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ABSTRACT

Path integral formulations for Smorodinsky�Winternitz potentials on the two�dimensional hy�
perboloid are presented
 This paper is the third in a sequel� and we try to generalize the notion
of super�integrable potentials as known from �at space to the case of spaces of constant negative
curvature
 We 
nd 
ve potentials of the sought type� and in each case we state the correspond�
ing path integral formulation
 Whereas in several coordinate systems an explicit path integral
calculation is not possible� we list in the soluble cases the path integral solutions explicitly in
terms of the propagators� the Green�s functions� and the spectral expansions into the wave�
functions
 Some special care is taken for the proper generalization of the harmonic oscillator on
the hyperboloid� i
e
 the Higgs�oscillator� and the Kepler�Coulomb problem






� Introduction�

In this paper we continue our study of potential problems in quantum mechanics in spaces of
constant curvature which are separable in more than one coordinate system
 For this kind of
potential systems we have introduced the notion Smorodinsky�Winternitz potentials� because
the 
rst systematic investigation of such systems was undertaken by Smorodinsky� Winternitz
and co�workers in Refs
 ��� �	� ���
 In IR� there are four potentials of the sought type ��� which
all have three constants �integrals� of motion �including energy�� i
e
� there are two more oper�
ators commuting with the Hamiltonian and with each other
 In IR� there are 
ve maximally
superintegrable potentials with 
ve integrals of motion ��� ��� and �� minimally superintegrable
potentials with four integrals of motion ��� ��� ���
 On the two�dimensional sphere we have
found two superintegrable potentials� and on the three�dimensional sphere three maximally and

ve minimally superintegrable potentials ���� ���
 Generally� in D dimensions maximally super�
integrable potentials have �D � � integrals of motion� respectively observables� and minimally
superintegrable potentials �D � � integrals of motion �this means that the notion minimally
superintegrable and integrable cannot be distinguished in two dimensions�


Let us brie�y discuss the physical signi
cance of the consideration of separation of variables
in more than one coordinate system
 The free motion in some homogeneous space is� of course�
the most symmetric one� and the search for the number of coordinate systems which allow the
separation of the Hamiltonian is equivalent to the investigation of how many inequivalent sets of
observables can be found� and there are D integrals of motion
 The incorporation of potentials
usually removes at least some of the symmetry properties of the space
 Well�known examples are
spherical systems� and they are most conveniently studied in spherical coordinates
 For instance�
the isotropic harmonic oscillator in three dimensions is separable in eight coordinate systems�
namely in cartesian� spherical� circular polar� circular elliptic� conical� oblate spheroidal� prolate
spheroidal� and ellipsoidal coordinates
 The Coulomb potential is separable in four coordinate
systems� namely in conical� spherical parabolic� and prolate spheroidal II coordinates �for a
comprehensive review with the focus on path integration� e
g
� �����


The separation of a quantum mechanical problem in more than one coordinate systems has
the consequence that there are additional integrals of motion and that the discrete spectrum�
if it exists� is degenerate
 The Noether theorem connects the particular symmetries of the
Lagrangian� i
e
� the invariances with respect to the dynamical symmetries� with conservation
laws in classical mechanics and with observables in quantum mechanics� respectively
 In the
case of the isotropic harmonic oscillator one has in addition to the conservation of energy and
the conservation of the angular momentum� the conservation of the quadrupole moment� in
the case of the Coulomb problem one has in addition to the conservation of energy and the
angular momentum� the conservation of the Pauli�Runge�Lenz vector
 In total� these conserved
quantities add up to 
ve integrals of motion in classical mechanics� respectively observables in
quantum mechanics
 It is even possible to introduce extra terms in the pure oscillator and
Coulomb�� respectively Kepler�problem� in such a way that one still has all these integrals of
motion� however� somewhat modi
ed ���


In our paper ���� we extended the notion of �super�integrability� to spaces of constant pos�
itive curvature
 One knows that the corresponding Higgs�oscillators �as discussed by� e
g
 Gra�
novsky et al
 ����� Higgs ����� Ikeda and Katayama �	��� Katayama �	��� Leemon ����� Pogosyan
et al
 ����� and Nishino ������ and Kepler problems �c
f
 Granovsky et al
 ����� Hietarinta �����
Ikeda and Katayama �	��� Katayama �	��� Kurochkin and Otchik ����� Nishino ����� Otchik and
Red�kov ����� and Vinitsky et al
 ����� in spaces of non�vanishing constant curvature do have
additional constants of motion� the analogues of the �at space
 For the Higgs�oscillator it is the
Demkov�tensor �	� ���� and for the Kepler problem it is the analogue of the Pauli�Runge�Lenz
vector in a space of constant curvature� c
f
 ���� ��� ���
 It is also found that the Higgs oscilla�

�



tor and the Kepler problem are the only central systems �	��
 However� additional non�central
superintegrable potentials might exist


In our investigation the path integral turns out to be a very convenient tool to formulate and
solve the Smorodinsky�Winternitz potentials on the hyperboloid� and it provides the natural
way in which the analytic structure of the solutions is manifest
 Separation of variables in each
problem can be done in a straightforward and easy way
 There are already some studies of the
oscillator problem and the Coulomb problem in spaces of constant curvature
 The oscillator
problem� including the case where additional radial dependences are taken into account� are
basically path integral problems which are related to the P�oschl�Teller and modi
ed P�oschl�
Teller path integral
 The Coulomb problem is somewhat more involved� and has been discussed
by means of path integral in spherical coordinates by Barut et al
 ��� and ����
 In the present
investigation these earlier results will be used in the calculations� and no detailed derivations
will be given in these cases
 The path integral calculation of the Coulomb problem on the
hyperboloid in elliptic�parabolic coordinates is completely new� and its turns out that some
results of the calculation for the free motion can be used in its solution ����


However� all former studies have taken into account only central systems and their solutions
in spherical variables� which is obvious
 Neither a systematic search for alternative descriptions
in other coordinate systems has been done� nor a search for further separable potentials
 In
particular� the Holt potential with a linear term is important� because it allows the incorporation
of electric 
elds
 The case of magnetic 
elds on the two�dimensional hyperboloid has been
considered by means of path integrals in ����� and it has been found that in spherical� horicyclic
and equidistant coordinates a separation of variables is possible� i
e
� in coordinate systems which
have one ignorable coordinate �	��� and the corresponding solutions are circular� respectively
plane waves in this �ignorable� coordinate
 Depending on the strength of the magnetic 
eld a

nite number of bound states can exist
 Such investigations play an important r�ole in the theory
of tensor�weighted Laplacians� automorphic forms� determinants of Laplacians and zeta�function
regularization� and quantum 
eld theory on �super�� Riemann surfaces� e
g
 ���� and references
therein


The contents of this paper are as follows
 In the next section we give a short summary of
the path integral technique we are using� including for completeness to make the paper self�
contained the path integral solutions of the P�oschl�Teller and modi
ed P�oschl�Teller potential

In the third section we give an introduction to the formulation and construction of coordinate
systems on the two�dimensional hyperboloid
 This includes an enumeration of all the coordinate
systems according to ���� 		� 	�� ���� which separate the Schr�odinger equation� respectively the
path integral
 Furthermore� we list for all coordinate systems the corresponding observable� the
St�ackel�matrix� the Hamiltonian� and the general form a potential must have to be separable in
the coordinate system� together with its observable


In Section IV we present the path integral formulations of the Smorodinsky�Winternitz
potentials on the two�dimensional hyperboloid
 The two most important ones are the Higgs�
oscillator and the Coulomb problem
 We 
nd three more potentials with the required properties

One of them� the potential V� is an analogue of the Holt potential �	��� the fourth is a centrifugal
potential which does not have an analogue on the sphere or in �at space� and the 
fth models
a potential which is linear in the �at space limit


In the 
fth Section we summarize and discuss our results
 Here we also make some remarks
about the problem of ambiguities of the generalization of �at space potentials to spaces of con�
stant curvature
 We also present a little table to illustrate the correspondence of superintegrable
potentials in two dimensions


�



� Elementary Path Integral Techniques�

��� De�ning the Path Integral�

For the construction of the path integral in a curved space� we proceed in the canonical way
according to Feynman and Hibbs ���� Refs
 ���� ���� Schulman ����� and references therein
 In the
following x denote D�dimensional cartesian coordinates� q D�dimensional arbitrary coordinates�
s coordinates on a sphere� u � �u�� u�� u�� coordinates on the two�dimensional hyperboloid� and
x� y� z etc
 are one�dimensional coordinates
 We start by considering the classical Lagrangian
corresponding to the line element ds� � gabdq

adqb of the classical motion in some Riemannian
space

LCl�q� �q� � M

�

�
ds

dt

��

� V �q� �
M

�
gab�q� �q

a �qb � V �q� � ��
��

The quantum Hamiltonian is constructed by means of

H � � �h�

�M
�LB  V �q� � � �h�

�M

�p
g

�

�qa
gab
p
g
�

�qb
 V �q� ��
��

as a de�nition of the quantum theory on a curved space
 Here are g � det�gab�� �g
ab� � �gab�

���
and �LB � g�����agabg����b is the Laplace�Beltrami operator
 The scalar product for wave�
functions on the manifold reads �f� g� �

R
dq
p
gf��q�g�q�� and the momentum operators which

are hermitian with respect to this scalar product are given by

pa �
�h

i

�
�

�qa
 
!a
�

�
� !a �

� ln
p
g

�qa
� ��
	�

In terms of the momentum operators ��
	� we can rewrite H by using an ordering prescription
called product�ordering� where we assume gab � hachcb� other lattice formulations like the im�
portant midpoint prescription �MP� which corresponds to the Weyl ordering in the Hamiltonian�
we do not discuss
 Then we obtain for the Hamiltonian ��
��

H � � �h�

�M
�LB  V �q� �

�

�M
hacpapbh

cb  V �q�  �V �q� � ��
��

and for the path integral we have

K�q���q��T � �

q�t����q��Z
q�t���q�

Dq�t�
q
g�q� exp

�
i

�h

Z t��

t�

�
M

�
hac�q�hcb�q� �q

a �qb � V �q���V �q�
�
dt

�

� lim
N��

�
M

��i��h

�ND�� N��Y
k��

Z
dqk

q
g�qk�

� exp
�
i

�h

NX
j��

�
M

��
hbc�qj�hac�qj����qaj�q

b
j � �V �qj�� ��V �qj�

��
� ��
��

�V denotes the well�de
ned quantum potential

�V �q� �
�h�

�M

h
gab!a!b  ��g

ab!b��b  gab�ab

i
 
�h�

�M

	
�hachbc�ab � hac�ah

bc
�b � hac�bh

bc
�a



� ��
��

Here we have used the abbreviations � � �t��� t���N � T�N � �qj � qj�qj��� �qj � �
�
�qj qj���

for qj � q�t�  j�� �tj � t�  �j� j � �� � � � � N� and we interpret the limit N � � as equivalent
to � � �� T 
xed
 The lattice representation can be achieved by exploiting the composition
law of the time�evolution operator U � exp��iHT��h�
 Then the discretized path integral

	



emerges in a natural way� and the classical Lagrangian is modi
ed into an e"ective Lagrangian
via Leff � LCl � �V 
 Note that the factorization of the metric according to gab � hachcb
characterizes the hac as Lam#e coe$cients ����� see below


Concerning the space�time transformation technique we do not repeat the relevant formul%
once more again� and would like to refer to the literature instead� c
f
 ��� ���&���� 	��� and
references therein


��� The P�oschl�Teller Potential�

As we shall see� we encounter particularly in the case of the Higgs oscillator� the P�oschl�Teller and
the modi
ed P�oschl�Teller potentials in our path integral problems
 The path integral solution
of the P�oschl�Teller potential reads as follows �B�ohm and Junker ���� Duru ���� ���� ��� ����
Fischer et al
 ���� Inomata et al
 �	��� Kleinert and Mustapic �	��� � � x � ����

x�t����x��Z
x�t���x�

Dx�t� exp
�
i

�h

Z t��

t�

�
M

�
�x� � �h�

�M

�
	� � �

�

sin� x
 

� � �

�

cos� x

��
dt

�

�
X
n�IN�

e�iEnT�	h������n �x��������n �x��� � ��
��

�

Z
IR

dE

��i
e�iET�	hG�����

PT �x��� x��E� � ��
��

The bound state wave�functions and the energy spectrum are given by

������n �x� �

�
��	 
  �n ��

n'!�	 
  n  ��

!�	 n ��!�
  n ��

����
��sin x��
����cosx��
���P �����

n �cos �x� � ��
��

En �
�h�

�M
��n 	  
  ��

�
� ��
���

The P �����
n are Jacobi polynomials ���� p
��	��� and the wave�functions �������x� are normalized

to unity according to Z ���

�
j������n �x�j�dx � � � ��
���

The Green�s function G�����
PT �E� has the form

G
�����
PT �x��� x��E� �

M

��h�
p
sin x� sin x��

!�m� � LE�!�LE  m�  ��

!�m�  m�  ��!�m� �m�  ��

�
�
�� cos �x�

�

�� cos �x��
�

��m��m������  cos �x�
�

�  cos �x��

�

��m�
m����

��F�

�
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�� cos �x�
�

�

��F�

�
� LE  m�� LE  m�  ��m�  m�  ��

�� cos �x�
�

�
� ��
���

where m��� �
�
�
�
�	�� LE �

�
�
�
p
�ME��h� ��� �F��a� b� c� z� is the hypergeometric function ����

p
��	��� and x�� x� denotes the larger� respectively smaller of x�� x��
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��� The modi�ed P�oschl�Teller Potential�

The case of the modi
ed P�oschl�Teller potential is given by ��� �� ��� ��� ��� 	�� 	��

r�t����r��Z
r�t���r�

Dr�t� exp
�
i

�h

Z t��

t�

�
M

�
�r� � �h�

�M

�
�� � �

�

sinh� r
� 
� � �

�

cosh� r

��
dt

�

�
NmaxX
n��

e�iEnT�	h��	�
��
n �r����	�
�

n �r���  
Z �

�
dp e�iEpT�	h��	�
��

p �r����	�
�
p �r��� � ��
�	�

�
Z
IR

dE

��i
e�iET�	hG�	�
�

mPT �r
��� r��E� � ��
���

The bound states are given by

��	�
�
n �r� � N �	�
�

n �sinh r�	
����cosh r�n�

����F���n� 
� n� �  �� tanh� r� � ��
���

N �	�
�
n �

�

!��  ��

�
��
� �� �n � ��!�n �  ��!�
� n�

!�
� �� n�n'

����
�

En � � �h�

�M
��n �� 
 ��� � ��
���

Here denote n � �� �� � � � � Nmax � �
�
��
������ � �� and only a 
nite number of bound states can

exist depending on the strength of the attractive potential trough and the repulsive centrifugal
term as well
 Here �x� denotes the integer part of the real number x
 The continuous states are

��	�
�
p �r� � N �	�
�

p �cosh r�ip�tanh r�	
����F�

�

 � �� ip

�
�
� � 
 �� ip

�
� �  �� tanh� r

�

N �	�
�
p �

�

!��  ��

s
p sinh �p

���
!

�

 � �� ip

�

�
!

�
�� 
 �� ip

�

�
� ��
���

and Ep � �h
�p���M 
 The Green�s function G

�	�
�
mPT �E� has the form

G
�	�
�
mPT �r

��� r��E� �
M

��h�
!�m� � L
�!�L
  m�  ��

!�m�  m�  ��!�m� �m�  ��

��cosh r� cosh r�����m��m���tanh r� tanh r���m�
m�
���

��F�

�
� L
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�

cosh� r�

�

��F�

�
� L
  m�� L
  m�  ��m� m�  �� tanh

� r�

�
� ��
���

where we have set m��� �
�
�
�� � p��ME��h�� L
 �

�
�
�
 � ��
 We make extensively use of the

solutions of the P�oschl�Teller and the modi
ed P�oschl�Teller potentials� respectively


� Separation of Variables and Coordinate Systems on the

Hyperboloid�

In this section we discuss separation of variables in the Schr�odinger equation� respectively in the
path integral� and list the coordinate systems on the two�dimensional hyperboloid (���


�



��� Separation of Variables in the Schr�odinger Equation and the Path
Integral�

Let us consider the time�independent Schr�odinger equation in a Riemannian space

H) � � �h�

�M
�LB  V � E) � �	
��

where �LB is the Laplace�Beltrami operator as de
ned in the previous section
 Observing that
the line�element for an orthogonal coordinate system � � ���� � � � � �D� can be written according
to

ds� �
DX
i��

h�i �d�i�
� � �	
��

�LB can be cast into the form

�LB �
DX
i��

�QD
j�� hj���

�

��i

�QD
k�� hk���

h�i ���

�

��i

�
� �	
	�

As was shown by Moon and Spencer ���� the necessary and su$cient condition for simple
separability of the Helmholtz equation� in aD�dimensional Riemannian space with an orthogonal
coordinate system �� is the factorization of the Lam#e coe$cients hi according toQD

j�� hj���

h�i ���
�Mi�

DY
j��

fj��j� �	
��

such that
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�S

�*i�

�
S���

h�i ���
�

h���

S���
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fi��i� � h �
DY
i��

hi��� �

�	
��
where S is the St�ackel determinant ����
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� �	
��

and Mi� is called the cofactor of *i�

For the separation of the Schr�odinger equation a potential V must have the following form

V �
DX
i

vi��i�

h�i
� �	
��

and the separated equations are �) � ��������D�

�

fi

d

d�i

�
fi
d�i
d�i

�
 

�X
k

*ik	k � vi

�
�i � � � �	
��

Here 	� � �ME��h� and 	�� 	�� � � � � 	D are the separation constants
 By using these equations
one can construct the full set of commuting operators for each coordinate system
 In ��	� it was
proven that if in the coordinate system ���� � � � � �D� the Schr�odinger equation �	
�� admits simple
separation of variables that there exists D� � linearly independent second degree operators Ik�

�



k � �� 	� � � � � D � � commuting with the Hamiltonian H and with each other� and having the
form

Ik � �
DX
i��

�
*��

�
ik

�
�

fi

d

d�i

�
fi
d�i
d�i

�
 vi

�
� �	
��

The separation constants 	�� 	� � � �	D are the eigenvalue of these operators� i
e
�
Ik) � 	k) � �	
���

Superintegrable systems have the property that they admit not only separation of variables
in one coordinate system� but in at least two
 This has the consequence that the system has
additional integrals of motion� and that the discrete spectrum has accidental degeneracies


The theory of separation of variables allows us the formulation of the corresponding separa�
tion formula for the path integral
 Introducing the �new� momentum operators Pi �

	h
i
���i 

�
�
!i��

!i � f �i�fi� we then can rewrite the Legendre transformed Hamiltonian as follows ��	�
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We then obtain according to the general theory by means of a space�time transformation the
following identity in the path integral �g �

Q
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Therefore we have achieved complete separation of variables in the ��path integral


��� Coordinate Systems on �����

In this subsection we consider the coordinate systems of the two�dimensional hyperboloid de
ned
by

u�� � u�� � u�� � u�� � u� � R� � u� � � �	
�	�

�



which separate the Schr�odinger equation� respectively the path integral on (���
 The notion
u� � � means that we consider only one sheet of the double�sheeted hyperboloid u�� � u� � R�

The enumeration includes the de
nition of the coordinates� the characteristic operator I � i
e
� the
operator which commutes with the Hamiltonian� the St�ackel�matrix S� the momentum operators
pi� the Schr�odinger operator �Hamiltonian� H � and the general form of the potential which
separates in the corresponding coordinates� together with its observable I �V �
 In the notation of
the coordinate systems we follow ���� and ����
 The Hamiltonian on (��� can be written as

H � H�  V �u� � H� � � �h�

�MR��
������
LB �

�

�MR� �K
�
�  K�

� � L�
�� � �	
���

where K��� are �hyperbolic� angular�momentum operators de
ned by
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�u�

�
� K� �

�h
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�u�
 u�

�

�u�

�
� �	
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and L� is the angular momentum operator corresponding to rotations about the u��axis� i
e
�

L� �
�h

i

�
u�

�

�u�
� u�

�

�u�

�
� �	
���

K�� K� are the generators of the Lorentz transformations� and L� is the generator of �spatial�
rotations in three�dimensional Minkowskian space
 The Schr�odinger equation the Eigenvalue
problem for the free motion on the two�dimensional hyperboloid has the form

H�)�u� � E)�u� �
�h�

�MR�

�
p�  

�

�

�
)�u� � p � � � �	
���

The spectrum is purely continuous with largest lower bound E� � �h
���MR� ����


For the classi
cation of the coordinate system on the two�dimensional hyperboloid we need
the Hamiltonian H and another second�order di"erential operator I which commutes with H 

In the following we call the operator I corresponding to this quantum number �characteristic�
observable� respectively the characteristic operator


In the sequel we only consider orthogonal coordinate systems on the two�dimensional hyper�
boloid
 u 	 (��� is expressed as u � u���� where � � ���� ��� are two�dimensional coordinates
on (���
 The metric tensor gab for a coordinate system can be constructed by means of

gab �
X
ik

Gik

�ui
��a

�uk
��b

� �	
���

where Gik is the ambiente metric on (
��� given by �Gik� � diag���������


The nine possible coordinate systems on (��� now are the following�

�
 The 
rst coordinate system is the �pseudo�� spherical system�

u� � R cosh � � u� � R sinh � cos� � u� � R sinh � sin� � �	
���

�� � �� � 	 ��� ����
 The characteristic operator is
IS � L�

� � �	
���

which means that in the �at space limit we obtain the polar system in IR�
 The St�ackel�
determinant is given by

S �






 R
� � �

sinh� �
� �






 � R� � �	
���

�



and f� � sinh �� f� � �
 For the metric we have �gab� � R�diag��� sinh� ��� i
e
� h� �
R� h� � R sinh � � and therefore the momentum operators are given by

p� �
�h

i

�
�

��
 
�

�
coth �

�
� p
 �

�h

i

�

��
� �	
���

The Hamiltonian has the form

H� � � �h�

�MR�

�
��

���
 coth �

�

��
 

�

sinh� �

��

���

�

�
�

�MR�

�
p��  

�

sinh� �
p�


�
 

�h�

�MR�

�
�� �

sinh� �

�
� �	
�	�

A potential separable in spherical coordinates must have the form

V ��� �� � V����  
V����

sinh� �
� �	
���

and the corresponding constant of motion� respectively observable� is

I
�V �
S � � �h�

�M

��

���
 V���� �

�

�M
L�
�  V���� � �	
���

Note that the corresponding observable on the two�dimensional sphere S��� has exactly
the same form
 In the following the pre
x �pseudo� is omitted


�
 The second system is the equidistant system
 It has the form

u� � R cosh �� cosh �� � u� � R cosh �� sinh �� � u� � R sinh �� �	
���

���� �� 	 IR�
 The operator corresponding to this system is

IEQ � K�
� �	
���

which characterizes this system as �cartesian��like� i
e
� in the �at space limit we obtain
cartesian coordinates� and the Ki operators� i � �� �� yield the usual pi � �i�h�xi momen�
tum operators
 The St�ackel�determinant is

S �








R� � �

cosh� ��
� �







 � R� � �	
���

and f� � cosh �� f� � �
 The metric tensor is given by �gab� � R�diag��� cosh� ���� i
e
�
h� � R� h� � R cosh � � and the momentum operators have the form

p�� �
�h

i

�
�

���
 
�

�
tanh ��

�
� p�� �

�h

i

�

���
� �	
���

For the Hamiltonian we obtain

H� � � �h�

�MR�

�
��

����
 tanh ��

�

���
 

�

cosh� ��

��

����

�

�
�

�MR�

�
p���  

�

cosh� ��
p���

�
 

�h�

�MR�

�
�  

�

cosh� ��

�
� �	
	��

A potential on (��� separable in equidistant coordinates must have the form

V ���� ��� � V�����  
V�����

cosh� ��
� �	
	��

and the corresponding observable is given by

I
�V �
EQ � �

�h�

�M

��

����
 V����� �

�

�M
K�

�  V����� � �	
	��

�



	
 The third coordinate system is called the horicyclic system�

u� � R
x�  y�  �

�y
� u� � R

x�  y� � �
�y

� u� � R
x

y
�	
		�

�y � �� x 	 IR�
 The characteristic operator is given by

IHO � �K� � L��
� � K�

�  L�
� � fK�� L�g � �	
	��

where fX� Y g � XY  Y X is the anti�commutator of two operators X and Y 
 In the �at
space limit this system gives cartesian coordinates
 For the St�ackel�determinant we get

S �








� ��
R�

y�
�







 �
R�

y�
� �	
	��

and f� � f� � �
 The metric is �gab� � �R
��y���l�� i
e
� h� � h� � R�y� and the momentum

operators have the form

px �
�h

i

�

�x
� py �

�h

i

�
�

�y
� �
y

�
� �	
	��

Therefore we obtain for the Hamiltonian

H� � � �h�

�MR�y
�

�
��

�x�
 

��

�y�

�
�

�

�MR�y
	
p�x  p�y



y � �	
	��

Note that we have in this case no quantum potential �V which is due to the fact that the
metric is proportional to �l�
 A potential separable in horicyclic coordinates must have the
form

V �x� y� � V��y�  y�V��x� � V��y�  R� V��x�

�u� � u���
� �	
	��

and the corresponding observable is given by

I
�V �
HO � �

�h�

�M

��

�x�
 V��x� �

�

�M
�K� � L��

�  V��x� � �	
	��

�
 The fourth coordinate system is the elliptic coordinate system
 In algebraic form it is
de
ned as

u�� � R� ��� � a����� � a��

�a� � a���a� � a��
�

u�� � R� ��� � a����� � a��

�a� � a���a� � a��
�

u�� � R� ��� � a���a� � ���

�a� � a���a� � a��

���������
��������

�	
���

�a� � a� � �� � a� � ���
 The St�ackel�determinant has the form

S �









R�

�
��

P ����
� �
P ����

R�

�
��

P ����
� �
P ����








 � �
R�

�

�� � ��
P ����P ����

� �	
���

f� �
p
P ���� � f� �

p�P ����� and P ��� � ��� a����� a����� a��
 After putting

�� � a� � �a� � a��dn
��	� k� � �� � a� � �a� � a��sn

��
� k�� � �	
���

��



and

k� �
a� � a�
a� � a�

� k�� �
a� � a�
a� � a�

� �	
�	�

with the property k�  k�� � �� we get

u� � Rsn�	� k�dn�
� k�� �
u� � iRcn�	� k�cn�
� k

�� �
u� � iRdn�	� k�sn�
� k

�� �

���
�� �	
���

Here 	 	 �iK�� iK� �K�� 
 	 ��� �K��� and sn��� k�� cn��� k�� dn��� k� are the Jacobi elliptic
functions ���� p
���� with modulus k� and K � K�k� and K � � K�k�� are the complete
elliptic integrals with k and k� the elliptic moduli
 In the elliptic system the characteristic
operator has the form

IE � L�
�  sinh

� fK�
� � �	
���

with sinh� f as in �	
���� and �f is the distance between the foci
 Analogously as for
the elliptic system on the two�dimensional sphere we can introduce a rotated elliptic �also
called elliptic II � system ����
 Instead of a trigonometric rotation as for the case on the
sphere we must consider in the present case a hyperbolic rotation
 We de
ne

sinh� f �
a� � a�
a� � a�

�
k��

k�
� cosh� f �

a� � a�
a� � a�

�
�

k�
� �	
���

and the rotated elliptic system is then obtained by�
B� u��

u��
u��

�
CA �

�
B� cosh f sinh f �
sinh f cosh f �
� � �

�
CA
�
B� u�

u�
u�

�
CA �

�
B� u� cosh f  u� sinh f

u� sinh f  u� cosh f
u�

�
CA � �	
���

Explicitly this yields

u�� �
R

a� � a�

	q
��� � a������ a��  

q
��� � a����� � a��




� R

�
�

k
sn�	� k�dn�
� k��  i

k�

k
cn�	� k�cn�
� k��

�
�

u�� �
R

a� � a�

�s
a� � a�
a� � a�

��� � a����� � a��  

s
a� � a�
a� � a�

���� a������ a��

�

� R

�
k�

k
sn�	� k�dn�
� k��  

i

k
cn�	� k�cn�
� k��

�
�

u� � R

s
��� � a���a� � ���

�a� � a���a� � a��
� iRdn�	� k�sn�
� k�� �

��������������������
�������������������

�	
���

In the rotated elliptic system we get

IE� � cosh �fL�
� � �

�
sinh �ffK�� L�g � �	
���

In the �at space limit the elliptic system gives elliptic coordinates in IR�� and the rotated
elliptic system elliptic II coordinates in IR�
 If no confusion can arise we do not distinguish
in the following the rotated elliptic system by priming the coordinates
 For short�hand
notation we also omit the moduli


The metric tensor in each case is given by �gab� � R��k�cn�	  k��cn�
��l�� i
e
� h�i �
R��k�cn�	 k��cn�
�� i � �� �
 For the momentum operators we obtain

p� �
�h

i

�
�

�	
� k�sn	cn	dn	

k�cn�	  k��cn�


�
� p� �

�h

i

�
�

�

� k�sn
cn
dn


k�cn�	 k��cn�


�
� �	
���

��



and for the Hamiltonian we have

H� � � �h�

�MR�

�

k�cn�	  k��cn�


�
��

�	�
 

��

�
�

�

�
�

�MR�

�q
k�cn�	  k��cn�


�p��  p���
�q

k�cn�	 k��cn�

� �	
���

A potential separable in elliptic coordinates must have the form

V �	� 
� �
+V��	�  +V��
�

k�cn�	 k��cn�

�

V�����  V�����

�� � ��
� �	
���

The observable then is given by

I
�V �
E � � �h�

�M

�

�� � ��

�
��

q
P ����

�

���

q
P ����

�

���
 ��

q
�P ���� �

���

q
�P ���� �

���

�

 
��V�����  ��V�����

�� � ��

�
�

�M
�L�

�  sinh
� fK�

��  
��V�����  ��V�����

�� � ��
� �	
�	�

Note that the corresponding observable on the two�dimensional sphere has the form

I
�S����
E �

�

�M
�L�

�  k��L�
��  

��V�����  ��V�����

�� � ��
� �	
���

with ��� �� elliptic coordinates on S
��� ����


�
 The 
fth coordinate system is the hyperbolic system�

u�� � R� ��� � a���a� � ���

�a� � a���a� � a��
�

u�� � R� ��� � a���a� � ���

�a� � a���a� � a��
�

u�� � R� ��� � a���a� � ���

�a� � a���a� � a��

���������
��������

�	
���

��� � a� � a� � a� � ���
 The St�ackel�determinant is given by

S �









R�

�
��

P ����
� �
P ����

R�

�
��

P ����
� �
P ����








 � �
R�

�

�� � ��
P ����P ����

� �	
���

and f� �
p
P ���� � f� �

p�P ����
 After putting ����
�� � a� � �a� � a��cn

���� k� � �� � a�  �a� � a��cn
���� k�� � �	
���

and

k� �
a� � a�
a� � a�

� k�� �
a� � a�
a� � a�

� �	
���

where � 	 �iK �� iK �  �K�� � 	 ��� �K��� we get

u� � �Rcn��� k�cn��� k�� �
u� � iRsn��� k�dn��� k

�� �
u� � iRdn��� k�sn��� k

�� �

���
�� �	
���

��



The characteristic operator is given by

IH � K�
� � sin� 	L�

� � �	
���

where sin� 	 � �a� � a����a� � a�� and �	 is the angle between the two focal lines
 In
the �at space limit the hyperbolic system gives cartesian coordinates
 The metric tensor
has the form �gab� � R��k�cn��  k��cn����l�� i
e
� h�� � h�� � R��k�cn��  k��cn���� the
momentum operators are

p� �
�h

i

�
�

��
� k�sn�cn�dn�

k�cn�� k��cn��

�
� p� �

�h

i

�
�

��
� k�sn�cn�dn�

k�cn��  k��cn��

�
� �	
���

and for the Hamiltonian we obtain

H� � � �h�

�MR�

�

k�cn�� k��cn��

�
��

���
 

��

���

�

�
�

�MR�

�q
k�cn�� k��cn��

�p��  p���
�q

k�cn�� k��cn��
� �	
���

A potential separable in hyperbolic coordinates must have the form

V ��� �� �
+V����  +V����

k�cn��  k��cn��
�

V�����  V�����

�� � ��
� �	
�	�

and the corresponding observable is

I
�V �
H � � �h�

�M

�

�� � ��

�
��

q
P ����

�

���

q
P ����

�

���
 ��

q
�P ���� �

���

q
�P ���� �

���

�

 
��V�����  ��V�����

�� � ��

�
�

�M
�K�

� � sin� 	L�
��  

��V�����  ��V�����

�� � ��
� �	
���

�
 The sixth coordinate system is the semi�hyperbolic system�

u�� �
R�

�

�
�

�

s
���� � ��� ������� � ���  ���

�a� ���  ��
 
��� � a��a� ���

��a� ���  ���
 �

�
�

u�� �
R�

�

�
�

�

s
���� � ��� ������� � ���  ���

�a� ���  ��
� ��� � a��a� ���

��a� ���  ���
� �

�
�

u�� � R� ��� � a��a� ���

�a� ��� ��

����������
���������

�	
���

��� � a � ��� �� � 	 IR�
 The characteristic operator has the form
ISH � fK�� L�g � sinh �fK�

� � �	
���

where sinh �f � �a����� and �f is the distance between the focus of the semi�hyperbolas
and the basis of the equidistants
 In the �at space limit the case of sinh �f � � gives
parabolic coordinates� and the case sinh �f � � cartesian coordinates
 For the St�ackel�
determinant we obtain

S �









R�

�
�

�  ���
� �
P ����

R�

�
�

�  ���

�
P ����








 �
R�

�

��  ��
P ����P ����

� �	
���

�	



and f� �
p
P ���� � f� �

p
P ����
 The special choice of the parameters a � � � �� � � �

together with �� � �� � ����� � �� � � yields

u�� �
R�

�

	q
��  ������  ����  ����  �



�

R�

�

hq
��� i������ i����

q
��  i�����  i���

i�
�

u�� �
R�

�

	q
��  ������  ����� ���� � �




� �R
�

�

hq
��� i�����  i����

q
��  i������ i���

i�
�

u�� � R����� �

����������������
���������������

�	
���

The characteristic operator then has the form

ISH � fK�� L�g � �	
���

which shows that the coordinate system �	
��� yields in the �at space limit parabolic
coordinates
 Note also the relation u�u� � R���� � �����
 In the following we only
consider this special choice of parameters
 The metric tensor reads as �P ��� � ���  ����

�gab� � R���  ��
�

diag

�
�

P ����
�� �

P ����

�
� �	
���

h�i � gii� i � �� �� the momentum operators are

p�i �
�h

i

�
�

��i
 

�

����  ���
� �
�

P ���i�
P ��i�

�
� �	
���

and for the Hamiltonian we obtain

H� � � �h�

�MR�

�

��  ��

�
P ����

�
��

����
 

P �����
�P ����

�
� P ����

�
��

����
 

P �����
�P ����

��

�
�

�MR�

�s
�P ����

��  ��
p���

s
�P ����

��  ��
 

s
��P ����
��  ��

p���

s
��P ����
��  ��

�

 
�h�

�MR�

�

��  ��

�
P ������� P ������� 	P

������
�P ����

 
	P ������
�P ����

�
� �	
���

A potential separable in semi�hyperbolic coordinates must have the form

V ���� ��� �
V�����  V�����

��  ��
� �	
�	�

The corresponding observable is given by

I
�V �
SH � � �h�

�M

�

��  ��

�
� ��

q
P ����

�

���

q
P ����

�

���
 ��

q
P ����

�

���

q
P ����

�

���

�

 
��V������ ��V�����

��  ��

�
�

�M
fK�� L�g ��V������ ��V�����

��  ��
� �	
���

��



�
 The seventh coordinate system is called the elliptic�parabolic system
 It has the form

u� �
R

�

�
��� � a���a� � ���

�a� � a�����
p
��� � a����� � a��

 

s
a� � a�

��� � a����� � a��
 

s
��� � a����� � a��

a� � a�

�
�

u� �
R

�

�
��� � a���a� � ���

�a� � a�����
p
��� � a����� � a��

 

s
a� � a�

��� � a����� � a��
�
s
��� � a����� � a��

a� � a�

�
�

u� � R

p
��� � a���a� � ���

a� � a�

���������������������
��������������������

�	
���

�a� � �� � a� � ���
 The characteristic operator is given by

IEP � K�
�  �a� � a��K

�
�  L�

� � fK�� L�g � �	
���

Making the special choice a� � �� a� � �� together with �� � tan� �� �� � � tanh� a
�� 	 ������ ����� a 	 IR�� we obtain

u� � R
cosh� a cos� �

� cosha cos�
�

u� � R
sinh� a� sin� �
� cosha cos�

�

u� � R tan� tanha �

��������
�������

�	
���

In this case the characteristic operator has the form

IEP � K�
�  K�

�  L�
� � fK�� L�g � ��h�R��LB  �L

�
� � fK�� L�g � �	
���

which shows that for this choice of the parameters the coordinate system may be charac�
terised as a polar�parabolic system
 The St�ackel�determinant then has the form

S �









� R�

cosh� a
��

R�

cos� �
�








 � R�cosh
� a � cos� �

cosh� a cos� �
� �	
���

and f� � f� � �
 In the �at space limit we obtain parabolic coordinates
 The metric
tensor is given by

�gab� � R� cosh
� a � cos� �

cosh� a cos� �
�l� � �	
���

and h�i � gii� i � �� �
 For the momentum operators we have

pa �
�h

i

�
�

�a
 

sinh a cosha

cosh� a� cos� ��tanh a
�

� p� �
�h

i

�
�

��
 

sin � cos�

cosh� a� cos� � tan�
�

� �	
���

and the Hamiltonian reads
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A potential separable in elliptic�parabolic coordinates must have the form

V �a� �� �
cosh� a cos� �

cosh� a� cos� �
h
V��a�  V����

i
� �	
�	�

The observable then is
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 The eighth coordinate system is called the hyperbolic�parabolic system
 It has the form
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 The characteristic operator is given by
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Making the special choice a� � �� a� � �� together with �� � cot� �� �� � � coth� b
�� 	 ��� ��� b � ��� we obtain
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In this case the characteristic operator has the form
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For the St�ackel�determinant we have
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 In the �at space limit we obtain cartesian coordinates from this system
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and h�i � gii� i � �� �
 For the momentum operators we have
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and for the Hamiltonian we get
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A potential separable in elliptic�parabolic coordinates must have the form
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and the corresponding observable is
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 The ninth and last system is the semi�circular parabolic coordinate system�
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 The
characteristic operator has the form
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 In the �at space limit this coordinate system gives cartesian coordinates

The metric reads
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Table �� Coordinate Systems on the Two�Dimensional Hyperboloid

Coordinate System Coordinates Separates Limiting
Observable I Potential Systems

I
 Spherical u� � R cosh � V�� V� Polar

� � �� � 	 ��� ��� u� � R sinh � cos� V
�����
�

I � L�
� u� � R sinh � sin�

II
 Equidistant u� � R cosh �� cosh �� V�� V�� V� Cartesian
���� 	 IR u� � R cosh �� sinh ��
I � K�

� u� � R sinh ��

III
 Horicyclic u� �
R
�y �x

�  y�  �� V�� V� Cartesian

y � �� x 	 IR u� �
R
�y �x

�  y� � ��
I � �K� � L��

� u� � Rx�y

IV
 Elliptic u� � Rsn	dn
 V�� V
�
� Elliptic

	 	 �iK�� iK�  �K� u� � iRcn	cn
 V
�����
�


 	 ��� �K�� u� � iRdn	sn

I � L�

�  sinh
� fK�

�

I � � cosh �fL�
� � �

�
sinh �ffK�� L�g Elliptic II

V
 Hyperbolic u� � �Rcn�cn� V� Cartesian

� 	 �iK�� iK�  �K� u� � iRsn�dn� V
�����
�

� 	 ��� �K�� u� � iRdn�sn�
I � K�

� � sin� 	L�
�

VI
 Semi�Hyperbolic u� �
Rp
�
�
p
��  ������  ����  ����  ��

��� V� Cartesian

���� � � u� �
Rp
�
�
p
��  ������  ����� ���� � ����� V

�����
� Parabolic

I � fK�� L�g u� � R
p
����

VII
 Elliptic�Parabolic u� � Rcosh
� a cos� �

� cosha cos� V�� V� Parabolic

a 	 IR� � 	 ������ ���� u� � Rsinh
� a� sin� �

� cosha cos�

I � �K� � L���  K�
� u� � R tan� tanha

VIII
 Hyperbolic�Parabolic u� � Rcosh
� b cos� �

� sinh b sin� V� Cartesian

b � �� � 	 ��� �� u� � Rsinh
� b� sin� �

� cosh b sin�

I � �K� � L��
� �K�

� u� � R cot� coth b

IX
 Semi�Circular�Parabolic u� � R
���  ����  �

��� V�� V� Cartesian

�� � � � u� � R
���  ���� � �

��� V
�j	j�����
�

I � fK�� K�g � fK��L�g u� � R
�� � ��

���
� after rotation

��



and for the Hamiltonian we have
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A potential separable in semi�circular parabolic coordinates must have the form
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h
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i
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����

and the corresponding observable is given by
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�
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�
�

�M
�fK�� K�g � fK�� L�g�� ��V����� ��V����

��  ��
� �	
����

This concludes the enumeration of the coordinate systems on the two�dimensional hyperboloid

In the table � we list the coordinate systems on (��� which separate the Schr�odinger equation�

together which potentials are separated by which coordinate systems� and the limiting cases for
R� �


d,,,,,,,,,,,,,,,,,,,,,,,&

� Path Integral Formulation of the Smorodinsky�Winternitz

Potentials on �����

In table � we list the Smorodinsky�Winternitz potentials on the two�dimensional hyperboloid
together with the separating coordinate systems� and the corresponding observables
 The cases
where an explicit path integration is possible are underlined


��� The Higgs�Oscillator�

We consider the potential �k��� � ��
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which in the four separating coordinate systems has the form
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The constants of motion for the potential V� are the following

I
�V��
� �

�

�MR� �K
�
�  K�

� � L�
��  V��u� �

I
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� �
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We have for V� the path integral representations �in the elliptic system we explicitly state the
separated path integral formulation� �� �M���R���h�  �����
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We solve the 
rst two path integrals explicitly
 The two remaining ones are two complicated to
allow an explicit solution


The two path integral formulations of the Higgs�oscillator have a simple structure involving
P�oschl�Teller ��
�� and modi
ed P�oschl�Teller path integrals ��
���
 We start with the pure
oscillator case� denoted by K����T �� in order to demonstrate the relevant techniques involved in
the solutions


����� Pure Oscillator Case�

Spherical Coordinates� For the oscillator in spherical coordinates the ��integration is easily
separated ����� and we obtain by using the path integral representation of the modi
ed P�oschl�
Teller potential ��
��� the following solution ��� �M���R���h�  ����
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The wave�functions and the energy�spectrum of the discrete contributions have the following
form �we introduce the principal quantum number N � �n jjj � �� �� � � � where appropriate�
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with the discrete spectrum given by
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Only a 
nite number exist with Nmax � �� � jjj � �� � �
 In the �at space limit we obtain for
the energy�spectrum
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The continuous wave�functions have the form
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with the continuous energy�spectrum given by
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In the limiting case � � � �� � ���� the potential trough vanishes �note that in this case
EN � � exactly�� only the continuous spectrum remains� and we obtain the pure continuous
spectrum
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which corresponds to the case where just a radial part is present� and has the same feature as
the spectrum of the free motion on (���


Let us 
nally state the corresponding Green�s function G�V���E� of the potential V� in this

case
 It has the form
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Equidistant Coordinates� In the case of equidistant coordinates we can separate the cor�
responding path integrations in an analogous way� however� instead of a simple circular wave
dependence in the 
rst step leading to a modi
ed P�oschl�Teller problem� we have in this case
two symmetric Rosen�Morse path integral problems ���� 	��
 This yields �
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The P�
� �z� are Legendre functions ���� p
����
 The discrete wave�functions are given by
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and the discrete spectrum has the form
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The bound state energy�levels have exactly the same feature as for spherical coordinates� as it
must be
 Note that the Legendre functions are actually Gegenbauer polynomials
 The continu�
ous wave�functions consist of two contributions� 
rst where the quantum number corresponding
to �� is discrete� second where it is continuous
 For the 
rst set we obtain
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���� and the continuous spectrum is given by
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The second set of the continuous wave�functions has the form
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with the same continuous spectrum as before
 The discrete energy�spectrum in the �at space
limit yields again
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the continuous wave�functions vanish� and the discrete wave�functions yield Hermite polynomi�
als� i
e
� the well�known result of the two�dimensional oscillator


The corresponding Green�s function in equidistant coordinates 
nally has the form �E � �
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����� General Case�

In order to deal with the general case� we do not repeat the whole procedure once more
 The
separation of variables in each case is performed in exactly the same way� and the evaluations
of the path integrals are similar in comparison to the simple oscillator case� the di"erence being
that the entire structure of the �modi
ed� P�oschl�Teller potential must be taken into account

In particular� this has the consequence that we have to consider wave�functions with a de
nite
parity


Spherical Coordinates� First we consider the path integral representation in spherical co�
ordinates and we obtain �N � m  n 	 IN is the principal quantum number� we have set
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and the corresponding discrete wave�functions have the form
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The discrete energy�spectrum is given by
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In the limit R�� �� �M�R���h� we obtain

EN 
 �h���N � k� � k�  �� � ��
���

which is the correct behaviour for the corresponding two�dimensional maximally super�integrable
Smorodinsky�Winternitz potential in IR� ����
 The continuous wave�functions and the corre�
sponding energy�spectrum are given by �the ���k���k��m ��� are the same as in ��
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The corresponding Green�s function G�V���E� of the potential V� in the general case has the

form
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Equidistant Coordinates� Next we consider the equidistant coordinate system
 Similarly as
in the pure oscillator case we obtain a discrete spectrum with energy eigenvalues ��
	��� and a
set of two continuous wave�functions each with energy�spectrum ��
�	�� with principal quantum
numberN � m n� i
e
� we have for the propagator �
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Here denote N ���
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for the wave�functions in �� and ��� respectively
 The discrete wave�functions have the form
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The 
rst set of continuous states is given by
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 The second set is given by
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Let us remark that the wave�functions have been normalized in the domains � 	 ��� ����
and � � � in the spherical and in ���� � � in the equidistant system
 The positive sign at the
ki has to be taken whenever ki � �

�
�i � �� ��� i
e
� the potential term is repulsive at the origin�

and the motion takes only place in the denoted domains
 If � � jkij � �
�
� i
e
� the potential term

is attractive at the origin� both the positive and the negative sign must be taken into account
in the solution
 This is indicated by the notion �ki in the formul%
 It has also the consequence
that for each ki the motion can take place in the entire domains of the variables on (

���
 In the
present case this means that we must� e
g
� in the equidistant system distinguish four cases� i�
��� �� � �� ii� �� � �� �� 	 IR� iii� �� 	 IR� �� � � and iv� ���� ��� 	 IR�
 In polar coordinates
the same feature is recovered by the observation that the P�oschl�Teller barriers are absent for
jkij � �
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In elliptic coordinates this feature is taken into account in the following way� Due to 	 	

�iK�� iK�  K�� we have that sn�	� k�� icn�	� k� � k��k� idn�	� k� � �� and we see that for
	 	 �iK�� iK�  K�� 
 	 �K�� �K��� and u� � � the variables u�� u� change their signs in four
domains� i
e
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 	 ��� �K ��
 For convenience� we have made the choice 
 	 ��� K�� in
the following
 The situation is similar in the hyperbolic system� where we can choose � 	
�iK�� iK�  K�� � 	 ��� K��


This has the following consequences for the degeneracies of the Higgs oscillator on the pseu�
dosphere
 If � � k��� 
 �
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we have for each N � n  m four possibilities of parities of the

levels� i
e
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 In all cases the

degeneracy is d � N  � � �j � �j � �� �
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� �� � � ��� coinciding with the dimensions of all relevant

discrete irreducible representations of the group SU��� ��
 In e"ect� the negative signs lower the
potential energies� and the respective spectrum as well
 This is exactly the same behaviour as
in the two�dimensional singular oscillator in the �at�space case ��� ��� ���� and we will keep this
notion in the sequel for all following Smorodinsky�Winternitz potentials


The Green�s function of the potential V� in equidistant coordinates can be constructed by
inserting the corresponding one�dimensional Green�s functions in the variable �� into ��
��� �
���

We obtain �E � � E � �h���MR� �MR������

G�V���� ��� � �
�
�� �

��
� � �

�
��E� � �cosh �

�
� cosh �

��
� �
����

�
��
�
N�m�
maxX
m��

���k����
m �� ��� ��

��k����
m �� ���G

��k��
�
mPT �� ��� � �

�
��E

��

 

Z �

�
dk�

��k����
k �� ��� ��

��k�����
k �� ���G

��k��ik�
mPT �� ��� � �

�
��E

��

�
� ��
���

in the notation of ��
��� �
���


��� The Coulomb Potential�

We consider the generalized Coulomb potential on the two�dimensional pseudosphere in the four
separating coordinate systems
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For the constants of motion for the potential V� we get
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The path integral formulations have the following form
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����� Spherical Coordinates�

In order to solve the Coulomb problem in spherical coordinates we start by separating o" the
��path integration which yields �
� � m �

�
��� k� � k����

K�V���� ��� � �� ���� ���T � �
e�i	hT�
MR�

R��sinh � � sinh � ������

�X
m��

���k���k��m

�
��

�

�
���k���k��m

�
���

�

�

�
��t����� ��Z
��t���� �

D��t� exp
�
i

�h

Z t��

t�

�
M

�
R� ���  

	

R
�coth � � ��� �h�

�MR�


�� � �
�

sinh� �

�
dt

�
� ��
���

Here denote the ���k���k��m the P�oschl�Teller wave�functions of ��
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The remaining � �path integration� denoted by K�V��
m �T � in the following� is of the form of the

Manning�Rosen potential� which in turn can be transformed into the path integral problem of
the modi
ed P�oschl�Teller problem
 This has been done in ��� ���� and will not be repeated
here
 The corresponding non�linear transformation has the form
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accompanied by the time�transformation dt � ds� with f�r� � R� tanh� r
 In some sense this
transformation can be seen as a one�dimensional realization of the Kustaanheimo�Stiefel transfor�
mation ��� 	�� corresponding to a space of constant negative curvature
 It maps the path integral
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The complete wave�functions of the generalized Coulomb problem on the two�dimensional pseu�
dosphere in spherical coordinates are thus given by
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The Green�s function of the Coulomb problem has the form

G�V���� ��� � �� ���� ���E� � �sinh � � sinh � �������
�X
m��

���k���k��m

�
��

�

�
���k���k��m

�
���

�

�

�M
�h�

!�m� � LE�!�LE  m�  ��

!�m�  m�  ��!�m� �m�  ��

�
�

�

coth � �  �
� �

coth � ��  �

��m�
m�
�����coth � � � �
coth � �  �

� coth �
�� � �

coth � ��  �

��m��m����

��F�

�
� LE  m�� LE  m�  ��m� �m�  ��

coth �� � �
coth ��  �

�

��F�

�
� LE  m�� LE  m�  ��m�  m�  ��

�

coth ��  �

�
� ��
���

where LE �
�
�
�
q
��MR�E��h�  �����h � ��� and m��� � 
� �

p��mR���	�R E�� �����h

This representation can be derived by means of the Green�s function of the modi
ed P�oschl�Teller
potential and the Manning�Rosen potential� c
f
 ���� for some details and references therein


Let us make some remarks concerning the pure Coulomb case
 The calculation is almost
the same with only minor di"erences� The wave�functions ���k���k��m �


�
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e
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 This then has the consequence that the modi
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momentum number has the form 
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 Everything else remains the same


����� Elliptic�Parabolic Coordinates�

In order to deal with the path integral ��
��� we perform a time substitution dt � ds�cosh� a�
cos� ��� cosh� a cos� �ds according to� e
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 The analysis of this path integral
is rather involved and we 
rst consider the pure Coulomb case� denoted by K����T �


Pure Coulomb Case� We observe that in the pure Coulomb case the path integral ��
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yields a symmetric P�oschl�Teller potential path integral in � 	 ������ ����� and a symmetric
Rosen�Morse potential path integral in a 	 IR
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In order to obtain the discrete spectrum contribution to ��
��� we insert the spectral expansions
of the discrete spectrum of the symmetric P�oschl�Teller and and the symmetric Rosen�Morse
potential
 This yields
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and therefore the bound state energy�levels have the following form �N � �m�  m���� is the
principal quantum number�
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Considering the residuum in ��
��� we obtain the bound state wave�functions

)���
m�m�

�a� ��R� �

�
�

�R�

�
M	R

�h�N�
� �

�
�m� � 
 � �

�
�
!��
 �m��

m�'

����
P
m���
���
����� �tanha�

�
�
�m�  �  �

��
!���  m�  ��

m�'

����
P��
m�
��sin�� � ��
���

	�



The analysis of the continuous spectrum is somewhat more involved
 We proceed in a similar
way as in ����� where the same calculation was done for the free motion in elliptic�parabolic
coordinates on (���
 We obtain by using the Green�s function representations of the symmetric
P�oschl�Teller and and the symmetric Rosen�Morse potential �	��
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and� of course� both contributions must be taken into account which turn out to be equivalent
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We must insert the representation ��
��� into ��
���� and we 
nd that the ds��dE��integration
gives E� � ��h�k���M 
 Hence we obtain the following wave�functions and energy�spectrum of
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Generalized Coulomb Case� To analyze the general case we proceed in an analogous way

For the discrete spectrum we expand the ��path integration into P�oschl�Teller potential wave�
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���� with the principal
quantum number N � n�  n�  �  

�
�
��k� � k��
 Taking the residuum gives the bound state

wave�functions

For the analysis of the continuous spectrum we proceed again in an analogous way as for

the pure Coulomb case� the only di"erence being that we must insert now the entire Green�s
functions of the P�oschl�Teller ��
�� and modi
ed P�oschl�Teller problems ��
���� instead of the
corresponding symmetric cases
 For this purpose one constructs the Green�s function G�V���E�
in elliptic�parabolic coordinates by considering the ds���integration following from ��
��� with
the solutions of the P�oschl�Teller and modi
ed P�oschl�Teller potential� respectively
 It can be
put in the following form �c
f
 also ���� for some more details concerning the proper Green�s
function analysis�
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��� �
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���� respectively
 Analyzing the poles and cuts in a
similar way as for the pure Coulomb case we therefore obtain with EN as in ��
��� and Ep as in
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where the bound state wave�functions are given by
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The continuous states have the form
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The special case of the pure Coulomb potential follow from the consideration of the corresponding
special cases in ��
�� �
��� �
��� and ��
���
 This completes the discussion of the Coulomb
problem on the two�dimensional hyperboloid in the soluble cases
 The cases of elliptic II and
semi�hyperbolic coordinates are not tractable by path integration


��� The Potential V��

We consider the potential V� in its separating coordinate systems�
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V� corresponds to the Holt potential plus a linear term ���� 	��� i
e
� plus an electric 
eld� in the
�at space limit IR�
 The constants of motion for the potential V� have the form
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We obtain the following two path integral representations
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The path integral ��
���� in semi�circular parabolic coordinates is not solvable
 The path integral
��
���� is solved in the following way� We shift the variable x according to x� z � x�
��M��

The emerging path integral problem is the path integral of an harmonic oscillator yielding the
separation
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with the quantity E����
 given by
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The Hm�x� are Hermite polynomials ���� p
��		�
 A path integral like this was calculated in �����
and we must distinguish two cases� 
rst where E����
 � � and E����
 � �
 In the 
rst case only
a continuous spectrum occurs� whereas in the second bound states can exist with the number of
levels given by n � �� �� � � � � Nmax � �E����
���h�� ����
 From the explicit form of E����
 we see
that it can be arranged that at least some bound states exist
 Therefore we obtain the following
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M����z� and W����z� are Whittaker functions ���� p
�����
 The bound state wave�functions have
the form
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with the discrete energy�spectrum given by
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The continuous wave�functions and the energy�spectrum have the form
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and the �m�x� as in ��
����
 The Green�s function G
�V���E� of the potential V� can be read o"

from ��
����
 This concludes the discussion of V�


��� The Potential V��

We consider the potential V� in its separating coordinate systems
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For the constants of motion of the potential V� we 
nd
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We discuss the corresponding solutions in the 
ve coordinate systems only shortly because
this potential seems not to be rather important
 Also� the methods how to evaluate such path
integrals have been presented already in earlier investigations� c
f
 ���� �	�
 In particular� for
the elliptic�� hyperbolic�parabolic� and semi�circular parabolic we argue along the lines of Ref

����� where are also more details can be found
 The path integral evaluations in equidistant and
horicyclic coordinates are easy to do


����� Equidistant Coordinates�

We start with the path integral representation in equidistant coordinates
 We consider
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The path integral in the coordinate �� is a path integral for the Liouville potential ��	�� and
the remaining path integral in �� is again of the form of a modi
ed P�oschl�Teller potential
path integral ��
���
 Therefore the separation procedure and the path integral evaluations
are straightforward
 The spectrum is purely continuous and the wave�functions are given by
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K��z� is a modi
ed Bessel functions ���� p
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 The corresponding Green�s function in these
coordinates is given by �in the notation of ��
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����� Horicyclic Coordinates�

In horicyclic coordinates we see that in the x�variable we have a radial path integral with a
repulsive centrifugal barrier
 Therefore we obtain �+k� � k�  M�R�����h��
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The I��z� and J��z� are �modi
ed� Bessel functions ���� pp
����
 In the path integral for the
horicyclic system we simply do the x�path integration �a radial path integral ���� ���� and we 
nd
that the remaining y�path integral looks exactly as for the free motion with just the separation
parameter k shifted by M�R�����h�
 A path integral like this has been already discussed in�
e
g
 ���� and references therein� which is not repeated here� and the solutions ��
�	���
�	�� for
the Green�s function and the spectral expansion follow immediately


����� Elliptic�Parabolic and �Hyperbolic Coordinates�

In the following two path integral representations we 
rst state the solutions� and second give a
short description how these solutions can be obtained
 In elliptic�parabolic coordinates we have
an explicit solution only for j�j � �

�
� and we obtain for that case �k� �MR���h�
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The ps���z� and S� ���
� �z� are spheroidal functions ���� pp
�	��pp
����
 In hyperbolic�parabolic

coordinates we have an exact solution only for j�j � ��� and we obtain in this case �k� �
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The path integral representation in these two coordinate systems for V� are similar to the
path integral representations of the free motion on (��� in elliptic�parabolic and hyperbolic�
parabolic coordinates� respectively
 Let us sketch the solution of the former
 Performing a time
transformation yields a path integral which looks like the path integral in �at space in the oblate
spheroidal coordinate systems� i
e
�
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where 
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q
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� �MR�E��h�
 This path integral could be solved provided we knew the solution

of the path integral representation in prolate spheroidal coordinates in IR�
 However� this is not
the case� and therefore we are restricted to the case j�j � ��� which is solvable using the result
of the free motion on (��� in elliptic�parabolic coordinates
 Because 
 is for E � �h���MR�

purely imaginary we cannot apply the oblate spheroidal path integral identity of ���� in a simple
way
 We must 
nd a proper analytic continuation� and we construct this analytic continuation
heuristically
 Since the �a� ���path integration in ��
�		� corresponds for � � � to the path
integral on (��� in elliptic�parabolic coordinates we look for those spheroidal wave�functions
���� ��� which have for the parameter � � � the limit of the wave�functions of this system and
we 
nd
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Putting everything together yields ��
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 The case of hyperbolic�parabolic system ��
�	�� is
done in an analogous way
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����� Semi�Circular�Parabolic Coordinates�

In semi�circular parabolic coordinates the potential separates only for j�j � ��� and we obtain
�q �M���h�
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This path integral is solved in the following way� After a time�transformation we obtain
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where 
� � �
�
� �MR�E��h�� we must take into account a term with � and � interchanged
 One

uses the path integral solution of the radial harmonic oscillator ����� where for the ��dependent
part we expand the propagator by means of
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In the ��dependent part one uses the Green function for the radial harmonic oscillator �c
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and the relation ���� p
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If we leave ��
���� as it stands we obtain the Green�s function G�V������� ��� ���� ���E�� together
with the prescription E� � ��h�k���M 
 The 
nal result ��
�	�� is then obtained by combining
on the one hand side where E� � �k��h���M and reinserting R

M�

�h�

Z �

�
ds��

ds��

sin�s��
exp

�
� iE

�s��

�h
� M�

�i�h
����  ����� cot�s��

�
I


�
M������

i�h sin�s��

�

�
�

��q

Z �

�

dp p sinh �p

p��h���M �E





!
�
�

�

�
�  ip� k�

�q

��




�

W�k���q�ip���q��
�
�W�k���q�ip���q���

�
� � ��
����

and on the other �q �MR���h�

Wk���q�ip���q�
���

�
!��

�
��  ip� k���q�

�h�!��  ip�
Mk���q�ip���q�

����

�!�
�
���� ip� k���q�

�h�!��� ip� Mk���q��ip���q���
�
�

�

�
iM

��h�q
sinh �p





!
�
�

�

�
�  ip� k�

�q

��




�

W�k���q�ip���q�
���W�k���q�ip���q�

���� � ��
����

��	 The Potential V��

We consider the potential V� in its two separating coordinate systems
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The constants of motion for the potential V� are the following
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We have the following two path integral representations
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����� Equidistant Coordinates�

After separating o" the ���path integration we obtain a pure scattering Rosen�Morse potential�
a path integral problem which has been solved in ��	� 	��
 Therefore we obtain
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wave�functions and the energy�spectrum of the continuous states are �where � distinguishes
between incoming and outgoing scattering states� respectively�
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����� Semi�Circular�Parabolic Coordinates�

In the semi�circular�parabolic system we obtain after a time�transformation �
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The corresponding wave�functions are obtained in a similar way as in ���� for the free motion
on (��� in semi�circular�parabolic coordinates by analyzing the Green�s function ��
���� on the
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with Ep as in ��
����� and the even and odd wave�functions can be read o" from the spectral�
expansion
 The H ���

� �z� are Hankel functions ���� p
����


� Summary and Discussion�

In this paper we have performed an investigation about Smorodinsky�Winternitz potentials on
the two�dimensional hyperboloid
 We have found that the two most important potentials� the
oscillator and the Coulomb potential� admit separation of variables in four coordinate systems

Each problem is exactly solvable in two coordinate systems� the oscillator in spherical and
equidistant coordinates� the Coulomb problem in spherical and elliptic parabolic coordinates

We have also stated the corresponding Green�s functions


These particular features are not too surprising
 In the �at space limit the spherical sys�
tem yields two�dimensional polar coordinates� and both problems in IR� are separable in this
coordinate system
 The equidistant system yields in the �at space limit cartesian coordinates�
and the oscillator in IR� is separable in cartesian coordinates
 The elliptic�parabolic system
yields parabolic coordinates �as the semi�hyperbolic system� and the Coulomb problem in IR� is
separable in parabolic coordinates
 The elliptic system on (��� gives the elliptic system in IR��
the oscillator is separable in this coordinate system� but does not admit an analytic solution in
terms of usually known higher transcendental functions
 Actually� the solution of the harmonic
oscillator in IR� can be given in terms of Ince polynomials �	��
 The hyperbolic system on (���

also yields the cartesian system

Furthermore� the elliptic II system on (��� gives the elliptic II coordinate system in IR�� and

the Coulomb problem in IR� is separable in this coordinate system
 However� in both cases no
analytic solution is known


We have seen that the situation concerning separation of variables of these two potentials in
the corresponding coordinate system is very similar in �at space ��� �� ���� on the sphere �����

��



and on the hyperboloid
 The most signi
cant di"erence being that on the sphere there are less�
and on the hyperboloid more possibilities


We have also stated explicitly the relevant Green�s functions of the potentials
 This includes
the simple and general Higgs oscillator� the Coulomb potential� and for V�� V� and V� in several
coordinate system representations
 In particular� from the spectral expansions in horicyclic
coordinates� one can show with the integral representations ���� pp
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that the Green�s function for the free motion on the two�dimensional hyperboloid has the form
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The Green�s function is a function of the invariant distance d�u��� u�� on (��� only� i
e
� G�u��� u��E�
� G� cosh d�u��� u���E�
 A similar consideration can be made for the corresponding path integral
representations of the free motion on (��� in spherical ���� ��� ��� and semi�circular parabolic
coordinates ����


Let us add some remarks concerning potentials which are separable in the semi�hyperbolic
coordinate system
 We consider the potential ����� � ��

V��u� � �u�u�  
M

�
��

�
�
u��u

�
�

R�
 u��

�
 
�h�

�M

k�� � �
�

u��
��
��

�
R�

��  ��

�
�

�
���� � ����  

M

�
������  ����  

�h�

�MR� �k
�
� � �

�
�

�
�

��
 
�

��

��
� ��
��

The speci
c features of the potential characterize it as a Holt potential plus a linear term� i
e
�
with an electric 
eld ���� 	��
 From the �at space case ���� we know that a potential like this is
separable in cartesian and parabolic coordinates
 On the hyperboloid ��
�� is separable in the
semi�hyperbolic coordinate system �	
���
 The semi�hyperbolic system has two �at�space limits�
the cartesian and the parabolic coordinate system� however� on the hyperboloid they correspond
to two realizations of the same system


The only potential which is separable in the equidistant and semi�hyperbolic system is
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and it turns out to be separable in eight coordinate systems� and is almost trivial
 It can be
exactly solved in six coordinate systems� but the di"erence in comparison to the free motion on
(��� is insigni
cant� and we omit these solutions


Another potential which is separable in the semi�hyperbolic system has the form ����� � ��
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We mention this potential because in the �at space limit it yields

V��x� y� � � 	p
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which is separable in mutually orthogonal parabolic coordinate systems
 Such a notion on the
hyperboloid does not make sense
 Two of such systems can be transformed into each other by a
rotation� and hence they are equivalent
 In the �at space limit� however� they yield two mutually
parabolic systems� as it must be
 Therefore our 
ndings of potentials on the two�dimensional
hyperboloid which are separable in more than one coordinate system can be stated as follows�

�
 We have found the generalized oscillator and Coulomb systems which are each separable
in four coordinate systems


�
 We have found a Holt potential version on the hyperboloid� which is separable in horicyclic
and semi�circular parabolic coordinates
 However� both coordinate system lead in the �at
space limit to the cartesian system


	
 The two other super�integrable potentials known from IR� could be formulated in terms of
coordinates on the hyperboloid and are each separable only in the semi�hyperbolic system

They yield the proper �at space limit� where the semi�hyperbolic system gives parabolic
coordinates� and the missing separating coordinate systems emerge in this process


�
 We have found the simple potential V��u� which is separable in four� respectively 
ve
�depending on the parameters� coordinate systems
 The �at space limit of this potential
is trivial� i
e
� V� � ��y� �R � ��� which is separable in all four coordinate systems in
IR�� let alone that the pure ��u���potential only alters the corresponding radial quantum
numbers in its eight separating coordinate system in comparison to the free motion


�
 We have found the potential V� which is separable in horicyclic and semi�circular�parabolic
coordinates
 Its �at space limit is the linear potential� i
e
� V� � 	x �R � ��� which is
separable in cartesian and parabolic coordinates


�
 The potentials ��
�� �
�� are the proper generalizations of the Holt potential and the
modi
ed Coulomb potential ��
�� of IR�� where both potentials are superintegrable� i
e
�
separable in cartesian and parabolic� respectively mutually parabolic coordinate systems

However� on the hyperboloid (��� they are only separable and the corresponding coordinate
systems are not distinguishable from each other
 They are only distinguishable in the �at
space limit R��


�
 We cannot say for sure if we really have found all possible superintegrable potentials on the
hyperboloid
 For a systematic search one must solve di"erential equations which emerge
from the general form of a potential separable in a particular coordinate system� and
changing variables
 Because there are nine coordinate systems on the hyperboloid which
separate the Schr�odinger equation� there are �' � ��	�� of such di"erential equations

This is not tractable� and one has to look for alternative procedures� for instance physical
arguments
 In this respect� we have found the relevant potentials which matters from a
physical point of view� and which are the analogues of the �at space limit IR�
 This can be
summarized in the following small table� where the enumeration of the potentials in IR� is
according to ����� and the enumeration of the potentials on S��� according to ����


��



Table 	� Correspondence of Superintegrable Potentials in Two Dimensions

V�����u� -Systems VIR��x� -Systems VS����s� -Systems

V��u� ��	� V��x� 	 V��s� ��	�
V��u� ��	� V��x� 	 V��s� ��	�

V��u� ����
M

�
����x�  y��� 
x � &

V
�����
� �u� ����

�h�

�M

�� � ���
x�

�
�h�

�M

�� � ���
s��

����

V��u� ���� 	x � &
V��u� ���� V��x� � &
V
�u� ���� V��x� � &

In parenthesis we have indicated the number of limiting coordinate systems for R � ��
and constants in this limit are not taken into account
 We see that the correspondence for
the superintegrable systems on the hyperboloid and in �at space is complete� whereas the
correspondence with the sphere is not complete
 Note that adding to V��u� the �constant'�

term �h�

�MR� ��
� � ���� reproduces for R�� the Holt potential V��x�'

�
 Our discussion lacks a proper treatment of the alternative �at space limit� i
e
� the limit of
the two�dimensional Minkowski�space� respectively the two�dimensional pseudo�Euclidean
space
 We do not know anything about superintegrable systems in this space
 The free
motion has been discussed in ����� and the separation of variables of the Schr�odinger equa�
tion� respectively the path integral� is possible in ten coordinate systems
 It is therefore
desirable to construct and study appropriate superintegrable systems� an oscillator and a
Coulomb potential in particular� in this space
 Studies along these lines will be the subject
of a future publication


In a forthcoming publication we will deal with Smorodinsky�Winternitz potentials on the
three�dimensional hyperboloid
 This will also include a detailed discussion of the relevant coor�
dinate systems and the constants of motion
 Concerning maximally super�integrable potentials
like the oscillator and the Coulomb potential the situation is similar as in IR� and on the sphere�
however� there are more coordinate systems which admit separation of variables for these two
potentials
 This property is due to the fact that on (��� there exist 	� coordinate system which
admit separation of variables in the Schr�odinger� respectively Helmholtz equation ����


The situation is surprisingly di"erent for minimally super�integrable potentials due to the
subgroup structure of SO�	� ��� i
e
� we have SO�	� �� � SO��� ��� SO�	� �� � E�	�� and SO�	� �� �
SO�	�
 This means that all potentials which are maximally super�integrable in the correspond�
ing subspace are minimally super�integrable on (���� and this property increases the number of
potentials considerably
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