid� This
includes an enumeration of the coordinate systems according to ���� ��� ���� ���� ����� The
enumeration includes the explicit statement of the quantity u � �u�� u�� u�� u� in terms of the
coordinate variables � � ���� ��� ��� the line element ds� � ds���� the momentum operators
P�i � the Hamiltonian H�� the form a potential V �u must have in order that the Schr�odinger
equation H$ � �H� � V $ � E$ is separable� and the corresponding integrals of motion�
respectively observables�
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Table ���� Group Path Integration and Perturbation Expansions

Group Path Integration Perturbation Expansions

Euclidean space ��functions

pseudo�Euclidean space ���functions

Spheres Point interaction for Dirac particle

Single�sheeted pseudospheres Dirichlet boundary conditions

Double�sheeted pseudospheres Neumann boundary conditions

Bispherical coordinates Boxes and radial rings

Pseudo�bispherical coordinates Absolute value potentials

Klein�Gordon propagator Point interactions in IR�� IR�

Discontinuous potentials

In Section III we present the three found maximally super
integrable potentials on the three

dimensional hyperboloid� including an analogue of a Stark e�ect potential which is� however�
in comparison to IR� only minimally super
integrable� The maximally super
integrable systems
have �ve integrals of motion� For instance� in the pure Coulomb problem in IR� they are the
energy E� the square of the absolute value of the angular momentum L�� L�

z� an observable
corresponding to the semi
hyperbolic system� and the third component of the Pauli
Lenz
Runge
vector A �the whole set of E�L�� L�

z�A is not functionally independent� Actually� the �rst
three of these constants of motion are typical for each radial problem� and the minimum number
of three observables is required that a three
dimensional system is separable at all �in ���� a
systematic listing of these constants of motion has been presented� We treat the �rst two
potentials� i�e�� the Higgs oscillator and the Coulomb potential on ���� in some detail�

In Section IV we discuss the minimally super
integrable potentials on ����� We �nd four po

tentials which have their counterparts in three
dimensional Euclidean space� The remaining po

tentials emerge from the subgroup structure of SO��� �� i�e�� we �nd four potentials correspond

ing to the chain SO��� � � E��� two potentials corresponding to the chain SO��� � � SO���
where one of them is however equivalent to a previous one� and �ve potentials corresponding to
the chain SO��� � � SO��� �� respectively� This yields �� minimally super
integrable potentials
on ����� We do not explicitly list each solution again� because this would blow up our paper to
much� and refer instead to our previous work concerning the super
integrable potentials in �at
space �	��� on the sphere �	��� and on the two
dimensional hyperboloid �	��� In Sections III and
IV we make frequently use of the path integral formulations of the P�oschl
Teller� the modi�ed
P�oschl
Teller� and the Rosen
Morse potential� whose solutions are cited in Appendix A�

In the �fth Section we summarize and discuss our results� Here we also establish a corre

spondence of maximally and minimally super
integrable potentials in two and three dimensions
in the three spaces of constant curvature� i�e�� Euclidean space� the sphere� and the hyperboloid�
In addition we suggest analogues of the Holt
potential on the two
 and three
dimensional sphere
and on the two
 and three
dimensional hyperboloid� respectively� However� these potentials turn
out to be only integrable� On the sphere the corresponding separating coordinate systems are
the k � k� � ��

p
� particular case of the rotated elliptic� respectively rotated prolate spheroidal

systems� On the hyperboloid the separating coordinate system are the semi
hyperbolic systems�
The �at space limits of these systems are parabolic coordinates in two and three dimensions�

In four appendices we present some additional material� This includes on the one hand side

��



the presentation of elementary path integral solutions which we need in our evaluations� On the
other we complete the consideration of super
integrable potentials in IR� �Appendix B and on
S��� �Appendix C corresponding to the S��� subgroup chain reduction by adding a minimally
super
integrable potential due to the subgroup reduction corresponding to SO��� Appendix D
summarizes all our former �ndings of minimally and maximally super
integrable potentials in
two
 and three
dimensional Euclidean space� on the two
 and three
dimensional sphere� and on
the two
dimensional hyperboloid� respectively�

� Coordinate Systems on Hyperboloids

In this Section we construct the coordinate systems on the three
dimensional hyperboloid� How

ever� �rst we cite some useful information concerning the construction of coordinate systems on
the most important spaces of constant curvature� These are Euclidean spaces� spheres and
hyperboloids�

Table ���� Operators and Coordinate Systems in Flat Space

Observable I in IR� Coordinate System

I � P �
� � P �

� Cartesian
I � L�

� Polar
I � L�

� 	 d��P �
� � P �

� � Elliptic
I � fL�� P�g Parabolic

Observables I�� I� in IR� Coordinate System

I� � P �
� � I� � P �

� Cartesian
I� � L�

�� I� � P �
� Circular Polar

I� � L�
� 	 d�P �

� � I� � P �
� Circular Elliptic

I� � fL�� P�g� I� � P �
� Circular Parabolic

I� � L
�� I� � L�

� 	 k��L�
� Sphero�Elliptic

I� � L
�� I� � L�

� Spherical
I� � L

� � d��P �
� 	 P �

� �� I� � L�
� Prolate Spheroidal

I� � L
� 	 d��P �

� 	 P �
� �� I� � L�

� Oblate Spheroidal
I� � fL�� P�g � fL�� P�g� I� � L�

� Parabolic
I� � L

� 	 �a� 	 a��P
�
� 	 �a� 	 a��P

�
� 	 �a� 	 a��P

�
�  Ellipsoidal

I� � a��L
�
� 	 a�L

�
� 	 a�L

�
� 	 a�a�P

�
� 	 a�a�P

�
� 	 a�a�P

�
�

I� � L�
� � d�P �

� 	 d�fL�� P�g	 fL�� P�g� Paraboloidal
I� � d�P �

� � P �
� � 	 fL�� P�g � fL�� P�g

��� Coordinate Systems and Observables�

For the classi�cation of coordinate systems in an homogeneous space� and hence for sets of
inequivalent observables� we need second
order di�erential operators Ii �i � J � J an index
set which are at most quadratic in the derivatives� In order that they can characterize a
coordinate system which separates the Hamiltonian we must require that they commute with
the Hamiltonian and with each other� i�e�� �H� Ii� � �Ii� Ij� � �� This property characterizes
them as observables �in classical mechanics as constants of motion� In two
dimensional spaces
we have one characteristic operator I which corresponds to the additional observable� and in
three
dimensional spaces there are two characteristic operators I�� I� which correspond to the
two separation constants which appear for each coordinate system� Finding all inequivalent sets
of fIg� respectively fI�� I�g is equivalent in �nding all inequivalent sets of observables for the

��



Hamiltonian of the free motion� Because the operators I��� commute with the Hamiltonian and
with each other one can �nd simultaneously eigenfunctions of H� I � respectively H� I�� I��

Table ��� illustrates this for the four coordinate systems in IR� and the eleven coordinate
systems in IR� �a� d � �� � � r � � parameters� f�� �g is the anticommutator� and � � a� �

�� � a� � �� � a� � �� with ������ the coordinates in the ellipsoidal system� according to
Refs� ���� ����� Here P����� � �i��xi and L����� are the usual momentum and angular momentum
operators taken in Cartesian coordinates ����� see below� and c�f� ���� ��� for more details�

Table ��� illustrates this for the coordinate systems on S��� and S���� Again L����� are the
usual angular momentum operators� where we have set �����

L� �
�

i
D�� � L� �

�

i
D�� � L� �

�

i
D�� � ����

N� �
�

i
D�� � N� �

�

i
D�� � N� �

�

i
D�� � ����

with Dij � sj�si � si�sj � and for the parameters we have � � k� � �� k�� � � � k�� and in the
ellipsoidal system a� � 	� � a� � 	� � a� � 	� � a�� We have also included the elliptic II
and the prolate elliptic II systems as examples for a rotated elliptic system� c�f� for the proper
de�nition of the parameters �	��� We have the commutation relations �
ijk is the Levi
Civita
tensor

�Li� Lj� � i�
ijkLk � �Li� Nj� � i�
ijkNk � �Ni� Nj� � i�
ijkLk � ����

Table ���� Operators and Coordinate Systems on Spheres

Observable I on S��� Coordinate System

I � L�
� Polar

I � L�
� 	 k��L�

� Elliptic
I � cos �fL�

� � �
� sin �ffL�� L�g Elliptic II�

Observables I�� I� on S��� Coordinate System

I� � N�
� � I� � L�

� Cylindrical

I� � L
�� I� � L�

� 	 k��L�
� Sphero�Elliptic

I� � L
�� I� � L�

� Spherical
I� � ��� k��L� 	 k��L�

� �N�
� �� I� � L�

� Prolate Elliptic
I� � cos �fL� 	 �

� sin �f�fL�� N�g � fL�� N�g�� I� � L�
� Prolate Elliptic II�

I� � ��� k��L� � k�N�
� � I� � L�

� Oblate Elliptic
I� � �a� 	 a��L�

� 	 �a� 	 a��L�
� 	 �a� 	 a��L�

� Ellipsoidal
	�a� 	 a��N

�
� 	 �a� 	 a��N

�
� 	 �a� 	 a��N

�
�

I� � a�a�L
�
� 	 a�a�L

�
� 	 a�a�L

�
� 	 a�a�N

�
� 	 a�a�N

�
� 	 a�a�N

�
�

� sin� f � k�

��� Coordinate Systems on the Three�Dimensional Hyperboloid�

Before we are going to discuss the coordinate systems on the three
dimensional hyperboloid in
some detail� let us start with some remarks concerning harmonic analysis on ����� and we cite
some results from ������

The homogeneous Lorentz group SO��� � consists of those proper real linear transformations
which leave the hyperboloid �u� � �

u � u � u� � u�� � �u�� � u�� � u�� � u�� � u� � R� ����

��



invariant� The Lie algebra is six
dimensional� and is generated by the spatial rotation generators
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�note the sign convention in comparison to the sphere and the Lorentz transformation generators
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The commutation relations are

�Li� Lj� � �i�
ijkLk � �Li� Kj� � �i�
ijkKk � �Ki� Kj� � i�
ijkKk � ����

The Hamiltonian on ���� can then be written as �V �u a potential on ����

H � H� � V �u � H� � � �
�

�MR�
%LB �

�

�MR� �K
� � L� � ���	

The irreducible representations of the identity component of SO��� � are labeled by two num

bers �j�� �� where j� is an integer or half
integer� and � is complex� The Eigenvalues of the
Schr�odinger operator H� are found to have the following form

E��j� � � �
�

�MR�
�j��������� �

continuous spectrum� j� � �� � � �� � ip �

discrete spectrum� j� � �n �n � IN� � � �� �
����

Actually� the discrete spectrum is not present in our case� for instance� it must be taken into
account for the quantum motion on the single sheeted hyperboloid ����� on the SU��� � ���� ���
and on the O��� � group manifold ���� ����� We have for the energy
spectrum of the free
quantum motion on ����

Ep �
�
�

�MR�
�p� � � � p � � � �����

In the following enumeration we list in each case the de�nition of the coordinate systems� the
metric� the momentum operators� the Hamiltonian and the observables I�� I�� respectively�

In the sequel we only consider orthogonal coordinate systems on the three
dimensional hy

perboloid� u � ���� is expressed as u � u��� where � � ���� ��� �� are three
dimensional
coordinates on ����� Following Olevski&' ����� the line element is found to have the form

ds� � 
agaad�
�
a

�
�

�

�
��� � ������ ��

P ���
d��� �

��� � ������ ��

P ���
d��� �

��� � ������ ��

P ���
d���

�
� �����

which must be a positive
de�nite quantity� hence 
a � ��� a � �� �� �� and where P �� is the
characteristic polynomial corresponding to the coordinate system� In algebraic form a coordinate
system on ���� is described in the following way

u�� � R� ��� � a���� � a���� � a�

�a� � a��a� � a��a� � a�
�

u�� � �R� ��� � a����� a���� � a�

�a� � a��a� � a��a� � a�
�

u�� � �R� ��� � a����� a���� � a�

�a� � a��a� � a��a� � a�
�

u�� � �R� ��� � a����� a���� � a�

�a� � a��a� � a��a� � a�
�

��������������
������������	

�����

��



and we have for the characteristic polynomial

P �� � ��� a���� a���� a���� a� � �����

Fixing the numbers ai� i � �� �� �� �� and the range of the � speci�es a coordinate system� For
the metric tensor then follows

gab � Gik

�ui
��a

�uk
��b

� �����

where Gik is the metric tensor of the ambient space� which in the present case has the form
Gik � diag������������ and in order that the line element ds� �

P
ab 
abgabdq

adqb is positive
de�nite appropriate 
aa � �� must be taken into account� Actually 
ab � 
aa � ��� 	a�b� In the
following we state for convenience only the explicit form of ds�� In table ��� we summarize the
results on the coordinate systems on ���� according to ����� ���� ���� �	��� including� if known�
the limiting cases for IR�� as R
�� The coordinate systems on ���� now are the following�

��� Enumeration of the Coordinate Systems�

�� Cylindrical coordinates are de�ned by ���� �� � IR� � �  � ��

u� � R cosh �� cosh �� �
u� � R cosh �� sinh �� �
u� � R sinh �� sin �

u� � R sinh �� cos �

�����
���	

�����

The characteristic operators are

I� � K�
� � I� � L�

� � �����

The line element is ds� � R��d��� � cosh� ��d�
�
� � sinh� ��d

�� and for the momentum
operators we have

P�� �
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i

�
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�

�
coth �� �

�

�
tanh ��

�
� �����

P�� �
�

i

�
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� P� �

�

i

�

�
� ����	

For the Hamiltonian we get

H� � � �
�

�MR�

�
��

����
�


tanh �� � coth ��

� �

���
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�

cosh� ��
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�

sinh� ��
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�
�

�MR�
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cosh� ��
P �
��
�

�

sinh� ��
P �
�

�
�

�
�

	MR�

�
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�

cosh� ��
� �

sinh� ��

�
� �����

A potential separable in cylindrical coordinates must have the form

V �u � V���� �
V����

cosh� ��
�

V��

sinh� ��
� �����

and the corresponding observables are

IV� �
�

�M
K�

� � V���� � IV� �
�

�M
L�
� � V�� � �����

��



�� Horicyclic coordinates are de�ned by ��x�� x� � x � IR�� y � �

u� �
R

�

�
y �

x�� � x��
y

�
�

y

�
� u� � R

x�
y

�

u� �
R

�

�
y �

x�� � x��
y

� �

y

�
� u� � R

x�
y

�

�����
���	

�����

The characteristic operators are

I� � �K� � L�
� � I� � �K� � L�

� � �����

Note the relations I� � P �
x�
� I� � P �

x�
� with the Px��� � �i��x��� the usual Cartesian mo


mentum operators� The line elements is ds� � R��dx���dx���dy��y�� For the momentum
operators we have Px��� and

Py �
�

i

�
�

�y
� �

�y

�
� �����

For the Hamiltonian we have

H� � � �
�

�MR�
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�y�
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�

�MR�y


P �
y � P �

x�
� P �

x�

�
y �

���

	MR�
� �����

A potential separable in horicyclic coordinates must have the form

V �u � V��y � y�
h
V��x� � V��x�

i
� �����

and the constants of motion are

IV� �
�

�M
�K� � L�

� � V��x� � IV� �
�

�M
�K� � L�

� � V��x� � �����

�� Sphero	Elliptic coordinates in algebraic form are given by �� � �� a� � 	� � a� � 	� � a�

u�� � R� cosh� � �

u�� � R sinh� �
�	� � a��	� � a�
�a� � a��a� � a�

�

u�� � R sinh� �
�	� � a��	� � a�
�a� � a��a� � a�

�

u�� � R sinh� �
�	� � a��	� � a�
�a� � a��a� � a�

�

������������
����������	

����	

If we put 	� � a� � �a� � a� sn
��(�� k and 	� � a� � �a� � a� cn

��(�� k�� where the
functions sn�(�� k� cn�(�� k and dn�(�� k are the Jacobi elliptic functions with modulus
k ���� p������ we obtain for the coordinates u on the hyperboloid �(� � ��K�K�� (� �
���K�� �K��� k� � k�� � �

u� � R cosh � �

u� � R sinh � sn�(�� k dn�(�� k� �

u� � R sinh � cn�(�� k cn�(�� k� �

u� � R sinh � dn�(�� k sn�(�� k� �

�����
���	 �����

K � K�k and K� � K�k� are the complete elliptic integrals with k and k�� respectively�
The characteristic operators are

I� � L� � I� � L�
� � k��L�

� � �����

��



A rotated sphero
elliptic system can be introduced according to �	��� i�e� �for shorthand
notation we omit the moduli�

u� � R cosh � �

u� � R sinh ��k� sn(� dn(� � k dn(� sn (� �

u� � R sinh � cn(� cn (� �

u� � R sinh ��k� dn(� sn(� � k sn(� dn(� �

�����
���	 �����

In the following the moduli k� k� are omitted if no confusion can arise� The line element is
given by

ds� � R��d�� � sinh� ��k� cn�(�� k�� cn� (��d(�� � d(��� � �����

and the momentum operators are

P� �
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� coth �
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� �����

P	 �
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i
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The Hamiltonian has the form

H� � � �
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A potential separable in sphero
elliptic coordinates must have the form

V �u � V��� �
�

sinh� �
� V��(� � V��(�

k� cn�(�� k�� cn� (�
� �����

and the second observable is changed into

IV� �
�

�M
�L�

� � k��L�
� �

V��(� � V��(�

k� cn�(�� k�� cn� (�
� ����	

�� The Equidistant	Elliptic coordinate system is de�ned by

u�� � R� ��� � a����� a�

�a� � a��a� � a�
cosh� � �

u�� � R� ��� � a����� a�

�a� � a��a� � a�
cosh� � �

u�� � R� ��� � a��a� � ��

�a� � a��a� � a�
cosh� � �

u�� � R� sinh� �

������������
����������	

�����

�a� � a� � �� � a� � ��� Here � � �iK�� iK� � �K� � � ��� �K�� and � � IR� The
characteristic operators are

I� � K�
� �K�

� � L�
� � I� � L�

� � sinh� fK�
� � �����

��



with sinh� f as de�ned below in ������ and �f is the distance between the foci� We set
� � ���� ��� and after putting �� � a� � �a� � a� dn

���� k� �� � a� � �a� � a� sn
���� k��

and k� � �a� � a���a� � a�� k
�� � �a� � a���a� � a� with the property k� � k�� � �� we

get
u� � R sn��� k dn��� k� cosh� �
u� � iR cn��� k cn��� k� cosh � �

u� � iR dn��� k sn��� k� cosh� �

u� � R sinh � �

�����
���	

�����

Analogously as for the elliptic system on the two
dimensional hyperboloid we can introduce
a rotated equidistant	elliptic system� also called equidistant	elliptic II system� Instead of
a trigonometric rotation as for the case on the sphere �	�� we must consider in the present
case a hyperbolic rotation �	��� We de�ne

sinh� f �
a� � a�
a� � a�

�
k��

k�
� cosh� f �

a� � a�
a� � a�

�
�

k�
� �����

The rotated elliptic system is then obtained by�
BBB�

u��
u��
u��
u��

�
CCCA �

�
BBB�

cosh f sinh f � �
sinh f cosh f � �

� � � �
� � � �

�
CCCA
�
BBB�

u�
u�
u�
u�

�
CCCA �

�
BBB�

u� cosh f � u� sinh f
u� sinh f � u� cosh f

u�
u�

�
CCCA � �����

Explicitly this yields

u�� �
R

a� � a�


q
��� � a���� � a� �

q
��� � a���� � a�

�
cosh �

� R

�
�

k
sn��� k dn��� k� � i

k�

k
cn��� k cn��� k�

�
cosh � �

u�� �
R

a� � a�

�s
a� � a�
a� � a�

���� a����� a� �

s
a� � a�
a� � a�

��� � a����� a�

�
cosh �

� R

�
k�

k
sn��� k dn��� k� �

i

k
cn��� k cn��� k�

�
cosh � �

u� � R

s
��� � a��a� � ��

�a� � a��a� � a�
cosh � � iRdn��� k sn��� k� cosh � �

u� � R sinh � �

�����������������������
���������������������	

�����
In the rotated elliptic system the second observable is changed into

I �� � cosh �fL�
� � �

�
sinh �ffK�� L�g � �����

where fX� Y g � XY � Y X is the anti
commutator of two operators X and Y � The line
element in each case is given by ds� � R��d�� � cosh� ��k� cn�� � k�� cn���d�� � d����
In the limit R
� the equidistant
elliptic system yields circular	elliptic� and the rotated
system circular	elliptic II coordinates in IR�� For the momentum operators in either case
we obtain

P� �
�

i

�
�

��
� tanh �

�
� �����

P	 �
�

i

�
�

��
� k� sn� cn� dn�

k� cn�� � k�� cn��

�
� �����

P
 �
�

i

�
�
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� k� sn� cn� dn�

k� cn�� � k�� cn��

�
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and for the Hamiltonian

H� � � �
�

�MR�

�
��

���
� � tanh �

�
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�

cosh� ��k� cn�� � k�� cn��
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��
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�
�

�MR�

�
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cosh� �
� �q

k� cn��� k�� cn��
�P �

	 � P �

 

�q
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	MR�
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cosh� �

�
� �����

A potential separable in equidistant
elliptic coordinates must have the form

V �u � V��� �
�

cosh� �
� V��� � V���

k� cn�� � k�� cn��
� �����

The second observable then takes on the form

IV� �
�

�M
�L�

� � sinh� fK�
� �

V��� � V���

k� cn��� k�� cn��
� �����

�� The Equidistant	Hyperbolic system is given by

u�� � R� ��� � a��a� � ��

�a� � a��a� � a�
cosh� � �

u�� � R� ��� � a��a� � ��

�a� � a��a� � a�
cosh� � �

u�� � R� ��� � a��a� � ��

�a� � a��a� � a�
cosh� � �

u�� � R� sinh� �

������������
����������	

�����

��� � a� � a� � a� � ��� The characteristic operators are

I� � K�
� �K�

� � L�
� � I� � K�

� � sin� �L�
� � �����

where sin� � � �a�� a���a�� a� and �� is the angle between the two focal lines� We set
� � ���� ��� and after putting �� � a���a��a� cn���� k� �� � a���a��a� cn���� k�� and
k� � �a�� a���a�� a�� k�

� � �a�� a���a�� a�� where � � �iK�� iK ���K� � � ��� �K��
we get

u� � �R cn��� k cn��� k� cosh � �

u� � iR sn��� k dn��� k� cosh � �
u� � iR dn��� k sn��� k� cosh � �
u� � R sinh � �

�����
���	 �����

The line element has the form ds� � R��d��� cosh� ��k� cn��� k�� cn���d��� d���� and
the momentum operators are given by

P� �
�

i

�
�

��
� k� sn� cn� dn�

k� cn��� k�� cn��

�
� P� �

�

i

�
�

��
� k�� sn� cn� dn�

k� cn�� � k�� cn��

�
� �����

with P� as in ������ and for the Hamiltonian we obtain

H� � � �
�

�MR�

�
��

���
� � tanh �

�

��
�

�

cosh� ��k� cn�� � k�� cn��

�
��

���
�

��

���

��

�
�

�MR�

�
P �

� �
�

cosh� �
� �q

k� cn�� � k�� cn��
�P �

� � P �
� 

�q
k� cn��� k�� cn��

�
�

�
�
�

	MR�

�
� �

�

cosh� �

�
� �����

�	



A potential separable in equidistant
hyperbolic coordinates must have the form

V �u � V��� �
�

cosh� �
� V��� � V���

k� cn�� � k�� cn��
� �����

For the second observable we then have

IV� �
�

�M
�K�

� � sin� �L�
� �

V��� � V���

k� cn��� k�� cn��
� ����	

�� The Equidistant	Semi	Hyperbolic system is given by

u�� �
R�

�

�
�

�

s
����� ��� �������� ��� ���

�a� �� � ��
�

��� � a�a� ��

��a� ��� ���
� �

�
cosh� � �

u�� �
R�

�

�
�

�

s
����� ��� �������� ��� ���

�a� �� � ��
� ��� � a�a� ��

��a� ��� ���
� �

�
cosh� � �

u�� � R� ��� � a�a� ��

�a� ��� ��
cosh� � �

u�� � R� sinh� �

��������������
������������	

�����
��� � a � ��� �� � � IR� The characteristic operators are

I� � K�
� �K�

� � L�
� � I� � fK�� L�g � �

� sinh �fK
�
� � �����

where sinh �f � �a���� and �f is the distance between the focus of the semi
hyperbolas
and the basis of the equidistants� In the �at space limit the case of sinh �f 
 � gives
circular	parabolic coordinates� and the case sinh �f 
 � Cartesian coordinates� The
special choice of the parameters a � � � �� � � � together with �� � �� � ����� � �� � �
yields

u�� �
R�

�


q
�� � ����� � ��� � ���� � �

�
cosh� � �

u�� �
R�

�


q
�� � ����� � ���� ���� � �

�
cosh� � �

u�� � R����� cosh
� � �

u�� � R� sinh� � �

����������
��������	

�����

The characteristic operators then have the form

I� � K�
� �K�

� � L�
� � I� � fK�� L�g � �����

which shows that the coordinate system ����� yields in the �at space limit circular	

parabolic coordinates� The line element is �P �� � ��� � ��

ds� � R�

�
d�� � cosh� � � �� � ��

�

�
d���
P ���

� d���
P ���

��
� �����

the momentum operators are �i � �� �

P�i �
�

i

�
�

��i
�

�

���� � ��
� �

�

P ���i
P ��i

�
� �����
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with P� as in ������ and for the Hamiltonian we obtain

H� � � �
�

�MR�

�
��

���
� � tanh �

�

��

�
�

cosh� �
� �

�� � ��

�
P ���

�
��

����
�

P ����
�P ���

�

���

�
� P ���

�
��

����
�

P ����
�P ���

�

���

���

�
�

�MR�

�
P �
� �

�

cosh� �

�s
�P ���

�� � ��
P �
��

s
�P ���

�� � ��
�
s

�P ���

�� � ��
P �
��

s
�P ���

�� � ��

�

�
�
�

	MR�

�
� �

�

cosh� �

�
� �

�

�� � ��

�
P ������ P ������ �P �����

�P ���
�

�P �����
�P ���

���
�

�����

A potential separable in equidistant
semi
hyperbolic coordinates must have the form

V �u � V��� �
�

cosh� �
� V���� � V����

�� � ��
� �����

For the second observable we then have

IV� �
�

�M
fK�� L�g� V���� � V����

�� � ��
� �����

�� Equidistant	Elliptic	Parabolic coordinates have the form

u� �
R

�

�
��� � a��a� � ��

�a� � a���
p
��� � a���� � a�

�

s
a� � a�

���� a����� a�
�

s
��� � a����� a�

a� � a�

�
cosh � �

u� �
R

�

�
��� � a��a� � ��

�a� � a���
p
��� � a���� � a�

�

s
a� � a�

���� a����� a�
�
s

��� � a����� a�

a� � a�

�
cosh � �

u� � R

p
��� � a��a� � ��

a� � a�
cosh � �

u� � R sinh �

�������������������������
�����������������������	

����	

�a� � �� � a� � ��� The characteristic operators are

I� � K�
� �K�

� � L�
� � I� � K�

� � �a� � a�K
�
� � L�

� � fK�� L�g � �����

Making the special choice a� � �� a� � �� together with �� � tan� �� �� � � tanh� a
�� � ������ ���� a � IR� we obtain

u� � R
cosh� a� cos� �

� cosha cos�
cosh � �

u� � R
sinh� a� sin� �

� cosha cos�
cosh � �

u� � R tan� tanha cosh � �

u� � R sinh � �

����������
��������	

�����

��



In this case the second characteristic operator has the form

I� � K�
� �K�

� � L�
� � fK�� L�g � �����

The line element is given by

ds� � R�

�
d�� � cosh� � � cosh

� a� cos� �

cosh� a cos� �
�da� � d��

�
� �����

For the momentum operators we have

Pa �
�

i

�
�

�a
�

sinh a cosha

cosh� a� cos� �
� tanha

�
� P� �

�

i

�
�

��
�

sin� cos�

cosh� a� cos� �
� tan�

�
�

�����
with P� as in ������ and the Hamiltonian has the form

H� � � �
�

�MR�

�
��

���
� � tanh �

�

��
�

�

cosh� �
� cosh� a cos� �

cosh� a� cos� �

�
��

�a�
�

��

���

��

�
�

�MR�

�
P �
� �

�

cosh� �

cosh a cos�p
cosh� a� cos� �

�P �
a � P �

�
cosha cos�p
cosh� a� cos� �

�

�
�
�

	MR�

�
� �

�

cosh� �

�
� �����

A potential separable in equidistant
elliptic
parabolic coordinates must have the form

V �u � V��� �
�

cosh� �
� cosh� a cos� �

cosh� a� cos� �

h
V��a � V���

i
� �����

The second observable then is given by

IV� �
�

�M
�K�

� �K�
� � L�

� � fK�� L�g � cosh� a cos� �

cosh� a� cos� �

h
V��a � V���

i
� �����

	� The Equidistant	Hyperbolic	Parabolic system has the form

u� �
R

�

�
���� a��a� � ��

�a� � a���
p
���� a��a� � ��

�

s
a� � a�

��� � a��a� � ��
�

s
��� � a��a� � ��

a� � a�

�
cosh � �

u� �
R

�

�
���� a��a� � ��

�a� � a���
p
���� a��a� � ��

�

s
a� � a�

��� � a��a� � ��
�
s
��� � a��a� � ��

a� � a�

�
cosh � �

u� � R

p
��� � a��a� � ��

a� � a�
cosh �

u� � R sinh �

�������������������������
�����������������������	

�����

��� � a� � a� � ��� The characteristic operators are

I� � K�
� �K�

� � L�
� � I� � K�

� � �a� � a�K
�
� � L�

� � fK�� L�g � ����	

��



Making the special choice a� � �� a� � �� together with �� � cot� �� �� � � coth� b
�� � ��� �� b � �� we obtain

u� � R
cosh� b� cos� �

� sinh b sin�
cosh � �

u� � R
sinh� b� sin� �

� sinh b sin�
cosh � �

u� � R cot� coth b cosh � �
u� � R sinh � �

����������
��������	

�����

In this case the second characteristic operator has the form

I� � �K�
� �K�

� � L�
� � fK�� L�g � ���	�

The line element is given by

ds� � R�

�
d�� � cosh� � � sinh

� b� sin� �

sinh� b sin� �
�db� � d��

�
� ���	�

For the momentum operators we have

Pb �
�

i

�
�

�b
�

sinh b coshb

sinh� b� sin� �
�coth b

�
� P� �

�

i

�
�

��
�

sin� cos�

sinh� b� sin� �
�cot�

�
� ���	�

with P� as in ������ and the Hamiltonian has the form

H� � � �
�

�MR�

�
��

���
� � tanh �

�

��
�

�

cosh� �
� sinh� b sin� �

sinh� b� sin� �

�
��

�b�
�

��

���

��

�
�

�MR�

�
P �
� �

�

cosh� �
� sinh b sin�p

sinh� b� sin� �
�P �

b � P �
�

sinh b sin�p
sinh� b� sin� �

�

�
�
�

	MR�

�
� �

�

cosh� �

�
� ���	�

A potential separable in equidistant
hyperbolic
parabolic coordinates must have the form

V �u � V��� �
�

cosh� �
� sinh� b sin� �

sinh� b� sin� �

h
V��b � V���

i
� ���	�

and the second constant of motion then is given by

IV� �
�

�M
��K�

� �K�
� � L�

� � fK�� L�g � sinh� b sin� �

sinh� b� sin� �

h
V��b � V���

i
� ���	�

�� The Equidistant	Semi	Circular	Parabolic coordinate system is given by �� � IR

u� � R

�
��� � ���

	����� a�a� �����
�

�

�

q
���� a�a� ��

�
cosh �

� R
��� � ��� � �

	��
cosh � �

u� � R

�
��� � ���

	����� a�a� �����
� �

�

q
���� a�a� ��

�
cosh �

� R
��� � ��� � �

	��
cosh � �

u� �
R

�

�s
�� � a

a� ��
�
s
a� ��
�� � a

�
cosh � � R

�� � ��

���
cosh � �

u� � R sinh �

���������������������������
�������������������������	

���	�

��



��� � a � ��� and we have made the choice a � �� �� � ������ �� � ����� �� � � �� The
characteristic operators have the form

I� � K�
� �K�

� � L�
� � I� � fK�� K�g � fK�� L�g � ���	�

The line element is given by

ds� � R�

�
d�� � cosh� � � �

� � ��

����
�d�� � d��

�
� ���		

The momentum operators are

P� �
�

i

�
�

��
�

�

�� � ��
� �

�

�
� P� �

�

i

�
�

��
�

�

�� � ��
� �

�

�
� ���	�

with P� as in ������ and for the Hamiltonian we get

H� � � �
�

�MR�

�
��

���
� � tanh �

�

��
�

�

cosh� �
� ����

�� � ��

�
��

���
�

��

���

��

�
�

�MR�

�
P �
� �

�

cosh� �
� ��p

�� � ��
�P �

� � P �
� 

��p
�� � ��

�
�

�
�

	MR�

�
� �

�

cosh� �

�
� �����

A potential separable in equidistant
semi
circular
parabolic coordinates must have the
form

V �u � V��� �
�

cosh� �
� ����

�� � ��

h
V��� � V���

i
� �����

The second observable is given by

IV� �
�

�M
�fK�� K�g � fK�� L�g � ����

�� � ��

h
V��� � V���

i
� �����

��� The Spherical coordinate system has the form �� � �� � � ��� ��  � ��� ��

u� � R cosh � �

u� � R sinh � sin� cos �
u� � R sinh � sin� sin �
u� � R sinh � cos� �

�����
���	 �����

Note that the coordinate systems III� and X� have the subgroup structure SO��� � �
SO��� The characteristic operators are

I� � L� � I� � L�
� � �����

The line element is ds� � R��d�� � sinh� ��d�� � sin� �d��� and for the momentum
operators we have

P� �
�

i

�
�

��
�

�

�
cot�

�
� �����

P� as in ������ P� as in ����	� and for the Hamiltonian we get

H� � � �
�

�MR�

�
��

���
� � coth �

�

��
�

�

sinh� �

�
�

��
� cot�

�

��
�

�

sin� �

��

��

��

�
�

�MR�

�
P �
� �

�

sinh� �

�
P �
� �

P �
�

sin� �

��
�

�
�

	MR�

�
�� �

sinh� �

�
�

�

sin� �

��
� �����

��



A potential separable in spherical coordinates must have the form

V �u � V��� �
�

sinh� �

�
V��� �

V��

sin� �

�
� �����

For the observables we get

IV� �
�

�M
L� � V��� �

V��

sin� �
� IV� �

�

�M
L�
� � V�� � ����	

��� Equidistant	Cylindrical coordinates are given by ����� � ��  � ��� ��

u� � R cosh �� cosh �� �
u� � R cosh �� sinh �� cos �

u� � R cosh �� sinh �� sin �
u� � R sinh �� �

�����
���	 �����

The characteristic operators are

I� � K�
� �K�

� � L�
� � I� � L�

� � ������

Here ds� � R��d����cosh� ���d����sinh� ��d��� and for the momentum operators we have

P�� �
�

i

�
�

���
�

�

�
coth ��

�
� ������

and P�� and P� as in ����� and ����	� respectively� For the Hamiltonian we get

H� � � �
�

�MR�

�
��

����
� � tanh ��

�

���
�

�

cosh� ��

�
��

����
� tanh ��

�

���
�

�

sinh� ��

��

��

��

�
�

�MR�

�
P �
��
�

�

cosh� ��

�
P �
��
�

P �
�

sinh� ��

��
�

�
�

	MR�

�
� �

�

cosh� ��

�
�� �

sinh� ��

��
�

������

A potential separable in equidistant
cylindrical coordinates must have the form

V �u � V��� �
�

cosh� ��

�
V���� �

V��

sinh� ��

�
� ������

The observables then are

IV� �
�

�M
�K�

� �K�
� � L�

� � V���� �
V��

sinh� ��
� IV� �

�

�M
L�
� � V�� � ������

��� Equidistant coordinates are given by ������� � IR

u� � R cosh �� cosh �� cosh �� �

u� � R cosh �� cosh �� sinh �� �
u� � R cosh �� sinh �� �

u� � R sinh �� �

�����
���	 ������

The characteristic operators have the form

I� � K�
� �K�

� � L�
� � I� � K�

� � ������

��



Here ds� � R��d����cosh� ���d�
�
��cosh� ��d�

�
� �� and for the momentum operators we have

P�� �
�

i

�
�

���
�

�

�
tanh ��

�
� ������

and P�� and P�� as in ����� and ����	� For the Hamiltonian we get

H� � � �
�

�MR�

�
��

����
� � tanh ��

�

���
�

�

cosh� ��

�
��

����
� tanh ��

�

���
�

�

cosh� ��

��

����

��

�
�

�MR�

�
P �
��
�

�

cosh� ��

�
P �
��
�

P �
��

cosh� ��

��
�

�
�

	MR�

�
� �

�

cosh� ��

�
� �

�

cosh� ��

��
�

�����	

A potential separable in equidistant coordinates must have the form

V �u � V���� �
�

cosh� ��

�
V���� �

V����

cosh� ��

�
� ������

The observables then are given by

IV� �
�

�M
�K�

� �K�
� � L�

� � V���� �
V����

cosh� ��
� IV� �

�

�M
K�

� � V���� � ������

��� Equidistant	Horicyclic coordinates are de�ned by �x� � � IR� y � �

u� �
R

�

�
y �

x�

y
�

�

y

�
cosh � � u� � R

x

y
cosh � �

u� �
R

�

�
y �

x�

y
� �

y

�
cosh � � u� � R sinh � �

�����
���	 ������

Note that the coordinate systems IV��IX� and XI��XIII� have the subgroup structure
SO��� � � SO��� �� The characteristic operators are

I� � K�
� �K�

� � L�
� � I� � �K� � L�

� � ������

The line element is ds� � R��d�� � cosh� ��dx� � dy��y��� For the momentum operators
we have Px � �i��x�

Py �
�

i

�
�

�y
� �

y

�
� ������

P� as in ������ and the Hamiltonian has the form

H� � � �
�

�MR�

�
��

���
� � tanh �

�

��
�

y�

cosh� �

�
��

�y�
�

��

�x�

��

�
�

�MR�

�
P �
� �

�

cosh� �
y�P �

x � P �
y y

�
�

�
�

	MR�

�
� �

�

cosh� �

�
� ������

A potential separable in equidistant
horicyclic coordinates must have the form

V �u � V��� �
�

cosh� �

h
V��y � y�V��x

i
� ������

For the observables we then obtain

IV� �
�

�M
�K�

� �K�
� �L�

� �V��y � y�V��x � IV� �
�

�M
�K��L�

��V��x � ������

��



��� Horicyclic	Cylindrical coordinates are de�ned by �y� � � ��  � ��� ��

u� �
R

�

�
y �

��

y
�

�

y

�
� u� � R

� cos

y
�

u� �
R

�

�
y �

��

y
� �

y

�
� u� � R

� sin

y
�

�����
���	 ������

The characteristic operators are

I� � �K� � L�
� � �K� � L�

� � I� � L�
� � �����	

Here ds� � R��dy�� d��� ��d��y�� and the momentum operators P� and Py are given
by ����	� ���� and

P� �
�

i

�
�

��
�

�

��

�
� ������

For the Hamiltonian we obtain

H� � � �
�

�MR�
y�
�
��

�y�
� �

y

�

�y
�

�
��

���
�

�

�

�

��
�

�

��
��

��

��

�
�

�MR�y

�
P �
y � P �

� �
P �
�

��

�
y � �

�y�

	MR���
�

���

	MR�
� ������

A potential separable in horicyclic
cylindrical coordinates must have the form

V �u � V��y � y�
�
V��� �

V��

��

�
� ������

The observables then are given by

IV� �
�

�M

h
�K��L�

���K��L�
�
i
�V����

V��

��
� IV� �

�

�M
L�
��V�� � ������

��� Horicyclic	Elliptic coordinates are given by �y� � � �� � � ���� �

u� �
R

�

�
y �

cosh� �� cos� �

y
�

�

y

�
� u� � R

cosh� cos �

y
�

u� �
R

�

�
y �

cosh� �� cos� �

y
� �

y

�
� u� � R

sinh � sin �

y
�

������
����	

������

The characteristic operators are

I� � �K� � L�
� � �K� � L�

� � I� � L�
� � �K� � L�

� � ������

Here ds� � R��dy� � �sinh� � � sin� ��d�� � d����y� and the momentum operators are
given by

P� �
�

i

�
�

��
�

sinh� cosh�

sinh� � � sin� �

�
� P� �

�

i

�
�

��
�

sin � cos �

sinh� �� sin� �

�
� ������

and Py as in ������ For the Hamiltonian we obtain

H� � � �
�

�MR�
y�
�
��

�y�
� �

y

�

�y
�

�

sinh� �� sin� �

�
��

���
�

��

���

��

�
�

�MR� y

�
�P �

y �
�q

sinh� �� sin� �
�P �

� � P �
� 

�q
sinh� �� sin� �

�
A y �

���

	MR�
� ������

��



A potential separable in horicyclic
elliptic coordinates must have the form

V �u � V��y � y�
V��� � V���

sinh� �� sin� �
� ������

For the second observable we then obtain

IV� �
�

�M

h
L�
� � �K� � L�

�
i
�

V��� � V���

sinh� �� sin� �
� �����	

��� Horicyclic	Parabolic coordinates are given by �y� �� � � �

u� �
R

�

�
y �

��� � ���

y
�

�

y

�
� u� � R

��� ��

�y
�

u� �
R

�

�
y �

��� � ���

y
� �

y

�
u� � R

��

y
�

����
��	 ������

Note that the coordinate systems II� and XIV��XVI� have the subgroup structure SO��� ��
E��� The characteristic operators are

I� � �K� � L�
� � �K� � L�

� � I� � fL�� K�g� fL�� L�g � ������

Here ds� � R��dy� � ��� � ���d�� � d����y�� and the momentum operators are given by

P� �
�

i

�
�

��
�

�

�� � ��

�
� P� �

�

i

�
�

��
�

�

�� � ��

�
� ������

and Py as in ������ For the Hamiltonian we obtain

H� � � �
�

�MR�
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� �

y

�

�y
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�

�� � ��

�
��

���
�

��

���

��

�
�

�MR� y

�
P �
y �

�p
�� � ��

�P �
� � P �

� 
�p

�� � ��

�
y �

���

	MR�
� ������

A potential separable in horicyclic
parabolic coordinates must have the form

V �u � V��y � y�
V��� � V���

�� � ��
� ������

and the second observable yields

IV� �
�

�M
�fL�� K�g� fL�� L�g � V��� � V���

�� � ��
� ������

��� Prolate Elliptic coordinates have the form �� � �iK�� iK � � �K� � � ��� �K ��  � ��� ���

u� � R sn��� k dn��� k� �

u� � iR dn��� k sn��� k� cos �

u� � iR dn��� k sn��� k� sin �

u� � iR cn��� k cn��� k� �

�������
�����	

������

We do not state the algebraic form of the coordinates� It can be derived from the corre

sponding expressions of system IV� The characteristic operators are

I� � L�
� � I� � L� � k��

k�
�K�

� � L�
� � ������

��



The line element is given by ds� � R���k� cn�� � k�� cn���d�� � d�� � dn�� sn��d���
Analogously as for the prolate elliptic system on the three
dimensional sphere �	�� we can
introduce a rotated prolate elliptic� also called prolate elliptic II system on ����� Instead
of a trigonometric rotation as for the case on the sphere we must consider in the present
case a hyperbolic rotation� We set

sinh� f �
a� � a�
a� � a�

�
k��

k�
� cosh� f �

a� � a�
a� � a�

�
�

k�
� ������

and the rotated prolate elliptic system is then obtained by�
BBB�

u��
u��
u��
u��

�
CCCA �

�
BBB�

cosh f � � sinh f
� � � �
� � � �

sinh f � � cosh f

�
CCCA
�
BBB�

u�
u�
u�
u�

�
CCCA �

�
BBB�

u� cosh f � u� sinh f
u�
u�

u� sinh f � u� cosh f

�
CCCA � �����	

Explicitly this yields

u�� �
R

a� � a�


q
��� � a����� a� �

q
��� � a���� � a�

�

� R

�
�

k
sn��� k dn��� k� � i

k�

k
cn��� k cn��� k�

�
�

u� � R

s
���� a��a� � ��

�a� � a��a� � a�
� iRdn��� k sn��� k� cos �

u� � R

s
���� a��a� � ��

�a� � a��a� � a�
� iRdn��� k sn��� k� sin �

u�� �
R

a� � a�

�s
a� � a�
a� � a�

��� � a���� � a� �

s
a� � a�
a� � a�

��� � a���� � a�

�

� R

�
k�

k
sn��� k dn��� k� �

i

k
cn��� k cn��� k�

�
�

��������������������������
������������������������	

������

The rotated operators L and K are obtained via the matrix transformation�
BBB�

� �L�� �L�� �L��
L�� � K�

� �K�
�

L�� �K�
� � K�

�

L�� K�
� �K�

� �

�
CCCA �

�
BBB�

cosh f � � sinh f
� � � �
� � � �

sinh f � � cosh f

�
CCCA

�

�
BBB�

� �L� �L� �L�

L� � K� �K�

L� �K� � K�

L� K� �K� �

�
CCCA �

�
BBB�

cosh f � � sinh f
� � � �
� � � �

sinh f � � cosh f

�
CCCA � ������

yielding

L�� � cosh fL� � sinh fK� �

L�� � cosh fL� � sinh fK� �
L�� � L� �

K�
� � cosh fK� � sinh fL� �

K�
� � cosh fK� � sinh fL� �

K�
� � K� �

���
�	 ������

In the rotated prolate elliptic system we get for the second observable

I �� � � � cosh �fL� � �
�
sinh �f�fK�� L�g � fK�� L�g � ������

�	



Note that for the case k � k� � ��
p
� � i�e� f � ���� we obtain

u�� � R�
p
� sn�dn� � i cn� cn� � u� � iRdn� sn� cos �

u�� � R� sn� dn� � i
p
� cn� cn� � u� � iRdn� sn� sin �

������

and the rotated system ������ yields in the limit R 
 � parabolic coordinates in IR��
c�f� ����� for the corresponding case of the sphere S���� The momentum operators are given
by

P	 �
�

i

�
�

��
� k� sn� cn� dn�

k� cn��� k�� cn��
� �

�

k� sn� cn�

dn�

�
� ������

P
 �
�

i

�
�

��
� k�� sn� cn� dn�

k� cn��� k�� cn��
�

�

�

cn� dn�

sn�

�
� ������

and P� as in ����	� For the Hamiltonian we obtain

H� � � �
�

�MR�

�
�

�

k� cn�� � k�� cn��

�
��

���
� k� sn� cn�

dn�

�

��
�

��

���
� k�� sn� cn�

dn�

�

��

�
� �

dn�� sn��

��

��

�

�
�

�MR�

�
 �q

k� cn��� k�� cn��
�P �

	 � P �

 

�q
k� cn��� k�� cn��

� �

dn�� sn��
P �
�

�
�

� �
�

	MR�

�
� �

�

k� cn��� k�� cn��

�
k�

sn�� cn��

dn��
�

cn�� dn��

sn��

��
� ������

A potential separable in prolate elliptic coordinates must have the form

V �u �
V��� � V���

k� cn�� � k�� cn��
�

V��

dn�� sn��
� ������

The observables then are

IV� �
�

�M
L�
� � V�� � �����	

IV� �
�

�M

�
L� � k��

k�
�K�

� � L�
�

�
�

V��� � V���

k� cn��� k�� cn��
�

V��

dn�� sn��
� ������

�	� Oblate Elliptic coordinates have the form �� � �iK�� iK � � �K� � � ��� �K��  � ��� ��

u� � R sn��� k dn��� k� �

u� � iR cn��� k cn��� k� cos �

u� � iR cn��� k cn��� k� sin �

u� � Rdn��� k sn��� k� �

�������
�����	

������

The characteristic operators are

I� � L�
� � I� � L� � k���L�

� �K�
� �K�

� � ������

The line element is ds� � R���k� cn�� � k�� cn���d�� � d�� � cn�� cn��d��� and the
momentum operators are given by

P	 �
�

i

�
�

��
� k� sn� cn� dn�

k� cn��� k�� cn��
� �

�

sn� dn�

cn�

�
� ������

P
 �
�

i

�
�

��
� k�� sn� cn� dn�

k� cn��� k�� cn��
� �

�

sn� dn�

cn�

�
� ������

��



and P� as in ����	� For the Hamiltonian we obtain

H� � � �
�

�MR�

�
�

�

k� cn�� � k�� cn��

�
��

���
� sn�dn�

cn�
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� sn� dn�
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�
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�
�

�MR�

�
 �q
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�P �

	 � P �

 

�q
k� cn��� k�� cn��

� �

cn�� cn��
P �
�

�
�

� �
�

	MR�

�
� �

�

k� cn�� � k�� cn��

�
sn�� dn��

cn��
�

sn�� dn��

cn��

��
� ������

A potential separable in oblate elliptic coordinates must have the form

V �u �
V��� � V���

k� cn��� k�� cn��
�

V��

cn�� cn��
� ������

The observables then are

IV� �
�

�M
L�
� � V�� � ������

IV� �
�

�M

h
L� � k���L�

� �K�
� �K�

�
i
�

V��� � V���

k� cn��� k�� cn��
�

V��

cn�� cn��
� ������

��� Elliptic	Cylindrical coordinates have the form �� � �iK�� iK � � �K� � � ��� �K �� � � IR

u� � R sn��� k dn��� k� cosh � � u� � iR dn��� k sn��� k� �

u� � R sn��� k dn��� k� sinh � � u� � iR cn��� k cn��� k� �

��
	 �����	

The characteristic operators are

I� � K�
� � I� � L�

� � k���L�
� �K�

� � ������

The line element is ds� � R���k� cn���k�� cn���d���d��� sn�� dn��d���� the momen

tum operators are given by

P	 �
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i
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k� cn��� k�� cn��
�

�

�
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� k�� sn� cn� dn�
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�
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�
� ������

and P� as in ����	� For the Hamiltonian we obtain
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A potential separable in elliptic
cylindrical coordinates must have the form

V �u �
V��� � V���

k� cn�� � k�� cn��
�

V���

sn�� dn��
� ������

The observables then are given by

IV� �
�

�M
K�

� � V��� � ������

IV� �
�

�M

h
L�
� � k���L�

� �K�
�
i
�

V��� � V���

k� cn�� � k�� cn��
�

V���

sn�� dn��
� ������

��� Hyperbolic	Cylindrical � coordinates have the form �� � �iK�� iK� � �K� � � ��� �K�� � �
IR

u� � �R cn��� k cn��� k� cosh � � u� � iR sn��� k dn��� k� �

u� � �R cn��� k cn��� k� sinh � � u� � iR dn��� k sn��� k� �

��
	 ������

We do not state the algebraic form of the coordinates� It can be derived from the corre

sponding expressions of system V� The characteristic operators are

I� � K�
� � I� � K�

� � L�
� � k��K�

� � L�
� � ������

The line element is ds� � R���k� cn�� � k�� cn���d�� � d�� � cn�� cn��d���� and the
momentum operators are given by

P� �
�

i

�
�

��
� k� sn� cn� dn�

k� cn�� � k�� cn��
� �

�

sn� dn�

cn�
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�
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�
� ������

and P� as in ����	� For the Hamiltonian we obtain
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A potential separable in hyperbolic
cylindrical � coordinates reads

V �u �
V��� � V���

k� cn�� � k�� cn��
�

V���

cn�� cn��
� ������

and the observables then are given by

IV� �
�

�M
K�

� � V��� � ������

IV� �
�

�M

h
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� � L�
� � k��K�
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�
i
�

V��� � V���
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�
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� ������
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��� Hyperbolic	Cylindrical � coordinates have the form �� � �iK�� iK� � �K� � � ��� �K�� � �
IR

u� � �R cn��� k cn��� k� � u� � iR dn��� k sn��� k� cos �

u� � iR sn��� k dn��� k� � u� � iR dn��� k sn��� k� sin �

��
	 ������

The characteristic operators are

I� � L�
� � I� � K�

� � L�
� � k��L�

� � L�
� � ������

The line element is ds� � R���k� cn�� � k�� cn���d�� � d�� � dn�� sn��d��� and the
momentum operators are given by

P� �
�

i

�
�
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k� cn��� k�� cn��
� �

�
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�

�
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�
� ������

and P� as in ����	� For the Hamiltonian we obtain
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A potential separable in hyperbolic
cylindrical � coordinates must have the form

V �u �
V��� � V���

k� cn��� k�� cn��
�

V��

dn�� sn��
� ������

and for the observables we obtain

IV� �
�

�M
L�
� � V�� � ����	�

IV� �
�

�M

h
K�

� � L�
� � k��L�

� � L�
�
i
�
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�

V��

dn�� sn��
� ����	�

��� Semi	Hyperbolic coordinates have the form ����� � ��  � ��� ��

u� �
Rp
�


q
�� � ����� � ��� � ���� � �

���
� u� � R

p
���� cos �

u� �
Rp
�


q
�� � ����� � ���� ���� � �

���
� u� � R

p
���� sin �

����
��	 ����	�

The characteristic operators are

I� � L�
� � I� � fK�� L�g� fK�� L�g � ����	�

��



The line element has the form

ds� � R�

�
�� � ��

�

�
d���
P ���

� d���
P ���

�
� ����d

�

�
� ����	�

the momentum operators are �i � �� �
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� �
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��i

�
� ����	�

with P� as in ����	� and for the Hamiltonian we obtain
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A potential separable in semi
hyperbolic coordinates must have the form

V �u �
V���� � V����

�� � ��
�
V��

����
� ����	�

The observables then are

IV� �
�

�M
L�
� � V�� � ����		

IV� �
�

�M
�fK�� L�g� fK�� L�g � V���� � V����

�� � ��
�
V��

����
� ����	�

��� Elliptic	Parabolic � coordinates are de�ned by �a� � � IR� � � ������ ���

u� � R
cosh� a� cos� �� ��

� cosha cos�
� u� � R

�

cosha cos�
�

u� � R
cosh� a� cos� �� �� � �

� cosha cos�
� u� � R tanh a tan� �

�����
���	

������

The characteristic operators are

I� � �K� � L�
� � ������

I� � �K�
� �K�

� �K�
� � L�

� � fK�� L�g � fK�� L�g � ������

The line element has the form

ds� � R� �cosh
� a � cos� ��da� � d�� � d��

cosh� a cos� �
� ������

��



the momentum operators are
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�
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�

sinh a cosha

cosh� a� cos� �
� �

�
tanha
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� ������
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��
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� ������

with P� � �i���� and the Hamiltonian has the form
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A potential separable in elliptic
parabolic � coordinates must have the form

V �u �
cosh� a cos� �

cosh� a� cos� �

h
V��a � V���

i
� cosh� a cos� �V��� � ������

The corresponding observables are
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cosh� a� cos� �

h
V��a � V���

i
� cosh� a cos� �V��� � ������

��� Hyperbolic	Parabolic � coordinates have the form �b � �� � � IR� � � ��� �

u� � R
sinh� b� sin� �� �� � �

� sinh b sin�
� u� �

R�

sinh b sin�
�

u� � R
sinh� b� sin� �� ��

� sinh b sin�
� u� � R coth b cot� �

�����
���	 ������

The characteristic operators are

I� � �K� � L�
� � ������

I� � �L�
� � L�

� �K�
� �K�

� � fL�� K�g � fK�� L�g � ������

with the line element

ds� � R� �sinh
� b� sin� ��db�� d�� � d��

sinh� b sin� �
� ������

the momentum operators are

Pb �
�

i

�
�

�b
�

sinh b cosh b

sinh� b� sin� �
� �

�
coth b

�
� ������

P� �
�

i

�
�

��
�

sin� cos�

sinh� b� sin� �
� �

�
cot�

�
� ������

��



with P� � �i���� and the Hamiltonian is given by

H� � � �
�

�MR�
sinh� b sin� �

�
�

sinh� b� sin� �

�
��

�b�
� � coth b

�

�b
�

��

���
� � cot�

�

��

�
�

��

���

�

�
�

�MR�

�
sinh b sin�p
sinh� b� sin� �

�P �
b � P �

�
sinh b sin�p
sinh� b� sin� �

� sinh� b sin� �P �
�

�
�

���

	MR�
�

������

A potential separable in hyperbolic
parabolic � coordinates reads

V �u �
sinh� b sin� �

sinh� b� sin� �

h
V��b � V���

i
� sinh� b sin� �V��� � ������

and for the corresponding observables we obtain

IV� �
�

�M
�K� � L�

� � V��� � �����	

IV� �
�

�M

h
�L�

� � L�
� �K�

� �K�
� � fK�� L�g � fK�� L�g

i

�
sinh� b sin� �

sinh� b� sin� �

h
V��b � V���

i
� sinh� b sin� �V��� � ������

��� Elliptic	Parabolic � coordinates are �a � �� � � ��� ����  � ��� ��

u� � R
cos� �� cosh� a

� cosha cos�
� u� � R tanh a tan� cos �

u� � R
sinh� a� sin� �

� cosha cos�
� u� � R tanh a tan� sin �

�����
���	

������

The characteristic operators are

I� � L�
� � I� � �L� � fL�� K�g � fL�� K�g � ������

with the line element

ds� � R� �cosh
� a � cos� ��da� � d�� � sinh� a sin� �d�

cosh� a cos� �
� ������

the momentum operators are

Pa �
�

i

�
�

�a
�

sinh a cosh a

cosh� a� cos� �
�

�

�
�cotha� � tanha

�
� ������

P� �
�

i

�
�

��
�

sin� cos�

cosh� a� cos� �
�

�

�
�cot�� � tan�

�
� ������

with P� as in ����	� and the Hamiltonian has the form

H� � � �
�

�MR�
cosh� a cos� �

�
�

�

cosh� a� cos� �

�
��

�a�
� �cotha� � tanha

�

�a
�

��

���
� �cot�� � tan�

�

��

�
�

��

��

�

�
�

�MR�

�
cosh a cos�p
cosh� a� cos� �

�P �
a � P �

�
cosh a cos�p
cosh� a� cos� �

� cosh� a cos� �P �
�

�

� �
�

	MR�

cosh� a� cos� �� �

sinh� a sin� �
�

�
�

�MR�
� ������

��



A potential separable in elliptic
parabolic � coordinates must have the form

V �u �
cosh� a cos� �

cosh� a� cos� �

h
V��a � V���

i
� coth� a cot� �V�� � ������

The corresponding observables have the form

IV� �
�

�M
L�
� � V�� � ������

IV� �
�

�M

h
�L� � fL�� K�g � fL�� K�g

i

�
cosh� a cos� �

cosh� a� cos� �

h
V��a � V���

i
� coth� a cot� �V�� � �����	

��� Hyperbolic	Parabolic � coordinates are �b � �� � � ��� ����  � ��� ��

u� � R
cosh� b� cos� �

� sinh b sin�
� u� � R coth b cot� cos �

u� � R
sin� �� sinh� b

� sinh b sin�
� u� � R coth b cot� sin �

�����
���	

������

with the characteristic operators

I� � L�
� � I� � fK�� L�g� fK�� L�g �K�

� �K�
� � ������

the line element

ds� � R� �sinh
� b� sin� ��db�� d�� � cosh� b cos� �d�

sinh� b sin� �
� ������

the momentum operators

Pb �
�

i

�
�

�b
�

sinh b cosh b

sinh� b� sin� �
�

�

�
�tanh b� � coth b

�
� ������

P� �
�

i

�
�

��
�

sin� cos�

sinh� b� sin� �
� �

�
�tan�� � cot�

�
� ������

with P� as in ����	� and for the Hamiltonian we get

H� � � �
�

�MR�
sinh� b sin� �

�
�

�

sinh� b� sin� �

�
��

�b�
� �tanh b� � coth b

�

�b
�

��

���
� �tan�� � cot�

�

��

�
�

��

��

�

�
�

�MR�

�
sinh b sin�p
sinh� b� sin� �

�P �
b � P �

�
sinh b sin�p
sinh� b� sin� �

� sinh� b sin� �P �
�

�

�
�
�

	MR�

sin� �� sinh� b� �

cosh� b cos� �
�

�
�

�MR�
� ������

A potential separable in hyperbolic
parabolic � coordinates must have the form

V �u �
sinh� b sin� �

sinh� b� sin� �

h
V��b � V���

i
� tanh� b tan� �V�� � ������

��



For the corresponding observables we obtain

I� �
�

�M
L�
� � V�� � ������

I� �
�

�M
�fK�� L�g� fK�� L�g �K�

� �K�
�

�
sinh� b sin� �

sinh� b� sin� �

h
V��b � V���

i
� tanh� b tan� �V�� � ������

��� Semi	Circular	Parabolic coordinates are de�ned by �� � IR� �� � � �

u� � R
���� ��� � ��� � �

	��
� u� � R

�� � ��

���
�

u� � R
���� ��� � ��� � �

	��
� u� � R

�

��
�

�����
���	 �����	

The characteristic operators are

I� � �K� � L�
� � I� � fL�� K� � L�g� fK�� K� � L�g � ������

the line element has the form

ds� � R� ��
� � ���d�� � d�� � d��

����
� ������

and the momentum operators are

P� �
�

i

�
�

��
�

�

�� � ��
� �

��

�
� P� �

�

i

�
�

��
�

�

�� � ��
� �

��

�
� ������

with P� � �i���� For the Hamiltonian we get

H� � � �
�

�MR�

�
����

�� � ��

�
�

��
� � �

�

�

��
�

��

���
� �

�

�

��

�
� ����

��

���

�

�
�

�MR�

�
��p

�� � ��
�P �

� � P �
� 

��p
�� � ��

� ����P �
�

�
�

���

	MR�
� ������

A potential separable in semi
circular
parabolic coordinates must have the form

V �u �
����

�� � ��

h
V��� � V���

i
� ���� V��� � ������

and for the observables we obtain

IV� �
�

�M
�K� � L�

� � V��� � ������

IV� �
�

�M
�fL�� K� � L�g� fK�� K� � L�g

�
����

�� � ��

h
V��� � V���

i
� ����V��� � ������

�	� Ellipsoidal coordinates have the form �� � � � �� � b � �� � a � ��

u�� � R�������
ab

�

u�� � R� ��� � ����� ���� � �

�a� ��b� �
�

u�� � �R� ��� � b���� b���� b

�a� b�b� �b
�

u�� � R� ��� � a���� a���� a

�a� b�a� �a
�

��������������
������������	

������

��



The characteristic operators are

I� � abK�
� � aK�

� � bK�
� � ������

I� � �a� bK�
� � �a� �K�

� � �b� �K�
� � aL�

� � bL�
� � L�

� � �����	

The line element is given by

ds� �
�

�

�
��� � ������ ��

P ���
d��� �

��� � ������ ��

P ���
d��� �

���� ����� � ��

P ���
d���

�
�

������
where we have set for the characteristic polynomial

P �� � ��� a��� b��� �� � ������

The momentum operators have the form

P�i �
�

i

�
�

��i
�

�

�

�

�i � �j
�

�

�

�

�i � �k
� �

�

P ���i
P ��i

�
� ������

with i� j� k cyclic� and for the Hamiltonian we obtain �gaa � hachac � h�a� g
aa � �ha�

H� � � �
�

�MR�

X
i�j�k������

i��j ��k��i cyclic

�
p
P ��i

��i � �j��i � �k

�

��i

q
P ��i

�

��i
������

�
�

�MR�

�
�X
i��

hiP �
�i
hi �%V ��

�
� ������

The quantum potential %V is given by

%V �� �
�
�

	MR�

h
��� � ������ ���)

�
� � �)��

���� � ������ ���)
�
� � �)�� � ��� � ����� � ���)

�
� � �)��

i
� ������

where )i � f �i�fi� f
�
i � P ��i� A potential separable in ellipsoidal coordinates must have

the form

V �u �
��� � ��V���� � ��� � ��V���� � ��� � ��V����

��� � ������ ������ ��
� ������

��� Hyperboloidal coordinates have the form ��� � � � � � b � �� � a � ��

u�� � �R� ��� � ����� ����� �

�a� ��b� �
�

u�� � �R�������
ab

�

u�� � �R� ��� � b���� b���� b

�a� b�b� �b
�

u�� � R� ��� � a���� a���� a
�a� b�a� �a

�

��������������
������������	

������

The characteristic operators are

I� � abK�
� � aL�

� � bL�
� � ������

I� � �a� bK�
� � �a� �L�

� � �b� �L�
� � aK�

� � bK�
� � L�

� � �����	

The characteristic polynomial P ��� the line element ds�� the momentum operators P�i �
and the Hamiltonian H have the same form as in ������������� with the appropriate
changes� respectively� and a potential separable in hyperboloidal coordinates must have
the same form as in �������

�	



��� Paraboloidal coordinates are given by ��� � � � �� � � � ��� a � b� � �� i�� �� � � IR

�u� � iu�
� � �R� ��� � a��� � a��� � a

�a� b�b� �b
�

u�� � R� ��� � ���� � ���� � �
�a� ��b� �

�

u�� � �R�������
ab �

�������
�����	

������

The characteristic operators are

I� � ���� � ��L�
� � ��K�

� � L�
�� �fK�� L�g � ������

I� � ���L�
� � ��� ��K�

� � L�
� � ��K�

� � L�
� � ��fK�� L�g � fK�� L�g � ������

The characteristic polynomial P ��� the line element� the momentum operators P�i � and
the Hamiltonian H have the same form as in ������������� with the appropriate changes�
respectively� and a potential separable in paraboloidal coordinates must have the same
form as in �������

��� The coordinates of System XXXI
 are given by �� � �� � � � �� � a � ��

�u� � u�
� � R�������

a �

�u�� � u�� � R�a����� � ���� � ����� �a� �������
a�

�

u�� � �R� ��� � ����� ���� � �
�a� �

�

u�� � R� ��� � a��� � a��� � a
a��a� �

�

������������
����������	

������

The characteristic operators are

I� � �K� � L�
� � a�K� � L�

� � aK�
� � ������

I� � �a� �K�
� �K�

� � L�
� � a�L�

� �K�
� � �K� � L�

� � �K� � L�
� � ������

The line element� the momentum operators P�i � and the Hamiltonian H have the same
form as in ������������� with the appropriate changes� respectively� The characteristic
polynomial has the form

P �� � ��� a��� ��� � ������

and a potential separable in coordinates XXXI must have the same form as in �������

��� The coordinates of System XXXII
 are given by ���� � � � � � �� � a � ��

�u� � u�
� � �R�������

a �

�u�� � u�� � R�a����� � ���� � ����� �a� �������
a�

�

u�� � �R� ��� � ����� ���� � �
�a� �

�

u�� � R� ��� � a��� � a��� � a
a��a� �

�

������������
����������	

������

The characteristic operators are

I� � ��K� � L�
� � a�K� � L�

� � aK�
� � ������

I� � �a� �K�
� �K�

� � L�
� � a�K�

� � L�
�� �K� � L�

� � �K� � L�
� � �����	

��



The line element� the momentum operators P�i � and the Hamiltonian H have the same
form as in ������������� with the appropriate changes� respectively� The characteristic
polynomial has the form as in system XXXI�� and a potential separable in system XXXII�
must have the same form as in �������

��� The coordinates of System XXXIII
 are given by ��� � �� � � � �� � a � ��

�u� � u�
� � �R�������

a �

�u�� � u�� � R�a����� � ���� � ����� �a� �������
a�

�

u�� � R� ��� � a��� � a��� � a
a��a� �

�

u�� � �R� ��� � ����� ���� � �
�a� �

�

������������
����������	

������

The characteristic operators are

I� � aK�
� � �K� � L�

� � a�K� � L�
� � ������

I� � �a� �K�
� �K�

� � L�
� � a�L�

� �K�
�� �K� � L�

� � �K� � L�
� � ������

The line element� the momentum operators P�i � and the Hamiltonian H have the same
form as in ������������� with the appropriate changes� respectively� The characteristic
polynomial has the form

P �� � ��� a��� ��� � ������

and a potential separable in system XXXIII� must have the same form as in �������

��� The coordinates of System XXXIV
 are given by ��� � � � �� � � � ��

�u� � u�
� � �R������� �

�u��u� � u� � R������ � ���� � ���� � ����� � �

u�� � u�� � u�� � R��������� � ���� � ���� � ���� � �� � �� � �� �

u�� � R���� � ���� � ����� � �

���������
�������	

������

The characteristic operators are

I� � �L� �K�
� �K��K� � L�� �K� � L�K� � ������

I� � L�
� �K�

� � L�
� � �L� �K�

� � fL�� L��K�g � ������

The line element� the momentum operators P�i � and the Hamiltonian H have the same
form as in ������������� with the appropriate changes� respectively� The characteristic
polynomial has the form

P �� � ��� ��� � ������

and a potential separable in system XXXIV� must have the same form as in �������

Table ��� summarizes our enumeration of the coordinate systems according to our �ndings� The
potentials V�� � � � � V�� refer to sections ��� and �� By the the notion �limiting systems� we mean
the emerging coordinate system in IR�� as R
��

��



Table ���� Coordinate Systems on the Three
Dimensional Hyperboloid

Coordinate System Coordinates Separates Limiting
Observables I�� I� Potential Systems

I� Cylindrical u� � R cosh �� cosh �� V� Circular�
���� � IR� � � ��� ��� u� � R sinh �� cos� Polar
I� � K�

� u� � R sinh �� sin�
I� � L�

� u� � R cosh �� sinh ��

II� Horicyclic u� � R
�
y 	 �x�� 	 x����y 	 ��y

�
�� V
� V�� V�� Cartesian

x��� � IR� y � � u� � Rx���y
I� � �K� 	 L��

� u� � Rx���y
I� � �K� � L��

� u� � R
�
y 	 �x�� 	 x����y � ��y

�
��

III� Sphero�Elliptic u� � R cosh � V�� V�� V	 Sphero�

� � �� �� � ��K�K� u� � R sinh � sn��dn�	 V �
	
�
� V �

�� Conical
�	 � ���K�� �K�� u� � R sinh � cn�� cn �	 Sphero

I� � L
�� I� � L�

� 	 k��L�
� u� � R sinh � dn�� sn�	 Conical II�

IV� Equidistant�Elliptic u� � R cosh � sn� dn	 V�� V
�
� � V�� Circular�

� � IR� � � �iK�� iK� 	 �K� u� � iR cosh � cn� cn	 V �
�� Elliptic

	 � ��� �K�� u� � iR cosh � dn� sn	 Circular�
I� � K�

� 	K�
� � L�

� u� � R sinh � Elliptic II�

I� � L�
� 	 sinh� fK�

�

V� Equidistant�Hyperbolic u� � �R cosh � cn
 cn� V�� V�� Cartesian
� � IR� 
 � �iK�� iK� 	 �K� u� � iR cosh � sn
 dn�
� � ��� �K �� u� � iR cosh � dn
 sn�
I� � K�

� 	K�
� � L�

� u� � R sinh �
I� � K�

� � sin��L�
�

VI� Equidistant�Semi�Hyperbolic u� �
Rp
�
cosh �

�p
�� 	 
����� 	 
��� 	 
�
� 	 �

���
V�� V�� Circular�

� � IR� 
��� � � u� �
Rp
�
cosh �

�p
�� 	 
����� 	 
���� 
�
� � �

���
Parabolic

I� � K�
� 	K�

� � L�
� u� � R cosh �

p

�
�

I� � fL��K�g u� � R sinh �

VII� Equidistant� u� � R cosh � cosh
� a	 cos� �

� cosh a cos� V�� V��� V�	 Circular�

Elliptic�Parabolic u� � R cosh � sinh
� a� sin� �

� cosh a cos � Parabolic

�� a � IR� � � ������ ���� u� � R cosh � tan� tanha
I� � K�

� 	K�
� � L�

� u� � R sinh �
I� � �K� � L��� 	K�

�

VIII� Equidistant� u� � R cosh � cosh� b	 cos� �
� sinh b sin� V�	 Cartesian

Hyperbolic�Parabolic u� � R cosh � sinh� b � sin� �
� sinh b sin�

� � IR� b � �� � � ��� �� u� � R cosh � cot� coth b
I� � K�

� 	K�
� � L�

� u� � R sinh �
I� � �K� � L��� �K�

�

IX� Equidistant�Semi�Circular� u� � R cosh �
�� 	 ���� 	 �

�� V��� V�	� V�
 Cartesian

Parabolic �� � IR� � � � �� u� � R cosh �
�� 	 ���� � �

��

I� � K�
� 	K�

� � L�
� u� � R cosh � �� � �

��
I� � fK��K�g � fK�� L�g u� � R sinh �

� after rotation with I�� � cos �fL�
� � �

� sin �ffL�� L�g� � after rotation with I�� � cosh �fL�
� � �

� sinh �ffK�� L�g

��



Table ��� �cont�� Separates Limiting
Coordinate System Coordinates Potential Systems

X� Spherical u� � R cosh � V�� V�� V� Spherical
� � �� � � ��� ��� � � ��� ��� u� � R sinh � sin� cos� V�� V�� V	
I� � L

� u� � R sinh � sin� sin� V �
	 � V��

I� � L�
� u� � R sinh � cos �

XI� Equidistant�Cylindrical u� � R cosh �� cosh �� V�� V�� V� Circular�
���� � IR� � � ��� ��� u� � R cosh �� sinh �� cos� V�� V��� V�� Polar
I� � K�

� 	K�
� � L�

� u� � R cosh �� sinh �� sin�
I� � L�

� u� � R sinh ��

XII� Equidistant u� � R cosh �� cosh �� cosh �� V�� V��� V�	 Cartesian
������ � IR u� � R cosh �� cosh �� sinh �� V�

I� � K�

� 	K�
� � L�

� u� � R cosh �� sinh ��
I� � K�

� u� � R sinh ��

XIII� Equidistant�Horicyclic u� � R cosh � �y 	 x��y 	 ��y��� V��� V�	 Cartesian
�� x � IR� y � � u� � R sinh �
I� � K�

� 	K�
� � L�

� u� � R cosh �x�y
I� � �K� � L��

� u� � R cosh � �y 	 x��y � ��y���

XIV� Horicyclic�Cylindrical u� � R �y 	 ���y 	 ��y��� V�� V�� Circular�
y� � � �� � � ��� ��� u� � R� cos��y Polar
I� � �K� 	 L��� 	 �K� � L��� u� � R� sin��y
I� � L�

� u� � R �y 	 ���y � ��y���

XV� Horicyclic�Elliptic u� � R �y 	 �cosh� 
� sin� ���y 	 ��y��� V�� V
�
�� Cartesian

y� 
 � �� � � ���� �� u� � R cosh 
 cos ��y
I� � �K� 	 L��

� 	 �K� � L��
� u� � R sinh
 sin ��y

I� � L�
� 	 �K� 	 L��� u� � R �y 	 �cosh� 
� sin� ���y � ��y���

XVI� Horicyclic�Parabolic u� � R �y 	 �� 	 �����y 	 ��y��� V��� V��� V�� Circular�
y� � � ��  � IR u� � R ��� � ����y Parabolic
I� � �K� 	 L��� 	 �K� � L��� u� � R��y
I� � fL��K� 	 L�g u� � R �y 	 �� 	 �����y � ��y���

XVII� Prolate Elliptic u� � R sn�dn	 V�� V
�
� � V� Prolate�

� � �iK�� iK � 	 �K� u� � iR dn� sn	 cos� V�� V
�
� Spheroidal

	 � ��� �K��� � � ��� ��� u� � iR dn� sn	 sin� Prolate�
I� � L�

� u� � iR cn� cn	 Spheroidal II�

I� � L
� � �k���k���K�

� 	 L�
�� �Parabolic�

XVIII� Oblate Elliptic u� � R sn�dn	 V�� V�� V� Oblate�
� � �iK�� iK � 	 �K� u� � iR cn� cn	 cos� Spheroidal
	 � ��� �K��� � � ��� ��� u� � iR cn� cn	 sin�
I� � L�

� u� � iR dn� sn	

I� � L
� 	 k���L�

� �K�
� �K�

� �

XIX� Elliptic�Cylindrical u� � R sn�dn	 cosh � V� Circular�
� � IR� � � �iK�� iK� 	 �K�� 	 � ��� �K�� u� � R sn�dn	 sinh � Elliptic
I� � K�

� u� � iR dn� sn	

I� � L�
� 	 k���L�

� �K�
� � u� � iR cn� cn	

XX� Hyperbolic�Cylindrical � u� � �R cn
 cn� cosh � V� Cartesian
� � IR� 
 � �iK�� iK� 	 �K� u� � �R cn
 cn� sinh �
� � ��� �K �� u� � iR sn
 dn�
I� � K�

� � I� � K�
� � L�

� 	 k��K�
� � L�

�� u� � iR dn
 sn�

� after rotation with I�� � cosh �fL� � �
� sinh �f�fK�� L�g � fK�� L�g�

��



Table ��� �cont�� Separates Limiting
Coordinate System Coordinates Potential Systems

XXI� Hyperbolic�Cylindrical � u� � �R cn
 cn� V�� V�� V� Circular�

 � �iK�� iK� 	 �K� u� � iR sn
 dn� cos� Polar
� � ��� �K ��� � � ��� ��� u� � iR sn
 dn� sin�
I� � L�

�� I� � K�
� 	 L�

� � k��L�
� 	 L�

�� u� � iR dn
 sn�

XXII� Semi�Hyperbolic u� �
Rp
�

�p
�� 	 
����� 	 
��� 	 
�
� 	 �

���
V�� V� Parabolic


��� � �� � � ��� ��� u� � R
p

�
� cos� V��� V�� Circular�

I� � L�
� u� � R

p

�
� sin� Polar

I� � fK�� L�g	 fK�� L�g u� �
Rp
�

�p
�� 	 
����� 	 
���� 
�
� � �

���
XXIII� Elliptic�Parabolic � u� � R

cosh� a	 cos� �	 ��

� cosh a cos �
V �
� � V

�����
� Cartesian

a� � � IR� � � ������ ���� u� � R�� cosh a cos�

I� � �K� 	 L��� u� � R tanh a tan�

I� � �K�
� 	K�

� 	K�
� 	 L�

� u� � R
cosh� a	 cos� �� �� � �

� cosh a cos��fK�� L�g � fK�� L�g

XXIV� Hyperbolic�Parabolic � u� � R
sinh� b� sin� �	 �� 	 �

� sinh b sin�
V �
� � V

�����
� Cartesian

b � �� � � IR� � � ��� �� u� � R�� sinh b sin�

I� � �K� 	 L��� u� � R coth b cot�

I� � �L�
� 	 L�

� 	K�
� �K�

� u� � R
sinh� b� sin� �� ��

� sinh b sin��fK�� L�g � fK�� L�g
XXV� Elliptic�Parabolic � u� � R cos� �	 cosh� a

� cosh a cos�
V�� V

�
�� V

�����
� Parabolic

a � �� � � ��� ����� � � ��� ��� u� � R tanh a tan� cos�
I� � L�

� u� � R tanh a tan� sin�

I� � �L� � fL��K�g � fL��K�g u� � R sinh� a� sin� �
� cosh a cos �

XXVI� Hyperbolic�Parabolic � u� � R cosh� b	 cos� �
� sinh b sin� V �

� � V
�����
� Circular�

b � �� � � ��� ����� � � ��� ��� u� � R coth b cot� cos� Polar

I� � L�
� u� � R coth b cot� sin�

I� � fK�� L�g	 fK�� L�g �K�
� �K�

� u� � R sin� �� sinh� b
� sinh b sin�

XXVII� Semi�Circular�Parabolic u� � R
��� � ��� 	 ��� 	 �

�� V
 Cartesian

� � IR� � � � � u� � R
�� � �

��
I� � �K� 	 L��

� u� � R
�
�

I� � fL��K� 	 L�g	 fK��K� � L�g u� � R
��� � ��� 	 ��� � �

��

XXVIII� Ellipsoidal u�� � R� ������
ab

V� Ellipsoidal

� � � � �� � b � �� � a � �� u�� � R� ��� � ����� � ����� � ��
�a� ���b� ��

I� � abK�
� 	 aK�

� 	 bK�
� u�� � �R� ��� � b���� � b���� � b�

�a � b��b� ��b

I� � �a 	 b�K�
� 	 �a	 ��K�

� 	 �b	 ��K�
� u�� � R� ��� � a���� � a���� � a�

�a� b��a� ��a
�aL�

� � bL�
� � L�

�

��



Table ��� �cont�� Separates Limiting
Coordinate System Coordinates Potential Systems

XXIX� Hyperboloidal u�� � �R� ��� � ����� � ����� � ��
�a � ���b� ��

V� Cartesian

�� � � � � � b � �� � a � �� u�� � �R� ������
ab

I� � abK�
� � aL�

� � bL�
� u�� � �R� ��� � b���� � b���� � b�

�a � b��b� ��b

I� � �a 	 b�K�
� � �a	 ��L�

� � �b	 ��L�
� u�� � R� ��� � a���� � a���� � a�

�a� b��a� ��a
	aK�

� 	 bK�
� � L�

�

XXX� Paraboloidal �u� 	 iu��
� � �R� ��� � a���� � a���� � a�

�a� b��b � ��b
�
u��

	 	
u��

Paraboloidal

�� � � � �� � � � �� u�� � R� ��� � ����� � ����� � ��
�a� ���b� ��

a � b� � �	 i	� �� 	 � IR u�� � �R� ������
ab

I� � �jaj�L�
� 	 ��K�

� � L�
��� 	fK�� L�g

I� � ���L�
� 	 ��	 ���K�

� � L�
��

	��K�
� � L�

�� 	 	�fK�� L�g � fK�� L�g�
XXXI� �u� 	 u��� � R� ������

a V�� �
� � �� � � � �� � a � �� �u�� � u���

I� � �K� 	 L��� � a�K� 	 L��� 	 aK�
� � R� a����� 	 ���� 	 ������ �a	 ��������

a�

I� � �a 	 ��K�
� 	K�

� � L�
� 	 a�L�

� �K�
� � u�� � �R� ��� � ����� � ����� � ��

�a� ��

	�K� 	 L��� 	 �K� 	 L��� u�� � R� ��� � a���� � a���� � a�
a��a� ��

XXXII� �u� 	 u��
� � �R� ������

a V�� �
��� � � � � � �� � a � �� �u�� � u���

I� � ��K� 	 L��
� 	 a�K� 	 L��

� 	 aK�
� � R� a����� 	 ���� 	 ������ �a	 ��������

a�

I� � �a 	 ��K�
� �K�

� 	 L�
� 	 a�K�

� � L�
�� u�� � �R� ��� � ����� � ����� � ��

�a� ��

��K� 	 L��
� � �K� 	 L��

� u�� � R� ��� � a���� � a���� � a�
a��a� ��

XXXIII� �u� 	 u��� � �R� ������
a V�� �

�� � �� � � � �� � a � �� �u�� � u���

I� � aK�
� � �K� 	 L��� 	 a�K� 	 L��� � R� a����� 	 ���� 	 ������ �a� ��������

a�

I� � �a � ��K�
� �K�

� 	 L�
� 	 a�L�

� �K�
� � u�� � R� ��� � a���� � a���� � a�

a��a	 ��

��K� 	 L��� 	 �K� 	 L��� u�� � �R� ��� 	 ����� 	 ����� 	 ��
�a	 ��

XXXIV� �u� � u��� � �R�������
	
u��

�

�� � � � �� � � � �� �u��u� � u��
� R������ 	 ���� 	 ���� � �������

I� � �L� �K��� � fK��K� � L�g u�� 	 u�� � u�� � R���������
I� � L�

� �K�
� � L�

� 	���� 	 ���� 	 ���� � �� � �� � ���
��L� �K��� � fL�� L� �K�g u�� � R���� � ����� � ����� � ��

��



� Path Integral Formulation of the Maximally Super�Integrable

Potentials on ����

In table ��� we list the super
integrable potentials on the three
dimensional hyperboloid together
with the separating coordinate systems� The cases where an explicit path integration is possible
are underlined�

��� The Higgs�Oscillator�

We consider the generalized Higgs
oscillator on the hyperboloid �k����� � �

V��u �
M

�
��R�u

�
� � u�� � u��

u��
�

�
�

�M

�
k�� � �

�

u��
�
k�� � �

�

u��
�
k�� � �

�

u��

�
� ����

which in the �� separating coordinate systems has the form

Cylindrical ����� � ��  � ��� ��� �

V��u �
M

�
��R�

�
�� �

cosh� �� cosh
� ��

�

�
�
�

�MR�

�
�

sinh� ��

�
k�� � �

�

cos�
�
k�� � �

�

sin� 

�
�

k�� � �
�

cosh� �� sinh
� ��

�
����

Sphero	Elliptic �� � �� (� � ��� K� (� � ��� K� �

�
M

�
��R� tanh� � �

�
�

�MR� sinh� �

�
k�� � �

�

sn� (� dn� (�
�

k�� � �
�

cn�(� cn� (�
�

k�� � �
�

dn�(� sn� (�

�
����

Equidistant	Elliptic �� � �� � � �iK�� iK� �K� � � ��� K� �

�
M

�
��R�

�
�� �

cosh� �

�

sn��dn��

�

� �
�

�MR�

�
�

cosh� �

�
k�� � �

�

cn�� cn��
�

k�� � �
�

dn�� sn��

�
� k�� � �

�

sinh� �

�
����

Equidistant	Hyperbolic �� � �� � � �iK�� iK� �K� � � ��� K� �

�
M

�
��R�

�
�� �

cosh� �

�

cn�� cn��

�

� �
�

�MR�

�
�

cosh� �

�
k�� � �

�

sn�� dn��
�

k�� � �
�

dn�� sn��

�
� k�� � �

�

sinh� �

�
����

Spherical �� � �� � � ��� ���� � ��� ��� �

�
M

�
��R� tanh� � �

�
�

�MR� sinh� �

�
�

sin� �

�
k�� � �

�

cos�
�
k�� � �

�

sin�

�
�
k�� � �

�

cos� �

�
����

Equidistant	Cylindrical ����� � ��  � ��� ��� �

�
M

�
��R�

�
�� �

cosh� �� cosh
� ��

�

�
�
�

�MR�

�
�

cosh� �� sinh
� ��

�
k�� � �

�

cos�
�
k�� � �

�

sin�

�
�

k�� � �
�

sinh� ��

�
����

Equidistant ������� � � �

�
M

�
��R�

�
�� �

cosh� �� cosh
� �� cosh

� ��

�

��
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The �ve constants of motion have the form
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In the following we do not display all path integral representations for all potentials in all
separable coordinate systems� In order not to blow up the length of the paper too much we
display explicitly only those path integral representations� where an analytic solution is available�

����� Pure Oscillator Case�

The pure oscillator allows an explicit solution in �ve coordinate systems� The solution in the
�rst system� the cylindrical coordinates will be discussed in some more detail� including the
statement of the wave
functions� In the statement of the corresponding Green functions we
always set E� � E � �

���MR� � M��R���� The propagator� the Green function� and the
wave
functions for this special case are denoted by K����T � G����E� and $����u� respectively�

Cylindrical Coordinates� We start with the cylindrical system� To evaluate the path inte

gral we separate o� in the �rst step the 
 and ��
 path integration which correspond to the
path integral for circular waves and a symmetric Rosen
Morse potential ������ the latter giving
two contributions due to its discrete and continuous spectrum� This property is accompanied
with the range of the two coordinates according to  � ��� �� and �� � IR� The remaining path
integral in the variable �� � � is a path integral for the general modi�ed P�oschl
Teller potential�
Therefore we have
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The discrete wave
functions are given by ��� � m� � � � ���� �� � ��M�R���� � ���
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and the discrete spectrum has the form
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P�
� �z are Legendre functions ���� p���	�� Only a �nite number of energy
levels can exist with

m� � �� �� � � � � Nm� � ��� �m�� jjj� ������� N � �� � � � � NMax � �� � ����� and �x� denotes the
integer part of x� In the �at space limit we obtain �R
�

EN � ���N � �
�
 � N � IN� � �����

which is the proper feature for a three
dimensional isotropic oscillator� Note that the Legendre
functions of the discrete spectrum can also be expressed as Gegenbauer polynomials�

The continuous wave
functions consist of two contributions� �rst where the quantum number
corresponding to �� is discrete� second where it is continuous� For the �rst set of continuous
states we obtain
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The continuous spectrum has the form
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which corresponds to the case where just a radial part is present which has the same feature as
the spectrum of the free motion on ����� For the second set of continuous states we obtain
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with the same spectrum as before�
The Green function in these coordinates is given by
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where G�����
mPT �E is the Green function �A��� of the modi�ed P�oschl
Teller potential�

Sphero�Elliptic and Spherical Coordinates� For the path integrals of the pure oscillator
in sphero
elliptic and spherical coordinates we can separate o� in the �(�� (�� respectively the
���  path integration� very easily because we only have to deal with the free motion on the
sphere S���� The remaining path integration over � � � is of the modi�ed P�oschl
Teller type�
We obtain� e�g�� in sphero
elliptic coordinates
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The bound state wave
functions are given by �k� q � ��� h� (h � l�l� �� l � �� �� � � ��
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For the periodic Lam�e polynomials �k
lh�z we have adopted the notation of ������ An alternative

notation is due to Luk,a cs ���	�� The spectrum is the same as in the previous case with the
principal quantum number N � �n� l � �� �� � � �� The continuous wave
functions have the form
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with Ep as in ������ In the case of spherical coordinates the Lam-e polynomials degenerate into
spherical harmonics which yields
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For the Green function in sphero
elliptic� respectively spherical coordinates� we obtain
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Equidistant�Cylindrical Coordinates� In equidistant
cylindrical coordinates the  path
integration gives circular waves with  � ��� ��� The emerging �� � � path integral is again
of the modi�ed P�oschl
Teller type� and the �� path integral has the structure of the symmetric
Rosen
Morse potential with �� � IR� Therefore ��� � �m�� jjj� � � �� �� � M���R����� ���
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We obtain one set of bound state wave
functions and two sets of scattering wave
functions� The
bound state wave
functions are ��� � m� � � � ���
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The second set of the continuous spectrum is given by
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with the same energy
spectrum as for the �rst set�
The corresponding Green function has the form �E� as before
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Equidistant Coordinates� The last system� where an explicit solution is possible is the
equidistant system� From its path integral representation we see that we have three interrelated
symmetric Rosen
Morse potentials with ������ � IR� Therefore we obtain

K����u��� u��T  �
�

R�

���t
����� ���Z

���t���� ��

D���t cosh� ��
���t

����� ���Z
���t���� ��

D���t cosh ��
���t

����� ���Z
���t���� ��

D���t

� exp

�
i

�

Z t��

t�

�
M

�
R�

�
*��� � cosh� ��� *�

�
� � cosh� �� *�

�
� �

�
�� ��

cosh� �� cosh
� �� cosh

� ��

��

� �
�

�MR�

�
� �

�

cosh� ��

�
� �

�

cosh� ��

���
dt

�
�����

�

Nm�X
m���

��
�

Nm�X
m���

�
 Nm�X
m���

e�iENT�$���
m�m�m�

�� ��� � �
��
� � �

��
� �R$

���
m�m�m�

�� ��� �
�
�� �

�
��R

�
Z �

�
dp e�iEpT�$���

pm�m�
�� ��� � �

��
� � �

��
� �R$

����
pm�m�

�� ��� �
�
�� �

�
��R

�

�
Z �

�
dk

Z �

�
dp e�iEpT�$���

pkm�
�� ��� � �

��
� � �

��
� �R$

����
pkm�

�� ��� �
�
�� �

�
��R

�

�

Z �

�
d�

Z �

�
dk

Z �

�
dp e�iEpT�$���

pk���
��
� � �

��
� � �

��
� �R$

����
pk� �� ��� �

�
�� �

�
��R � �����

We obtain one set of bound state wave
functions and three sets of scattering wave
functions�
The bound state wave
functions are ��� � m� � � � ���� �� � m� � �� � ���
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and the discrete spectrum has the form of EN as in ����� with N � m� �m� �m�� The �rst
of the three sets of continuous states is given by
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The spectra in all sets are as in ������
The corresponding Green function has the form �E� as before
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����� General Case�

The generalized oscillator allows an explicit solution in �ve coordinate systems� The principal
di�erence to the pure oscillator case lies in the fact that we must deal with interrelated �modi�ed
P�oschl
Teller potentials in all variables� In the following the wave
functions are only explicitly
presented if they have been not stated before� otherwise we refer to already stated ones�

We also do not repeat the statement of the corresponding Green functions which are easy
to write down� In the relevant coordinates � and ��� respectively� they are always of a form
of the modi�ed P�oschl
Teller type Green function G�����

mPT �E of �A���� We just have to insert
E� as indicated in the last subsection� and for the parameters ��� � the parameters of the
corresponding radial function S

�����
np � respectively�

Cylindrical Coordinates� For the oscillator on ���� we obtain the following path integral
representation ��� � �m k�  k� � �� �� � �l k� � � � �� �� � M���R���� � ����
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The bound state wave
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The bound state energy spectrum is given by �N � m � l � n � � is the principal quantum
number
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In the limit R
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which gives the correct spectrum for the corresponding super
integrable �at space oscillator� i�e��
the generalized oscillator in IR� �	���
For the �rst set of continuous states we �nd

$�V��
plm ���� ��� �R � �sinh �� cosh ��

���S�������
p ����R�

��k����
l ����

��k���k��
m � � �����

where

S�������
p ����R �

�

)�� � ��

s
p sinh �p

���R�
)

�
�� � �� � �� ip

�

�
)

�
�� � �� � �� ip

�

�

��tanh ��������cosh ��ip�F�

�
�� � �� � �� ip

�
�
� � �� � �� � ip

�
� � � ��� tanh

� ��

�
� �����

with the ���k����
l ��� and ���k���k��m � as in ������ ����� and the continuous spectrum has the
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In the limiting case � 
 � we obtain Ep as in ����	 which corresponds to the case where just a
radial part is present and has the same feature as the spectrum of the free motion on ����� i�e��
there is no discrete spectrum in this case�
For the second set of continuous states we �nd
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Sphero�Elliptic Coordinates� In sphero
elliptic coordinates we have the path integral rep

resentation ��� � ��l�m� �� k�� �
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The bound state wave
functions are given by
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with the same energy
spectrum as in the previous case� The wave
functions .
��k���k���k��
lh �(�� (�

have been determined in �	�� and correspond to the free wave
function on the six
dimensional
sphere in a cylindric
elliptic coordinate system� They are not explicitly known yet� and therefore
the above solution in sphero
conical coordinates remains on a somewhat formal level� We present
it for completeness� though� The continuous spectrum has the form
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and Ep as in the previous case�

Spherical Coordinates� In spherical coordinates we have the path integral representation
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The bound state wave
functions are given by N � �� � � � � NMax � ��
�
��  k�  k�  k��
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The scattering states are
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Here denote�

� the wave
functions ���k���k��m � are the same wave
functions as in ������ and

� the wave
functions S������
n �� �R and S������

p �� �R are the same wave
functions as in ���	��
��	�� respectively�

The discrete and continuous energy spectra EN and Ep are� of course� the same as in ������
���	� respectively�

Equidistant�Cylindrical Coordinates� In equidistant cylindrical coordinates we obtain the
path integral solution ��� � �m k�  k� � �� �� � �l� �� � � � �� �� � M���R���� � ���
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We obtain one set of bound state wave
functions and two sets of scattering wave
functions� The
bound state wave
functions are �l � m � �� � � � � Nl � ��

� ���  k�  k� � ��� N � �� � � � � NMax �
��
�
��  k�  k�  k��
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and EN as in ������ The two sets of continuous states are
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and Ep as in ������ Here denote�

� the wave
functions ���k���k��m � are the same wave
functions as in ������

� the wave
functions �
������
l�k ��� are the same wave
functions as in ������ ��	� with �k� 
 ���

� the wave
functions S��k�����
n�p ����R are the same wave
functions as in ������ ���� with

�� 
 �k�� respectively�

Equidistant Coordinates� As the last system where an explicit solution is possible we con

sider the equidistant system and obtain the path integral solution ��� � �m k� � � � �� �� �
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We obtain one set of bound state wave
functions and three sets of scattering wave
functions�
The bound state wave
functions are �m � �� � � � � Nm � ��k�� ���� l � �� � � � � Nl � ���k��
���� n � �� � � � � Nn � ���  k� � ���

$�V��
nlm���� ��� ���R � �cosh� �� cosh ��

���S��k�����
n ����R�

��k�����
l ����

��k����
m ��� � ������

��



and EN as in ������ The three sets of continuous states are
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and Ep as in ������ Here denote�

� the wave
functions ���k����
m ��� are the same wave
functions as in ����� with �� 
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l
 m and �k� 
 �k��
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� ��� are the same wave
functions as in ���	� with �� 
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k
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p ����R are the same wave
functions as in
������ ���� and ���	� with �� 
 �k�� respectively�

Let us remark that the wave
functions have been normalized in the domains  � ��� ���� � �
��� ��� and � � � in the spherical and in ������ � � in the equidistant system� The positive sign
for the ki has to be taken whenever ki � �

�
�i � �� �� �� i�e�� the potential term is repulsive at

the origin� and the motion takes only place in the denoted domains� If � � jkij � �
� � i�e�� the

potential term is attractive at the origin� both the positive and the negative sign must be taken
into account in the solution� This is indicated by the notion �ki in the formul#� It has also the
consequence that for each ki the motion can take place in the entire domains of the variables
on ����� In the present case this means that we must� e�g�� in the equidistant system distinguish
eight cases� i ������ � �� ii ���� � �� �� � IR� iii �� � IR� ���� � �� iv �� � IR� ���� � �� v
���� � IR� �� � �� vi �� � �� ���� � IR� vii �� � �� ���� � IR and viii ������ � IR� In polar
coordinates the same feature is recovered by the observation that the P�oschl
Teller barriers are
absent for jkij � �

�
�

In elliptic coordinates this feature is taken into account in the following way� Due to � �
�iK�� iK� � K� we have sn��� k� i cn��� k � k��k� i dn��� k � �� and we see that for � �
�iK�� iK��K and � � �K�� �K� we get u� � � and the variables u�� u�� u� change their signs in
the eight domains� i�e�� � � ��� K�� � � �K�� �K �� � � ��K�� �K � and � � ��K �� �K�� We then
have for � �� �

sn��� k� � sn��K�� k� � sn��K�� k� � � �
cn�K�� k� � cn��K�� k� � � �

������

and dn��� k� � �� � � ��� �K�� For convenience� we have made the choice � � ��� K�� and the
same is true in all following systems� The situation is similar in the hyperbolic system� where
we choose � � �iK�� iK� �K� � � ��� K �� In the sphero
elliptic system we must choose for the
same reasons (� � ��� K and (� � ��� K��

��



��� The Coulomb Potential�

We consider the Coulomb potential on the three
dimensional hyperboloid �k��� � �
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Here A� denotes the third component of the Pauli
Lenz
Runge vector on the hyperboloid �����
����� i�e��
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The path integral for the Coulomb potential on ���� can be explicitly evaluated in three co

ordinate systems which will be discussed in the following� In the prolate
elliptic II and the
semi
hyperbolic system no explicit solution is known�

����� Sphero�Elliptic Coordinates�

The (�
 and (�
path integrations can be separated o� without di"culty and we obtain
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This path integral is solved in a similar way as in the two
dimensional case ��� ��� 	��� which we
do not repeat� Hence� we obtain for the radial path integral K�V��
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The bound state wave
functions and the energy
spectrum are given by
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Here we have abbreviated a � �
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�� and Ep as in ����	� The complete wave functions of the general


ized Coulomb problem on the three
dimensional pseudosphere in spherical coordinates are thus
given by
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Let us note that in the pure Coulomb case� the path integral evaluation is almost the same with

only minor di�erences� The wave
functions .
��k���k��� �

� �
lm are replaced by the wave
functions of

the free motion on the sphere S���� i�e�� together with the notation k� q � ��� h� (h � l�l� �

.
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q

lh
�(� � ������

The quantum number �� yields the usual angular momentum number l � IN�� The discrete
spectrum has the same form as �����	� however with the principal quantum number N now
given by N � n � l � �� therefore giving degeneracies with respect to the quantum number m�
Everything else remains the same�

����� Spherical Coordinates�

The separation of the Coulomb problem in spherical coordinates is similarly done as for the
sphero
elliptic one� and we have
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The bound and continuous wave
functions are given by
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functions
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energy
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In the case of the pure Coulomb problem the angular wave
functions are just the spherical
harmonics Y m

l on S���� i�e�� we obtain for wave
functions in this case
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together with the principal quantum number N � n� l� � � �� � � � � NMax �
p
R�a� �� � ����

In ���� it was shown that the S
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p �� �R yield the correct radial wave
functions
in IR�� as R
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The Green function of the Coulomb problem in sphero
elliptic and spherical coordinates can
be derived by means of the Green function of the modi�ed P�oschl
Teller potential ���� and the
Manning
Rosen potential ����� It has the form
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����� Elliptic�Parabolic � Coordinates�

In order to evaluate the path integral in elliptic
parabolic � coordinates� one �rst separates o� the

path integration� and then performs a time transformation� This gives ��� � �mk�k���
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where �� � �
�
� �MER����� �� � �

�
� �MR�����R� E���� The analysis of this path integral

is rather involved and requires the same Green function analysis as the corresponding two

dimensional case ���� 	��� which will be not repeated here in all details�

Let us note �rst that in the case of the pure Coulomb problem we have to replace �� � jjj�
j � ZZ� and the wave
functions in  are circular waves� i�e�� �j� � eij��

p
���  � ��� ���

Everything else remains the same�
To analyze the general case we proceed exactly in an analogous way as in �	��� For the

discrete spectrum we expand the �
path integration into P�oschl
Teller potential wave functions
/����
�
n�

��� and the a
path integration into the bound state contribution of the modi�ed P�oschl

Teller potential wave functions �������

n�
�a of �A���� The emerging Green function representation
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Solving this equation for En�n� yields exactly the energy
spectrum �����	� with the principal
quantum number N � n�� n�� ��� � � �� � � � � NMax as before� Taking the residuum gives the
bound state wave
functions which are therefore given by
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For the analysis of the continuous spectrum we must insert the entire Green functions of
the P�oschl
Teller �A��	 and modi�ed P�oschl
Teller potential �A���� We then �nd the Green
function G�V���E in elliptic
parabolic coordinates by considering the ds��
integration in ������
with the solutions of the P�oschl
Teller and modi�ed P�oschl
Teller potential� respectively� and
the result can be put in the following form �c�f� also ���� for some more details concerning the
proper Green function analysis
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in the notation of �A���� A��	� A��� and �A���� respectively� Equation �����	 also represents
the Green function corresponding to the path integral ������� Analyzing the cuts gives the
continuous states which have the form �(p� � ��
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The energy
spectra are as in �����	����	� respectively� Putting both results together we obtain
the path integral solution of the Coulomb problem on ���� in elliptic parabolic � coordinates in
the following form
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For the �ve observables we �nd
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Only in the �rst two coordinate systems an explicit solution is possible�

Spherical Coordinates� In the �rst separating coordinate system we have the following path
integral representation together with its solution ��� � m� �
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The path integral evaluation is successively performed by applying the path integral solution of
the P�oschl
Teller potential in  and �� and for the �� sinh� r
potential in � � The spectrum is
purely continuous and the wave
functions have the form
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Equidistant�Cylindrical Coordinates� The solution in the second coordinate system has
the form ��� � �m k�  k� � �
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The path integral evaluation is successively performed by means of the path integral solution for
the P�oschl
Teller potential in � for the �� sinh� r
potential in �� and for the modi�ed P�oschl

Teller potential in ��� The continuous wave
functions have the form ��� as before

$
�V��
pkm���� ��� �R � S��k��ik�

p ����R�
�����k��
k ����

��k���k��
m

�


�

�
� ������

with ���k���k��m ��� as before� and the S��k��ik�
p ����R the same as in ������ and the �����k��

p the
same as in ������ with �� 
 ��� � 
 �� and R � �� The Green function G�V���E in these
coordinates is constructed in a similar way as the previous case� where for the explicit expression
in the radial variable �� we must take G��k��ik�

mPT �E � �
���MR��

��� A Stark�E�ect Potential�

We consider the potential �k��� � �

V��u �
�
�

�M
p
u�� � u��

�
k�� � �

�p
u�� � u�� � u�

�
k�� � �

�p
u�� � u�� � u�

�
� k�u� � ������

In its four separating coordinate systems it has the form

Equidistant	Elliptic II �� � �iK�� iK � �K� � � ��� K�� � � � �
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k
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Equidistant	Semi	Hyperbolic �� � IR� ���� � � �
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�
�k�� � k�� � �
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��
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��k�� � k��

�p
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�
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The four constants of motion have the form
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�

�������������
�����������	

������

Because there are only four observables� the potential V� is only minimally and not maximally
super
integrable on the hyperboloid� However� its �at space analogue V��x is maximally super

integrable� and we have included V� in this section� though�

Unfortunately� the path integrals in all coordinate systems are not solvable� For instance�
in the equidistant
cylindrical case it leads in the variable �� to a spheroidal potential problem
������ i�e� ��� � �m k�  k� � ��

K�V���u��� u��T 

�
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The other cases are similar� and we omit the statements of the other corresponding path integral
representations�

��



� Path Integral Formulation of the Minimally Superintegrable

Potentials on ����

In this Section we list our �ndings of the minimally super
integrable potentials on ����� They
include the following�

�� The class of potentials which are the analogues of the minimally super
integrable potentials
in IR� �	��� For instance� the potentials V� and V� correspond to the double
ring shaped
oscillator and the Hartmann potential in IR�� respectively� The four found potentials are
discussed in some detail�

�� The class of potentials which correspond to the group reduction SO��� � � E��� i�e�� which
are super
integrable in IR� �	��� Here the results of �	�� will be used� and the problem of
self
adjoint extensions for Hamiltonians unbounded from below is brie�y mentioned�

�� The class of potentials which correspond to the group reduction SO��� � � SO��� i�e��
which are super
integrable on S��� �	��� In our list we have chosen for convenience a
dependence according to ��u��� but any function F � F �u� admits separation of variables�
Here the results of �	�� and of Appendix B are used�

�� The class of potentials which correspond to the group reduction SO��� � � SO��� �� i�e��
which are super
integrable on ���� �	��� In our list we have chosen for convenience a
dependence according to ��u��� but any function F � F �u� admits separation of vari

ables� Because the features are repeating themselves� all those potentials can be treated
simultaneously�

��� Analogues of the Minimally Superintegrable Potentials of IR��

����� Double Ring�Shaped Oscillator�

We consider the minimally super
integrable double ring
shaped potential V� on ���� �k� � �
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which in the �ve separating coordinate systems has the form � with appropriate range

Spherical �� � �� � � ��� ��� �

V��u �
M

�
��R� tanh� � �

�
�

�MR� sinh� �

�
k�� � �

�

cos� �
�
F �tan

sin� �

�
����

Equidistant	Cylindrical ����� � � �

�
M

�
��R�

�
�� �

cosh� �� cosh
� ��

�
�

�
�

�MR�

�
k�� � �

�

sinh� ��
�

F �tan

cosh� �� sinh
� ��

�
����

Prolate Elliptic �� � �iK�� iK� �K� � � ��� K� �

�
M

�
��R�

�
�� �

sn�� dn��

�
� �

�

�MR�

�
k�� � �

�

cn�� cn��
�

F �tan

dn�� sn��

�
����

Oblate Elliptic �� � �iK�� iK� �K� � � ��� K� �

�
M

�
��R�

�
�� �

sn�� dn��

�
� �

�

�MR�

�
k�� � �

�

dn�� sn��
�

F �tan

cn�� cn��

�
����

��



T
ab
le
��
��
M
in
im
al
ly
S
u
p
er
in
te
gr
ab
le
P
ot
en
ti
al
s
on
�
��
� �
A
n
al
og
u
ou
s
of
T
h
re
e�
D
im
en
si
on
al
F
la
t
S
p
ac
e�

P
ot
en
ti
al
V
�u
	

C
o
or
d
in
at
e
S
y
st
em
s

O
b
se
rv
ab
le
s

V
�
�u
	



M �
�

�
R

�
u
� �
�
u
� �
�
u
� �

u
� �

�

h
�

�M
� k
� �
�

� �

u
� �

�
F
�u
�
�
u
�
	

u
� �
�
u
� �

�
S
p
h
er
ic
al

E
q
u
id
is
ta
n
t�
C
y
li
n
d
ri
ca
l

I �



�
�M
R

�
�K

�
�

L
�
	
�
V
�
�u
	�

I �



�
�M
L
� �
�
F
�t
an
�
	

P
ro
la
te
E
ll
ip
ti
c

O
b
la
te
E
ll
ip
ti
c

I �



�
�M
L

�
�

h
�

�M
� k� �
�

� �

co
s�
�

�
F
�t
an
�
	

si
n

�
�

�

H
y
p
er
b
ol
ic
C
y
li
n
d
ri
ca
l
�

I �



�
�M

�K
� �
�
K

� �
�

L
�
	�
�

M �

�
�

co
sh

�
� �

�

h
�

�M

F
�t
an
�
	

� �
si
n
h

�
� �

V
	
�u
	


�

� R
�
u
�

p u
� �
�
u
� �
�
u
� �
�

��

S
p
h
er
ic
al

I �



�
�M
R

�
�K

�
�

L
�
	
�
V
	
�u
	�

I �



�
�M
L
� �
�
F
�t
an
�
	

�

h
�

�M
�u
� �
�
u
� �
	�

�
u
�

p u
� �
�
u
� �
�
u
� �
�
F

� u � u
�

��

P
ro
la
te
E
ll
ip
ti
c
II

I �



�
�M
L

�
�

h
�

�M

F
�t
an
�
	
�
�
co
s
�

si
n

�
�

si
n
h

�
f


k

�
�
�
k

�

S
em
i�
H
y
p
er
b
ol
ic

I �



�
�M

��
co
sh
�f
L

�
�

� �
si
n
h
�f
�f
K
�
	L
�
g
�
f
K
�
	L
�
g
	�
�
�
R

k
�
sn
�
cn
�
�
k

�

cn
�

k
�
cn
�
�
�
k

�
�
cn
�

�
h

�
�M

�
F
�t
an
��
	
�
�

k
�
cn
�
�
�
k

�
�
cn
�
�

� k
�
�

d
n

�
�

�

�
sn
�
�

� �
�

k
� k
k
�
sn
�
cn
�
�
k

�

cn
�
d
n
�

k
�
cn
�
�
�
k

�
�
cn
�
�

�

V


�u
	


F
�u

� �
�
u

� �
�
u

� �
	

S
p
h
er
o�
E
ll
ip
ti
c

I �



�
�M
R

�
�K

�
�
L

�
	
�
V


�u
	

�
h

�
�M

� �
k
� �
�

� �

u
� �

�
k
� �
�

� �

u
� �

�
k
� �
�

� �

u
� �

�
k
� �
�

� �

u
� �

�
S
p
h
er
ic
al

I �



�
�M

L
� �
�

h
�

�M
� k� �
�

� �

co
s�
�

�
k
� �
�

� �

si
n

�
�

�

I �



�
�M
L

�
�

h
�

�M
�
�

si
n

�
�

� k� �
�
� �

co
s�
�

�
k
� �
�
� �

si
n

�
�

� �
k
� �
�
� �

co
s�
�

�

I �



�
�M

� L� �
�
k

�
�
L

� �
� �

h
�

�M
�k
�
cn
�
��
�
k

�
�
cn
�
� �
	� �k

� �
�
� �
	�

�
sn
�
��

�

k
�

d
n

�
� �

�

�
�k

� �
�

� �
	� k

�
�

cn
�
��

�

k
�

d
n

�
� �

� �
�k

� �
�

� �
	� k

�
�

d
n

�
��

�

�
sn
�
� �

��

V
�
�u
	



h
�

�M

k
� �
�
� �

u
� �

H
or
ic
y
cl
ic

I �



�
�M
R

�
�K

�
�
L

�
	
�
V
�
�u
	�

I �



�
�M
P
� x

�

�
�M
�
�
x
� �
�


x
�

�
M �

�
�

�u
�
�
u
�
	�

�
�

�
R
�
�
�u
� �
�
u
� �

�u
�
�
u
�
	�

�



u
�

�u
�
�
u
�
	�

�
S
em
i�
C
ir
cu
la
r�
P
ar
ab
ol
ic

I �



�
�M

P
� x

�

�
M �
�

�
x

� �
�

h
�

�M

k
� �
�
� �

x
� �

P
x
i



h i
� �

x
i

�
i


�	
�

I �



�
�M

�f
L
�
	K
�
�
L
�
g
�
f
K
�
	K
�
�
L
�
g
	

�
��

�

�

��
��
�
�

�
	
�


��
�
�

�
	
�
M
�
�
��
	
�

	
	

��
�

�

��



Hyperbolic	Cylindrical � �� � �iK�� iK � �K� � � ��� K� �
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The observables have the form
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An explicit solution is available in two coordinate systems� and we have the following path
integral representations together with their solutions�

Spherical Coordinates� In spherical coordinates the solution is not very di�erent from the
solution of the generalized oscillator on ����� the only di�erence being the 
dependence� Hence
we obtain ��� � �l� k� � �F � �� �� � M���R���� � ���� n � �� � � � � Nn � �� � �� � ���

K�V���u��� u��T 
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�
F �tan� �

�

sin� �
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Z
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The bound state wave
functions and the energy
spectrum are given by �N � l � n

$�V��
�ln ��� �� �R � �sinh� � sin ����S������

n �� �R���F ��k��l ����F �� � � �����

EN � � �
�

�MR�

h

��N � �� k� � �F � �

�� � �
i
�
M

�
��R� � �����

The scattering states and continuous spectrum have the form

$�V��
pl� ��� �� �R � �sinh� � sin ����S������

p �� �R���F ��k��l ����F �� � � �����

Ep �
�
�

�MR�
�p� � � �

M

�
��R� � �����

Here the wave
functions �
�F �
� � are the eigenfunctions corresponding to the potential term

F �tan with eigenvalues E� � �
�����M � and the ���F ��k��l �� are the same as in ����� with

�� 
 �F � and the wave
functions S������
n �� �R and S������

p �� �R are the same as in ���	� and
���	�� respectively�
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Equidistant�Cylindrical Coordinates� ��� � �l� �F � � � �� �� � M���R���� � ���
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Again we have similar features as for the general oscillator� hence we have one set of bound
state wave
functions� and two sets of scattering states� They are given by �n � �� � � � � Nn �

��� � k� � ���� l � �� � � � � Nl � �� � �F � ���

$
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���S��k�����
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The wave
functions �
��F ���
l�k ��� are the same as in ����� and ���	� with �k� 
 �F and m
 l�

respectively� The energy
spectra EN and Ep are the same as in the previous paragraph�
The Green function corresponding to the potential V� in the spherical and equidistant cylin


drical coordinate systems are easy to construct� After separating o� the �rst two path inte

grations� the Green function in the radial variable is found by the appropriate insertion of the
parameters ��� � into G

�����
mPT �E from the corresponding radial wave
functions S������ This is

very similar as the discussion for the Green functions in the general oscillator case� and this is
not repeated once again�

����� Hartmann Potential�

The next potential represents the analogue of the Hartmann potential V� in IR� �	��� We consider
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which in the two separating coordinate systems has the form � with appropriate range
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and the fourth observable is given by
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We treat only the spherical case with F �tan � �� Then we obtain together with � � j�j�
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The path
integration in � is of the P�oschl
Teller type� whereas the path integration in � is
essentially the same as for the Coulomb potential� Therefore the wave
functions for the bound
and continuous spectrum are given by �n � �� � � � � Nn �
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with the Coulomb wave
functions SN�� �R� Sp�� �R as in ������� ����� and the energy
spectra
�����	� ���	� respectively� In the case whenR
� the �at space limit is recovered �	�� ���� �����
The Green function corresponding to the potential V� is constructed in complete analogy to the
Coulomb Green function in section �����
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which in the two separating coordinate systems has the form
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This potential is the analogue of the minimally super
integrable potential V��x in IR� �	��� The
corresponding observables have the form
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We have the following two path integral representations
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The wave
functions ���k���k��m � and �

�����k��
l �� are the same as in ����� and ������ respec


tively� This path integral cannot be further speci�ed until F �� � F �sinh� � is known� The
special case F � � is trivial� In this case the radial Green function is proportional to the Green
function of the modi�ed P�oschl
Teller potential G�����k��
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In the two separating coordinate systems it has the form
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The e�ect of the x�
 and �
path integration in both cases �x�� � � � is that in separating o�
the corresponding variable� the quantity � is shifted by the additional quantum numbers� The
resulting path integrals in the variables �y� x� and ��� � separate� however� only the former can
be evaluated� Indeed� almost the same path integral problem we have already solved in �	���
The solution in horicyclic coordinates then has the following structure �z � x� � ���M��
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with the quantity E	���� given by
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A path integral like this was calculated in ����� and we must distinguish two case� �rst where
E	���� � �� and second E	���� � �� In the �rst case only a continuous spectrum occurs� whereas
in the second bound states can exist with the number of levels given by n � �� �� � � � � Nn �
�E	�������� � ����� According to �	�� we obtain therefore the following path integral solution
for V
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The bound state wave
functions have the form
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and the �m�x�� �l�x� as in ����������� The Green function G�V���E of the potential V
 is
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If we choose � � � and F � y�� the potential V� is additionally separable and solvable in the
coordinate systems XXV� and XXVI� and separable in XXIII� and XXIV�

The constants of motion are �Pxi � �i��xi � i � �� �
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We discuss the path integral representations in all coordinate systems for the potential V� si

multaneously� We obtain �N � n� � n��x � IR�

K�V���u��� u��T  �
e��i�T
MR�

R�

y�t����y��Z
y�t���y�

Dy�t
y�

x�t����x��Z
x�t���x�

Dx�t

� exp

�
i

�

Z t��

t�

�
M

�
R� *y

� � *x�

y�
� F

�
R

y

�
� y�

R�

�
M

�
��x� �

�
�

�M

�
k�� � �

�

x��
�
k�� � �

�

x��

���
dt

�

�����

� e��i�T
MR� y�y��

R

�X
n��n���

$�GHO�
n�n�

�x��$�GHO�
n�n�

�x�

�
y�t����y��Z
y�t���y�

Dy�t
y

exp

�
i

�

Z t��

t�

�
M

�
R� *y

�

y�
� F

�
R

y

�
� y�

R�
����N � k� � k� � �

�
dt

�
� �����

The wave
functions $�GHO�
n�n�

�x are the wave
functions of the generalized harmonic oscillator
�GHO in IR� in one of the three possible coordinate system representations �	��� The remaining
y
path integral cannot be further evaluated until the potential F �R�y is speci�ed� The case of
F � y� was discussed in section ������� The case of F � y� can be treated by the methods of
�����

Let us consider the following variation of V�

V �
��u �

M

�

��

�u� � u��
�

�
�

�M

�
k�� � �

�

u��
�
k�� � �

�

u��

�
� �����

which is separable in four more coordinate systems� and the corresponding cases have the form
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For the �rst two cases we have the following two path integral representations
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Neither of the two path integrals can be evaluated� In the other two path integral representations
we are lead after the 
separation to spheroidal path integral problems� c�f� ���� 	�� for an
heuristic approach for the solution of such problems�

����� Subsystem of Holt Potential�

The potential V�� contains the super
integrable Holt potential ����� in IR�� therefore it is mini
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For the constants of motion we �nd �Pxi � �i��xi � i � �� �
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Similarly as in the previous case we treat both coordinate space representations simultaneously�
and we have �x � IR�
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The wave
functions $�Holt�
n�n�

�x are the wave
functions of the Holt potential ����� in IR� in one
of the two possible coordinate system representations �	��� The remaining y
path integral again
cannot be further evaluated until the potential F �R�y is speci�ed�

����� Subsystem of Coulomb Potential�

The potential V�� contains the super
integrable Coulomb �C potential in IR�� therefore it is
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which in the three separating coordinate systems has the form
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The observables have the form �Pi � �i��xi in IR�� i � �� �
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We have for instance in the horicyclic
cylindrical system the path integral representation �� �
m� ��� k� � k����x � IR�
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Here denote the wave
functions $�C�
nm�x and $�C�

pm �x the discrete and continuous wave
functions
of the Coulomb problem in IR� in one of the three coordinate space representations �	��� In the
discrete case we have ��b � �MR�En��
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and in the continuous case just �c � k � �� The remaining y
path integral again cannot be
further evaluated until the potential F �R�y is speci�ed� However� let us consider the case
F � �� With �c � k we obtain for the y
path integral the path integral representation for
Liouville quantum mechanics �	��� i�e�� we get
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In order to take into account the negative bound states of the two
dimensional Coulomb
subsystem we �rst observe that ��b � ��� � � �� � �� This system therefore requires a proper
self
adjoint extension because it is unbounded from below� Actually� this problem emerges in
the consideration of the quantum motion on the SU��� � group manifold� respectively on the
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O��� � hyperboloid� The spectrum consists of two parts� an in�nite negative discrete and a
positive continuous spectrum�

This di"culty is resolved by means of harmonic analysis on the SU��� � group manifold�
respectively the SO��� � or O��� � hyperboloid and the corresponding wave
functions are the
matrix element expansions of the Titchmarch transformation ����� ��� ��� ���� ����� p������ �����
p����� ��	�� p�������� The corresponding path integral representation has been discussed in ����
with the result of the following path integral identity� which is also the solution of the remaining
y
path integration in the present case�

�

R

y�t����y��Z
y�t���y�

Dy�t
y

exp

�
i

�

Z t��

t�

�
M

�
R� *y

�

y�
� y�

�
���

�MR�

�
dt� �i�T

	MR�

�

�
X
n�IN

e�iE
��
n T���	�

n �y���	�
n �y�� �

Z �

�
dp e�iEpT���	��

p �y���	�
p �y�� � ���	�

The bound states are given by

��	�
n �y �

s
���n� �

R
J�n�	��y � ���	�

E�	�
n � � �

�

�MR�

h
��n� �� � �

i
� ���	�

and the continuous states are

��	�
p �y �

r
p

�R sinh �p

h
Jip��y � J�ip��y

i
� ���	�

Ep �
�
�

�MR�
�p� � � � ���		

and � is the parameter of the self
adjoint extension�

����� Subsystem of Modi�ed Coulomb Potential�

The potential V�� contains the super
integrable modi�ed Coulomb potential in IR�� therefore it
is minimally super
integrable on ����� We consider ����� � IR
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The constants of motion are ��� � is a parabolic system mutually orthogonal to �� � �Pi � �i��xi
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We state the corresponding path integral formulation which have the form
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�
�� ���� � ���

�� � ��

��
dt

�
�����

�

� �X
n��n���

$n��n���
�� ��$n��n���

��� ��� �
X
e�o

Z
IR
d�

Z
IR
dp$

�e�o��
p�� ���� ��$�e�o�

p�� ����� ���

�

�e��i�T
MR� y�y��

R

y�t����y��Z
y�t���y�

Dy�t
y

exp

�
i

�

Z t��

t�

�
M

�
R� *y

�

y�
� F

�
R

y

�
� y�

�
�

�MR�
��b�c

�
dt

�
������

Here denote the wave
functions $n��n���� � and $�e�o�
p�� ��� � the discrete and continuous wave


functions of the corresponding problem in IR� �	��� In the continuous case we have for the
parameter �c � p� whereas in the discrete case we have ��c � �MEn�n���

� with �N � n� �
n�� n��� � IN�

En��n� � �M
�
��
N � �N � yN �

��

��N
� yN � u� � u� � �����

u��� �
�

vuut� ��

��N

��
�
��� � ���
MN�


s�

��� � ���
MN�

��
� �

��� � ���
MN�

�
��

��N

��
� �����

The remaining y
path integral again cannot be further evaluated until the potential F �R�y is
speci�ed� Of course� for ��b � � the same feature as for the potential V�� must be taken into
account� and again we obtain for the case F � � the solutions ���	�� ��	�� The Green functions
of the potentials V���������� can be constructed by using the result of ������ which is left to the
reader�

��� Minimally Superintegrable Potentials from the Group Chain SO��� �� �
SO����

In the following two potentials we can consider two choices of the functions F �u�� i�e��

F��u� � � �
�

�M

k�� � �
�

u��
� F��u� � �R

u�p
u�� � �

� �����

F� leads the usual modi�ed P�oschl
Teller path integral problem� whereas F� gives a Kepler
problem on the hyperboloid� The latter has already been discussed� and therefore in the following
we make the choice of F� just for convenience�

����� Subsystem of Oscillator�

At �rst sight� the potential V �
	 � c�f� table ���� contains the super
integrable Higgs
oscillator on S

���

due to its sub
group construction� therefore it is minimally super
integrable on ����� However� as
seen� e�g�� in the spherical system it is by an appropriate rede�nition of the parameters equivalent
to the potential V	� c�f� subsection ������ We have mentioned this potential nevertheless to
emphasize the SO�� subgroup property of the corresponding analogue of the �at space case�
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����� Subsystem of Coulomb Potential�

The potential V�� contains the super
integrable Coulomb potential on S���� therefore it is mini

mally super
integrable on ����� We consider �k��� � �

V���u � � �

u�� � u�� � u��

u�p
u�� � u��

� �
�

�M

k�� � �
�

u��

�
�
�

�M
p
u�� � u��

�
k�� � �

�p
u�� � u�� � u�

�
k�� � �

�p
u�� � u�� � u�

�
� �����

which in the two separating coordinate systems has the form

Spherical �� � �� � � ��� �� � ��� � �

V���u �
�

R� sinh� �

�
� � cot��

�
�

	M sin� �

�
k�� � �

�

sin����
�

k�� � �
�

cos����

��
� �

�

�MR�

k�� � �
�

cosh� �
����	

Sphero	Elliptic II �� � �� (� � ��� K� (� � ��� K� �

�
�

R� sinh� �

�
� (�

k� sn (� dn(� � k sn(� dn(�

k� cn�(� � k�� cn� (�

�
�
�

�M�k� cn�(� � k�� cn� (�

�
�k�� � k�� � �

�
k�� � �k�� � k��k

� sn(� dn(�

cn�(�

�
�k�� � k�� � �

�
k� � �k�� � k��k sn

(� dn(�

cn� (�

��
� �

�

�MR�

k�� � �
�

cosh� �
� �����

The corresponding observables are

I� �
�

�MR� �K
� � L� � V���u �

I� �
�

�M
L�
� �

�

	M

�
k�� � �

�

sin����
�

k�� � �
�

cos����

�
�

I� �
�

�M
L� � � cot��

�
�

	M sin� �

�
k�� � �

�

sin����
�

k�� � �
�

cos����

�
�

I� �
�

�M
��
�
sin �ffL�� L�g � cos �fL�

�� �
k� sn (� dn(� � k sn(� dn(�

k� cn�(� � k�� cn� (�

�
�
�

�M�k� cn��� k�� cn��

�
�k�� � k�� � �

�
k�� � �k�� � k��k

� sn(� dn(�

cn�(�

�
�k�� � k�� � �

�
k� � �k�� � k��k sn (� dn(�

cn� (�

�
�

�����������������������
���������������������	

������

Here denote

k� �
a� � a�
a� � a�

� sin� f � k�� �
a� � a�
a� � a�

� cos� f � k� � k�� � � � ������

and �f is the interfocus distance on the upper semisphere of the ellipses on the sphere �	���
Because the potential V�� contains the Coulomb potential on the two
dimensional sphere as
the subsystem� we can separate the subsystem o� and obtain �	 � �0��0� � S��� are the
corresponding coordinates on S���� �� � m� �� k�  k���

K�V����u��� u��T  �
e�i�T�MR�

R�

��t����� ��Z
��t���� �

D��t sinh� �
��t�������Z
��t�����

D	�t

		



� exp

�
i

�

Z t��

t�

�
M

�
R�� *�� � sinh� � *	

�
 �

�
�

�MR�

k�� � �
�

cosh� �

� �
�

�MR�

�

sinh� �

�
�
�

�M
p
s�� � s��

�
k�� � �

�p
s�� � s�� � s�

�
k�� � �

�p
s�� � s�� � s�

�
� �

�

��
dt

�

������

�
�X
m��

�X
l��

�
NnX
n��

e�iEnT�$�V��� �
mln �� ��	��R$�V���

mln �� ���	���R

�
Z �

�
dp e�iEpT�$�V��� �

plm �� ��	��R$�V���
plm �� ���	���R

�
� ������

The bound state wave
functions and the energy
spectrum are given by

$
�V���
lmn ���	�R � �sinh ���S�����k��

n �� �R$
�	�
lm �	 � ������

En � � �
�

�MR�
��n� ��  k� � �� � ������

and the continuous states are

$
�V���
plm ���	�R � �sinh ���S�����k��

p �� �R$
�	�
lm �	 � ������

and Ep as in ����	� The wave
functions $�	�
lm �	 are the wave
functions of the Coulomb problem

on S��� �	��� The quantum number �� is de�ned by the energy
spectrum of the Coulomb potential
on S��� which can be positive or negative� i�e�� ��� � �MR�El��

� with �	��El � �
��(l�� �

���MR��
M������(l�� The wave
functions S�����k��

n �� �R� S�����k��
p �� �R are the same as in ����������with

���� ��
 �����k�� For El negative the same problem of a proper self
adjoint extension arises
as for the potential V��� however we do not know this extension� and we are not able to write
down the corresponding path integral representation either�

The radial Green functions of the potential V�� is of the form

G�V����� ��� � ��E � �R sinh � �� sinh � ���G�����k��
mPT

�
� ��� � ��E �

�
�

�MR�

�
� ������

��� Minimally Superintegrable Potentials from the Group Chain SO��� �� �
SO��� ���

����� Construction of the Potentials V��
V�
�

In the following potentials we can consider two choices of the functions F �u�� i�e�

F��u� �
�
�

�M

k�� � �
�

u��
� F��u� � �R

u�p
� � u��

� �����	

F� leads the usual modi�ed P�oschl
Teller path integral problem� whereas F� yields a Rosen

Morse potential on the hyperboloid� The latter gives the following solution in terms of the
equidistant variable �� ���� ���� 	��

K�F���� ��� � �
�
��T 

�
�

R

���t
����� ���Z

���t���� ��

D���t exp
�
i

�

Z t��

t�

�
M

�
R� *��� � �R tanh �� � �

�

�MR�

k� � �
�

cosh� ��

�
dt

�
������

�

Z
IR

dE

��i
e�iET�

M

��

)�m� � Lk)�Lk �m� � �

)�m� �m� � �)�m� �m� � �

	�



T
ab
le
��
��
M
in
im
al
ly
S
u
p
er
in
te
gr
ab
le
P
ot
en
ti
al
s
on
�
��
�
fr
om
th
e
G
ro
u
p
C
h
ai
n
S
O
��
��
	
�
S
O
�

��
	�

P
ot
en
ti
al
V
�u
	

C
o
or
d
in
at
e
S
y
st
em
s

O
b
se
rv
ab
le
s

V
�
�
�u
	
�
F
�u
�
	
�

M 


�
�

u
� �
�
u
� �
�
u
� �

u
� �
�
u
� �

u
� �

E
q
u
id
is
ta
n
t
E
ll
ip
ti
c

E
q
u
id
is
ta
n
t
H
y
p
er
b
ol
ic

I �
�

�

M
R

�
�K

�
�
L

�
	
�
V
�
�
�u
	�

I �
�
K

� �
�
K

� �
�
L

� �

�
�h

�

M

� k
� �
�
� �

u
� �

�
k
� �
�
� �

u
� �

�

E
q
u
id
is
ta
n
t
C
y
li
n
d
ri
ca
l

I �
�

�

M

L
� �
�

�h
�


M
� k� �
�
� �

co
s�
�

�
k
� �
�
� �

si
n

�
�

�

E
q
u
id
is
ta
n
t

I �
�

�

M

K
� �
�

M 


�
�
R
�

co
sh

�
� �

�

�h
�


M

k
� �
�
� �

si
n
h

�
� �

V
�
�
�u
	
�
F
�u
�
	
�

�

u
� �
�
u
� �
�
u
� �

�
u
�

p u
� �
�
u
� �
�
��

E
q
u
id
is
ta
n
t
E
ll
ip
ti
c�

I �
�

�

M
R

�
�K

�
�
L

�
	
�
V
�
�
�u
	�

I �
�
K

� �
�
K

� �
�
L

� �

�

�h
�

�M
p u
� �
�
u
� �

�
k
� �
�

� �

p u
� �
�
u
� �
�
u
�

�

k
� �
�

� �

p u
� �
�
u
� �
�
u
�

�
E
q
u
id
is
ta
n
t
S
em
i
H
y
p
er
b
ol
ic

I �
�

�

M

L
� �
�

�h
�

�M
�
k
� �
�

� �

si
n

�
��
�

	

�

k
� �
�

� �

co
s�
��
�

	

�

E
q
u
id
is
ta
n
t
E
ll
ip
ti
c
P
ar
ab
ol
ic

I �
�

�
�M
fK
�
�L
�
g�
�
R

p �
�
�
�
�

p �
�
�
�

�
�
�
�
�

�

�h
�

�M

�

�
�
�
�
�

E
q
u
id
is
ta
n
t
C
y
li
n
d
ri
ca
l

�� �k
� �
�
k

� �
�

� �
	� � � �

�
�

�
�

�
�

� �
�k

� �
�
k

� �
	�p

�
�
�
�

�
�

�
p �
�
�
�

�
�

��

V
�
	
�u
	
�
F
�u
�
	
�

�

�u
�
�
u
�
	�

E
q
u
id
is
ta
n
t

S
em
i
C
ir
cu
la
r
P
ar
ab
ol
ic

I �
�

�

M
R

�
�K

�
�
L

�
	
�
V
�
	
�u
	�

I �
�
K

� �
�
K

� �
�
L

� �

�
M 

�

�
u
� �
�
u
� �
�
�u
� �

�u
�
�
u
�
	�

�
�

u
�

�u
�
�
u
�
	�

E
q
u
id
is
ta
n
t
H
or
ic
y
cl
ic

I �
�

�

M

�K
�
�
L
�
	�
�
�
�

M
�

�
x

�
�
�
x

I �
�

�
�M

�f
K
�
�K
�
g�
fK
�
�L
�
g	

�

	�


�

	�
�


�

h �
�	

�
�



�
	
�
� �
�	

�
�



�
	
�
M �
�

�
�	

	
�



	
	i

V
�


�u
	
�
F
�u
�
	
�

M 


�
�

�u
�
�
u
�
	�

�

�h
�


M

k
� �
�
� �

u
� �

E
q
u
id
is
ta
n
t
E
ll
ip
ti
c
P
ar
ab
ol
ic

E
q
u
id
is
ta
n
t
H
y
p
er
b
ol
ic
P
ar
ab
ol
ic

I �
�

�

M
R

�
�K

�
�
L

�
	
�
V
�


�u
	�

I �
�
K

� �
�
K

� �
�
L

� �

E
q
u
id
is
ta
n
t

S
em
i
C
ir
cu
la
r
P
ar
ab
ol
ic

I �
�

�

M

�K
�
�
L
�
	�
�

�h
�


M

�
�
�

� �

x
�

E
q
u
id
is
ta
n
t

E
q
u
id
is
ta
n
t
H
or
ic
y
cl
ic

I �
�

�

M

K
� �
�

M 

�

�
e�
�
�

V
�
�
�u
	
�
F
�u
�
	
�

�

u
� �
�
u
� �
�
u
� �

u
�

p u
� �
�
u
� �

E
q
u
id
is
ta
n
t

I �
�

�

M
R

�
�K

�
�
L

�
	
�
V
�
�
�u
	�

I �
�
K

� �
�
K

� �
�
L

� �

S
em
i
C
ir
cu
la
r
P
ar
ab
ol
ic

I �
�

�
�M

�f
K
�
�K
�
g�
fK
�
�L
�
g	
�
�
R

	�


�

	�
�


�

� � 	�
�

� 

�

�

E
q
u
id
is
ta
n
t

I �
�
K

� �

�

af
te
r
ap
p
ro
p
ri
at
e
ro
ta
ti
on
�
si
n

�
f
�
k
�
�

��



�
�
�� tanh � ��

�
� �� tanh � ���

�

��m��m����� � tanh � ��
�

� � � tanh � ���
�

��m��m���

��F�

�
� Lk �m�� Lk �m� � ��m� �m� � ��

� � tanh ����
�

�

��F�

�
� Lk �m�� Lk �m� � ��m� �m� � ��

�� tanh ����
�

�
������

�

Z �

�
dp e�iEpT�$�F��

p �� ��� $
�F�� �
p �� �� � ������

Here denote Lk � ��ik � �
�
� m��� �

p
M�� �

p��R �E � p
�R �E��� and ������ is the

Green function corresponding to the path integral ������� The wave
functions and the energy

spectrum of the continuous states are �where � distinguishes between incoming and outgoing
scattering states� respectively
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In the following we make the choice of F� just for convenience�

Subsystem of Oscillator on ����� The potential V�� contains the super
integrable Higgs

oscillator on ����� therefore it is minimally super
integrable on ����� We consider �k����� � �
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which in the four separating coordinate systems has the form
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The observables are
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Subsystem of Coulomb Potential on ����� The potential V�� contains the super
integrable
Coulomb potential on ����� therefore it is minimally super
integrable on ����� We consider
�k����� � �
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which in the four separating coordinate systems has the form
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The observables are
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The Potential V��� We consider the potential V�� which in the two separating coordinate
systems has the following form
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The constants of motion have the form
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The Potential V�	� The potential V�	 contains the super
integrable potential V� on �����
therefore it is minimally super
integrable on ����� We consider �k��� � �
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which in the �ve separating coordinate systems has the form
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The Potential V�
� We consider the potential V�
�u in its two separating coordinate systems
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����� Path Integral Discussion of the Potentials V��
V�
�

The common structure of the potentials allows us to treat them simultaneously� Let us denote
by (Vj�v �j � �� � � � � � the �ve super
integrable potentials on ���� with v � ����� We then obtain
for each of the (Vi in the corresponding separating coordinate systems �i � ��� � � � � �	� k� � ��
and identify � � �� appropriately
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The bound state spectrum has the form
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and the continuous spectrum is given by

$�Vi�
����p

��� v�R � �cosh� ����S�����k��
p �� �R$�Vj�

����
�v � ������

and Ep as in ����	� Here denote the wave
functions $� Vj �
����

�v the corresponding wave
functions
of the two
dimensional subsystem on ����� and the wave
functions S��k�����

n �� �R� S��k�����
p �� �R

are the same as in ���������� with ���� �� 
 �����k�� The spectral expansions
R
d�i de


note Lebesque
Stieltjes integrals in order to contain both discrete and continuous quantum
numbers� The subspectra of the corresponding subsystems may be positive or negative� i�e��
��� � �MR�EVj��

� may be positive or negative� respectively� If ��� is positive� Nn � � and only
continuous states exist for the corresponding Vi� If ��� is negative� bound states can exist with
Nn � �

�
�j��j� k�� �� If the �� sinh� � 
term vanishes� the analytic continuation to an attractive

potential is trivial� and we obtain in the radial variable a symmetric Rosen
Morse potential de

�ned in � � IR� The radial bound state wave
functions in this case are ����� and the scattering
states ������

The radial Green functions of the potentials Vi is of the form �i � ��� ��� ��� ��� �	
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� Summary and Discussion

The purpose of this paper has been to present a comprehensive discussion of super
integrable
potentials on the three
dimensional hyperboloid ����� It has included an enumeration of the
coordinate systems on ���� as known from the literature� a systematic search of maximally
and minimally super
integrable potentials by appropriate generalizations from the Euclidean
space� the statement of the constants of motions� respectively operators� and in the soluble cases
the evaluation of the corresponding path integral representation in order to �nd the quantum
mechanical propagators� the Green functions� the discrete and continuous wave
functions� and
the energy spectra� respectively�

In the enumeration of the �� coordinate systems in section � we have followed ����� �����
however� supplemented by the corresponding Hamiltonian and the form of a corresponding
separable potential� several rotated coordinate systems� i�e�� the sphero
elliptic rotated ������
the equidistant
elliptic rotated ������ and the prolate
elliptic rotated ������� These rotated
systems correspond in their respective �at space limit to sphero
conical II� cylindrical elliptic
II� and prolate
spheroidal II coordinate systems� which in turn contain as additional degenerate
systems the respective parabolic systems� However� for the complicated two
parametric systems
XXIX��XXIV� hardly any statement and usage could have been made�

In section � we have presented our results concerning the maximally super
integrable po

tentials on ����� These have been the �generalized Higgs
oscillator V��u� the �generalized
Coulomb potential V��u� and a speci�c scattering potential V��u� The potential V��u� which
is only minimally super
integrable on ����� has been included in this section due to the fact that
its �at space analogue in IR� is maximally super
integrable�

The Higgs
oscillator and the Coulomb potential have been discussed in some detail� �rst for
the pure oscillator and Coulomb case� second with the incorporation of additional centrifugal
terms which do not spoil the property of maximally super
integrability� similarly as the cor

responding cases in IR� and on S���� The energy spectrum and degeneracy of levels was also
discussed�

In section � we have discussed the minimally super
integrable potentials on ����� We have
found the four analogues of the �at space case� in particular the ring
shaped oscillator� the
Hartmann potential� a radial potential� and a Holt potential� The remaining minimally super

integrable potentials have emerged from the subgroup structure of SO��� �� i�e�� we have had
to take into account the group chains SO��� � � E��� SO��� � � SO��� SO��� � � SO��� ��
which have given rise to four� one and �ve new minimally super
integrable potentials� respec

tively� In total� we have found �� minimally super
integrable potentials on ����� Whereas we
have treated the ring
shaped oscillator and the Hartmann potential in some detail� the discussion
for the other potentials has been mostly rather sketchy because the underlying super
integrable
two
dimensional systems have been already solved in previous publications�

We have therefore continued the study of super
integrable systems in spaces of constant
curvature as started by Bonatsos et al� Higgs� Granovsky et al�� Hietarinta� Kalnins et al�� Kibler
et al�� Izmest�ev et al�� Katayama� Mardoyan et al�� Otchik et al�� Vinitsky et al�� and others�
At the same time� we have extended these investigations by taking into account generalizations
of already known potentials� and a wider range of potentials�

Furthermore we would like to draw the attention to the following observations�

�� Let us consider the potential V�� in semi
hyperbolic coordinates
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and the potential is separable in this system� It has two �at
space limits in its full range of
parameters� i�e�� without the restrictions we made in section ������� namely circular polar
and parabolic coordinates� Whereas it was possible to just simply state the potential
V��u� no explicit solution could have been found� This Stark
e�ect like potential could be
of some interest� in particular in comparison with the potential V���u� The potential in
this limit corresponds to the second maximally super
integrable potential V��x of �	��� c�f�
table D��� and the limiting case separates in these two coordinate systems� and in addition
in the cartesian and circular elliptic system�

�� Let us consider the potential V�� in semi
hyperbolic coordinates
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and the potential is separable in this system� The potential in the �at space limit corre

sponds to the sixth minimally super
integrable potential V��x of �	��� c�f� table D��� and
the limiting case separates in circular polar and parabolic coordinates�

�� The expressions for V���u and V���u suggest analogous expressions on the two
 and
three
dimensional sphere� Let us consider on the two
dimensional sphere the following
two potentials �s � �s�� s�� s� � S���
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where we have inserted the elliptic II system on S���� c�f� Appendix C and �	��� and we have
put for the moduli k � k� � ��

p
�� According to ����� this coordinate system yields in the

�at space limit parabolic coordinates in IR�� We have thus found the analogues of the Holt

potential and of the modi�ed Coulomb potential on S���� which are however only integrable
but not super
integrable� Therefore� we have found on the two
dimensional sphere and
on the two
dimensional hyperboloid� c�f� �	�� 	��� all the analogues of the super
integrable
potentials of two
dimensional Euclidean space�

�� Considering in an analogous way the k � k� � ��
p
� version of the prolate elliptic system

on S��� �	�� �s � �s�� s�� s�� s� � S���

s� � R cn� cn� cos � s� �
Rp
�
� sn� dn� � dn� sn� �

s� � R cn� cn� sin � s� �
Rp
�
� dn� sn� � sn� dn� �

����
��	 ����

we can construct two more potentials on S��� which correspond to the maximally super

integrable potential V��x and V��x� c�f� tables D��� D��� They have the form�
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V
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However� both potentials are only integrable but not super
integrable on S����

�� Following along these lines we are able to construct on S��� the analogue of the minimally
super
integrable potential V��x in IR�� c�f� table D��� i�e��

V
�S���
�� �s �

M

�
��

�
�s��s

�
�

R�
� s�� � s��

�
�

�
�

�M

F �s��s�

s�� � s��

�
M

�
R��� cn

�� � cn��

cn�� � cn��
�

�
�

�MR�

F �tan

cn�� cn��
� ���	

Therefore we are able to construct suitable parabolic coordinates on the the two
 and
three
dimensional sphere� together with the corresponding separable potentials which are
the analogues of two
 and three
dimensional �at space� respectively� However� we have not
found a possibility to construct the analogues of the minimally super
integrable potentials
in IR� which correspond to the group chain E�� � E��� A corresponding group chain
for S��� does not exist� and therefore it is not surprising that it is not possible to construct
the corresponding circular coordinate systems nor the corresponding potentials�

�� The previous observations allow the following statement� We have found all �ve analogues
of the maximally super
integrable potentials in IR�� where we have the following iden

ti�cation �where the enumeration of the potentials in IR� is according to �	��� and the
enumeration of the potentials on S��� according to �	��� c�f� tables D��� D���

Table ���� Correspondence of Maximally Super
Integrable Potentials in Three Dimensions

V����u 1Systems VIR��x 1Systems VS���s 1Systems

V��u ���	 V��x 	 V��s ��	
V��u ��� V��x � V��s ���
V��u ��� V��x � V��s ��� �����
V��u ��� V��x � V��s ���
V���u ��� V��x � V
�s ���

In parenthesis we have indicated the number of limiting coordinate systems� as R 

�� Note that for V��s we have two separating coordinate systems� In V��s we have
also indicated the additional coordinate system which emerge� and causes an additional
observable� if k�� � ��� � �� c�f� table D��� From the rotated sphero
elliptic system on
S��� two coordinate systems on IR� can be obtained by means of contraction� as R 

�� the cylindrical elliptic II and the cylindrical parabolic� Note also that V��u is only
minimally super
integrable� but not maximally super
integrable� Furthermore� in �	��
several potential systems were overlooked� However� the additional systems turn out to
be only integrable but not super
integrable�

�	



Table ���� Correspondence of Minimally Super
Integrable Potentials in Three Dimensions

V����u 1Systems VIR��x 1Systems VS���s 1Systems

Analogues of �at space

V��u ��� V��x � V��s ���
V��u ��� V	�x � V��s ���
V	�u ��� V��x � V��s ���
V
�u ��� V��x � V���s ���
V���u ��� V��x � V��s ���

Potentials emerging from SO��� �� E��

V��u ��� V��x � � �

V �
� ���

�
�

�M

�
k�� � �

�

x�
�
k�� � �

�

y�

�
� F �z � � �

V���u ��� V��x � � �
V���u ��� V��x � � �
V���u ��� V
�x � � �

Potentials emerging from SO��� �� SO��

V �
	�u ��� V��x � V��s ���

V���u ��� V��x � V	�s ���

Potentials emerging from SO��� � � SO��� �

V���u ��� V��x � � �
V���u ��� V��x � � �
V���u ��� V��x � � �

V�	�u ���
�
�

�M

k�� � �
�

x�
� F �z � � �

V�
�u ��� �x � F �z � � �

�� Furthermore� we have therefore found all analogues of the minimally super
integrable
potential in IR�� which is summarized in table ���� where the enumeration of the potentials
in IR� is according to �	��� and the enumeration of the potentials on S��� according to �	���
c�f� tables D��� D��� �In parenthesis we have indicated the maximal number of limiting
coordinate systems� as R
�� For three minimally super
integrable potentials in IR� we
have found two� respectively three generalizations on the three
dimensional hyperboloid�
a feature which is due to the rich subgroup structure of SO��� ��

	� The linear potentials on the sphere and on the hyperboloid seem to have a structure ac

cording to s�s�� respectively u�u�� which turns out to be separable in an appropriately
chosen parabolic coordinate system� However� on spaces of constant �non
vanishing cur

vature� there seems to be no analogue of an cartesian coordinate system� which separates
these kinds of potentials as well�

�� We also have found two more minimally super
integrable potentials in IR� and on S����
respectively� They correspond to the subgroup chain E�� � SO�� and SO�� � SO���
These cases have been overlooked in ���� and �	��� Whereas in both cases the subgroup
Higgs oscillator on S��� is easy to solve� we must distinguish for the subgroup Kepler
problem on S��� two cases� First� where the interaction on S��� is repulsive� second where
it is attractive� The repulsive case causes no problems� However� the attractive case yields
a discrete negative subspectrum due to strongly attractive potentials in the variable r in

��



IR� and � on S���� It would seem very odd to discard these cases because it seems ill

de�ned� Rather we must �nd an analytic continuation for these kinds of problems� The
case of IR� can be treated in the context of the free motion on pseudo
Euclidean space�
c�f�e�g� ���� ����� and the solution is known� The situation is unfortunately very di�erent
for the strongly attractive singular potential on S���� Here� no solution seems to be known
yet �however� c�f� ���� for the corresponding hyperbolic case�

��� The coordinate system XXX� separates a radial potential according to V �u�� u� � ��u���
��u��� XXXIV� a potential according to V �u� � ��u��� which are� however� trivial and not
very interesting� The systems XXXI��XXXIII� separate a potential according to

V���u �
�

�u� � u�
� �

�

u��
�

�

u��
� ����

where we do not know any application� and no explicit solution�

��� Let us �nally note another application of the prolate elliptic coordinate system� It has the
property that it separates the two
center Coulomb problem on the hyperboloid� similarly
as the prolate elliptic system on the sphere separates the two
center Coulomb problem on
S��� ���� ����� Let us consider two point charges located at u��� � ��� �� ���k��k on the
hyperboloid� Then it is not di"cult to show by means of the prolate elliptic coordinate
system that one has in algebraic form �Z� � Z� � Z�

V �u�� u�� u � �Z�

u� � up
�u� � u� � �

� Z�

u� � up
�u� � u� � �

� �Z�

p
��� � a���� � a�� Z�

p
��� � a����� a�

�� � ��
� �����

A detailed investigation of this problem will be presented elsewhere �	���

We cannot say for sure if we really have found all possible super
integrable potentials on the
hyperboloid� For a systematic search one must solve di�erential equations which emerge from the
general form of a potential separable in a particular coordinate system� and changing variables�
Because there are �� coordinate systems on the hyperboloid which separate the Schr�odinger
equation� there are ��+ � 	�� � ���� of such di�erential equations� This is not tractable� and one
has to look for alternative procedures� in particular physical arguments� In this respect� we have
found the relevant potentials which matters from a physical point of view� and which are the
analogues of the �at space limit IR�� including the corresponding coordinate systems�

Summarizing� we have achieved an enumeration and classi�cation of super
integrable systems
in spaces of constant �positive� zero� or negative curvature� Further studies along these lines
could include the investigation of the corresponding interbasis expansions� the contraction of the
wave
functions in the curved spaces with respect to their Euclidean �at space limit� c�f� ������
their pseudo
Euclidean �at space limit� and the solution of the various superintegrable potentials
in the generic� respectively parametric coordinate systems �	��� Among the latter� the most
important cases are the Coulomb problems� for instance the Coulomb problem in ���� or ����

in semi
hyperbolic coordinates� and the investigation of the Stark
e�ect in spaces of constant
curvature which includes the solution of the corresponding Schr�odinger equations� or an analysis
of the anisotropic Kepler problem ���� ��� ��� ���� in a space of �non
zero constant curvature�
We hope to return to these issues in the future�

���



Acknowledgements

The authors gratefully acknowledge �nancial support from the Heisenberg
Landau program�
C�Grosche would like to thank the members of the Joint Institut for Nuclear Research� Dubna�
for their kind hospitality� G�S�Pogosyan would like to thank the members of the II�Institut f�ur
Theoretische Physik� Hamburg University� for their kind hospitality�

A Elementary Path Integral Techniques

In order to set up our notation for path integrals on curved manifolds we proceed in the canonical
way �see� e�g�� DeWitt ��	�� D�Olivio and Torres ����� Feynman ����� Feynman and Hibbs �����
Gervais and Jevicki ����� ���� 		�� McLaughlin and Schulman ������ Mayes and Dowker ������
Mizrahi ������ and Omote ������ In the following x denotes D
dimensional cartesian coordinates�
q D
dimensional arbitrary coordinates� and x� y� z etc� are one
dimensional coordinates�

A�� Dening the Path Integral�

We start by considering the classical Lagrangian corresponding to the line element ds� �
gabdq

adqb of the classical motion in some D
dimensional Riemannian space

LCl�q� *q � M

�

�
ds

dt

��
� V �q �

M

�
gab�q *q

a *qb � V �q � �A��

The quantum Hamiltonian is constructed by means of the Laplace
Beltrami operator

H � � �
�

�M
%LB � V �q � � �

�

�M

�p
g

�

�qa
gab
p
g
�

�qb
� V �q �A��

as a de�nition of the quantum theory on a curved space� Here are g � det�gab� �gab � �gab���
and %LB � g����agabg���b� The scalar product for wave
functions on the manifold reads
�f� g �

R
dq
p
gf��qg�q� and the momentum operators which are hermitian with respect to

this scalar product are given by

pa �
�

i

�
�

�qa
�

)a
�

�
� )a �

� ln
p
g

�qa
� �A��

In terms of the momentum operators �A�� we can rewrite H by using an ordering prescription
called product according ����� where we assume gab � hachcb �other lattice formulations like
the important midpoint prescription �MP which is corresponding to the Weyl ordering in the
Hamiltonian� we do not discuss� Then we obtain for the Hamiltonian �A��

H � � �
�

�M
%LB � V �q �

�

�M
hacpapbh

cb �%V �q � V �q � �A��

and for the path integral we obtain
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q
g�q exp

�
i

�

Z t��
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%VPF denotes the well
de�ned quantum potential

%VPF �q �
�
�

	M

h
gab)a)b � ��gab)b�b � gab�ab � �hachbc�ab � hac�ah

bc
�b � hac�bh

bc
�a

i
� �A��

Here we have used the abbreviations 
 � �t��� t��N � T�N � %qj � qj�qj��� 2qj � �
�
�qj�qj��

for qj � q�t� � j
 �tj � t� � 
j� j � �� � � � � N and we interpret the limit N 
 � as equivalent
to 

 �� T �xed� The lattice representation can be obtained by exploiting the composition law
of the time
evolution operator U � exp��iHT��� respectively its semi
group property� and the
the discretized path integral emerges in a natural way� The classical Lagrangian is modi�ed into
an e�ective Lagrangian via Leff � LCl � %V � In cartesian coordinates ordering problems do
not appear in the Hamiltonian� and the path integral takes on the simple form �with obvious
lattice discretization

K�x���x��T  �

x�t����x��Z
x�t���x�

Dx�t exp
�
i

�

Z t��

t�

�
M

�
*x� � V �x

�
dt

�
� �A��

If the metric tensor is diagonal� i�e�� gab � f�a�ab� the quantum potential simpli�es into

%VPF �q �
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fb�a
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fa�aa
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� �
fa�a
fa
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�
� �

�
fb�a
fb

�
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�
� �A�	

Let us assume that gab is proportional to the unit tensor� i�e�� gab � f��ab� Then %VPF simpli�es
into

%VPF � �
�D � �

	M

���Df��a � �f � f�aa
f�

� �A��

This implies� that if the dimension of the space is D � �� the quantum correction %VPF vanishes�
Let us consider the special case that the metric is of the form �q � �a� b� z are some three


dimensional coordinates
ds��q � h���da� � db� � u�dz� � �A���

with h � h�a� b� u� u�a� b� Then the quantum potential is of the form

%VPF �
�
�

	M

h�

u�

h
�u�u�aa � u�bb� �u��a � u��b

i
� �A���

A�� Transformation Techniques�

Point Canonical Transformations�

Indispensable tools in path integral techniques are transformation rules� In order to avoid
cumbersome notation� we restrict ourselves to the one
dimensional case� For the general case
we refer to DeWitt ��	�� Duru and Kleinert ����� Fischer� Leschke and M�uller ���� �	�� Gervais
and Jevicki ����� Refs� ��	� 		� ��� ���� Inomata ������ Kleinert ����� ����� and Storchak ��	���
and references therein� Implementing a transformation x � F �q� one has to keep all terms of
O�
 in �A��� Expanding about midpoints� the result is

K�F �q��� F �q��T  �
h
F ��q��F ��q�
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Space�Time Transformations�

It is obvious that the path integral representation �A��� is not completely satisfactory� Whereas
the transformed potential V �F �q may have a convenient form when expressed in the new coor

dinate q� the kinetic term M

�
F �� *q� is in general nasty� Here the so
called �time transformation�

comes into play which leads in combination with the �space transformation� already carried out
to general �space
time transformations� in path integrals� The time transformation is imple

mented ���� 		� ���� ���� ���� ���� �	�� by introducing a new �pseudo
time� s��� In order to do
this� one �rst makes use of the operator identity

�

H � E
� fr�x

�

fl�x�H � Efr�x
fl�x � �A���

where H is the Hamiltonian corresponding to the path integral K�T � and fl�r�x are functions
in q and t� multiplying from the left or from the right� respectively� onto the operator �H �E�
Secondly� one introduces a new pseudo
time s�� and assumes that the constraint

Z s��

�
dsfl�F �q�sfr�F �q�s � T � t�� � t� �A���

has for all admissible paths a unique solution s�� � � given by

s�� �
Z t��

t�

dt

fl�xfr�x
�

Z t��

t�

ds

F ���q�s
� �A���

Here one has made the choice fl�F �q�s � fr�F �q�s � F ��q�s in order that in the �nal
result the metric coe"cient in the kinetic energy term is equal to one� A convenient way to derive
the corresponding transformation formul# uses the energy dependent Green function G�E of
the kernel K�T  de�ned by

G�q��� q��E �

$
q��
!!!! �

H � E � i


!!!!q�
%
�

i

�

Z �

�
dTei�E�i��T�K�q��� q��T  � �A���

where a small positive imaginary part �
 � � has been added to the energy E� �Very often
we shall not explicitly write the i
� but will tacitly assume that the various expressions are
regularized according to this rule� For the path integral �A��� one obtains the following
transformation formula
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Z
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e�iET�G�q��� q��E � �A��	

G�q��� q��E �
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�
ds�� !K�q��� q�� s�� � �A���

with the transformed path integral !K given by
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with the quantum potential %V given by

%V �q �
�
�

	M

�
�
F ���

F �� � �
F ���

F �

�
� �A���

Note that %V has the form of a Schwarz derivative of F � A rigorous lattice derivation is far
from being trivial and has been discussed by some authors� Recent attempts to put it on a
sound footing can be found in Castrigiano and St�ark ����� Fischer et al� ���� �	� and Young and
DeWitt
Morette ������

A�� Separation of Variables�

Separation Formula for the Path Integral�

By the same technique also the separation of variables in path integrals can be stated� c�f�
����� Let us consider a D � d � d� dimensional system� where x represents the d
dimensional
coordinate and z the d�
dimensional coordinate� For simplicity we consider the special case
where the metric tensor for the x coordinates is equal to f��z�l� and the metric tensor for
the z coordinates is diagonal and denoted by g � g�z with elements gi � gii�z� i � �� � � � � d��
Furthermore� we incorporate a potential of the special form !W �x� z � W �z�V �x�f��z which
include all quantum potentials arising from metric terms� Then �g �

Q
g�i 
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Here we assume that the d
dimensional x
path integration has the special representation
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We make frequently use of �A����

A�� Path Integral Identity for the P�oschl�Teller Potential�

As we shall see� we encounter particularly in the case of the Higgs oscillator� the P�oschl
Teller and
the modi�ed P�oschl
Teller potential in our path integral problems� The path integral solution
of the P�oschl
Teller potential reads as follows �B�ohm and Junker ����� Duru ����� ���� ��� ����
Fischer et al� ����� Inomata et al� ���	�� Kleinert and Mustapic ������ � � x � ���
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x�t���x�
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The bound state wave
functions and the energy spectrum are given by
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The P �	�
�
n are Jacobi polynomials� The P�oschl
Teller wave
functions ��	�
��x are normalized to

unity with respect to the scalar product
R ��
� j��	�
�n �xj�dx � �� The Green function G
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PT �E

has the form

G
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where m��� � �
��� � �� LE � ��

� � �
�

p
�ME��� �F��a� b� c� z is the hypergeometric function�

and x�� x� denotes the larger� respectively smaller of x�� x���

A�� Path Integral Identity for the Modied P�oschl�Teller Potential�

The case of the modi�ed P�oschl
Teller potential is given by ���� �	� ��� ��� ��� ��	� ����

r�t����r��Z
r�t���r�

Dr�t exp
�
i

�

Z t��

t�

�
M

�
*r� � �

�

�M

�
�� � �

�

sinh� r
� �� � �

�

cosh� r

��
dt

�

�
NmaxX
n��

e�iEnT��������
n �r�������

n �r�� �
Z �

�
dp e�iEpT��������

p �r�������
p �r�� � �A���

�

Z
IR

dE

��i
e�iET�G�����

mPT �r
��� r��E � �A���

The bound states have the form
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n �sinh r�����cosh rn������F���n� �� n� � � �� tanh� r � �A���
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Here denote n � �� �� � � � � Nmax � ��
�
������� � �� and only a �nite number of bound states can

exist depending on the strength of the attractive potential trough and the repulsive centrifugal

���



term as well� Here �x� denotes the integer part of the real number x� The continuous states are
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The Green function G
�����
mPT �E has the form

G
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where we have set m��� � �
��� �

p��ME��� L� � �
��� � �� We make extensively use of the

solutions of the P�oschl
Teller and the modi�ed P�oschl
Teller potential� respectively�

A�	 Path Integral Identity for the Rosen�Morse Potential�

For completeness we cite the path integral solution of the Rosen
Morse potential according to
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The wave functions and the energy
spectrum of the continuous states are given by
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B New Super�Integrable Potential in IR�

In this subsection we discuss an additional minimally super
integrable potential in IR� which we
have not mentioned in �	��� It consists of a Coulomb potential in S��� as a subsystem� which
is maximally super
integrable in S���� hence minimally super
integrable in IR�� It is separable
in spherical and conical coordinates which are listed in the following small table �a complete
tabulation of coordinate systems in IR� can be found in ���� 	���

Coordinate System Coordinates

Conical r � � x � r sn���� k� dn� �	� k��

�� � ��K�K� y � r cn���� k� dn� �	� k��

�	 � ���K �� �K�� z � r dn���� k� sn� �	� k��

Conical II r � � x � r�k� sn���� k� dn� �	� k�� 	 k dn���� k� sn� �	� k���

�� � ��K�K� y � r cn���� k� cn� �	� k��

�	 � ���K �� �K�� z � r�k� dn���� k� sn� �	� k�� � k sn���� k� dn� �	� k���

Spherical x � r sin� cos�

r � �� � � ��� �� y � r sin� sin�

� � ��� ��� z � r cos�

B�� Subsystem of Higgs Oscillator on S����

We consider the potential
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This potential has the proper sub
group structure to be a minimally super
integrable potential
in IR�� However� it corresponds to the �rst minimally super
integrable potential in �	�� with
F �r � �� and therefore gives nothing new�

���



B�� Subsystem of Coulomb potential on S����

We consider the potential
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and the fourth observable is given by
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Only the case of spherical coordinates is exactly solvable� We obtain
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Here are �� � m � �� � k� � k���� �
�
� � �MEl��

� with El �
�
�

�M
�(l� � �

�
 � M�����(l�� and

(l � l����
�
� � The $

�	�
ml �s are the wave
functions of the Coulomb potential on S��� ���� �in any

of the two separating coordinate systems� where however� only in spherical coordinates they are
explicitly known� Due to the property of the Coulomb spectrum on S��� that it can be negative
as well as positive we must distinguish between the cases ��� � � and ��� � �� The former case is
simple� We just obtain a usual repelling centrifugal potential� The latter case� however� causes
the necessity of an analytic continuation due to the strong attractive singularity at the origin�
Such terms arise in the treatment of the quantum mechanical motion in pseudo
Euclidean spaces
����� ����� and the corresponding path integral discussions have been done in ����� and c�f� ����
for more details and references therein�

C New Super�Integrable Potential on S
���

In this appendix we discuss two minimally super
integrable potentials in S��� which we have
not mentioned in �	��� They are the Higgs
oscillator and the Coulomb potential in S��� as
subsystems� which are maximally super
integrable in S����� hence minimally super
integrable in
S���� Both potentials are separable in spherical and sphero
conical coordinates which are listed
in the following small table �a complete tabulation of coordinate systems in IR� can be found in
���� 	���

Coordinate System Coordinates

Sphero�Elliptic s� � sin� sn���� k� dn� �	� k��

� � ��� �� s� � sin� cn���� k� cn� �	� k��

�� � ��K�K� s� � sin� dn���� k� sn� �	� k��

�	 � ���K�� �K�� s� � cos �
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� � ��� �� s� � sin� cn���� k� cn� �	� k��

�� � ��K�K� s� � sin��k� dn���� k� sn� �	� k��� k sn���� k� dn� �	� k���

�	 � ���K�� �K�� s� � cos �

Spherical s� � sin� sin� cos�

� � ��� �� s� � sin� sin� sin�
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� � ��� ��� s� � cos �

C�� Subsystem of Higgs Oscillator on S����

We consider the potential
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It has the proper sup
group structure to be a minimally super
integrable potential on S����
However� the explicit form in� e�g�� spherical coordinates show that V corresponds by an appro


���



priate rede�nition of parameters to the generalized Higgs
oscillator on S��� �	��� and is therefore
maximally super
integrable�

C�� Subsystem of Coulomb Potential on S����

We consider the potential
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Only the spherical system can be solved� We have
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Here are �� � m����k��k���� ��� � �MEl��
� with El �
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the wave
functions $
�	�
ml �s for the Coulomb problem on S��� �	�� as in Section B��� and the

P�oschl
Teller wave
functions /�����k��
n ���R �A��� endowed with the factor R���� Again we

must distinguish between two cases� i�e�� ��� � � and ��� � �� respectively� For the former
case we have written down the solution� For the latter case� however� the proper analytic
continuation is not known� It corresponds to one of the �� coordinate system solutions on the
O��� � hyperboloid ������ We will not dwell on this topic any further here� and the issue will
be discussed elsewhere �	���

D List of Super�Integrable Potentials in Spaces of Constant

Curvature

We brie�y list the super
integrable potentials on the spaces of constant curvature in IR�� IR�

�maximally and minimally super
integrable� on S��� and S��� �maximally and minimally super

integrable� and on ���� according to �	����	��� respectively� In IR� we have four super
integrable
potentials� V��x� � � � � V��x �x � IR�� in IR� �ve maximally super
integrable V��x� � � � � V��x�
and nine minimally super
integrable V��x� � � � � V��x �x � IR� potentials� On S��� there are
two superintegrable potentials V��s and V��s �s � S���� on S��� there are three maximally
super
integrable V��s� � � � � V��s and four minimally super
integrable potentials V��s� � � � � V	�s
�s � S���� On ���� there are �ve super
integrable potentials V��u� � � � � V��u �u � ����� The
integrable potentials V
������s on S��� are not taken into account�

For each potential we list the separating coordinate system� for the respective de�nitions
c�f� �	����	��� where the coordinate systems where an explicit analytic solution can be found are
underlined� We also state all the corresponding observables�

They are now the following potentials�

���
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