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Abstract

A parameterization in which the Hurwitz transformation is equivalent to the
Eulerian addition of the angles is suggested. It is shown, that in this parameteri-
zation, the reduction of the state vectors is given by the addition theorem for the
Wigner’s D-functions. i

1 Introduction
The wonderful theorem in algebra is by Hurwitz [1]: the equation
g+ e+ bz = (gl )

has a solution bilinear in u; only for the following pairs of numbers (N, n) = (2.2).(1.3).
(8,5). We write this solution as
Ij = a,—l,,.u,u,,. (l)

The expression (1) may be interpreted as a bilinear transformation that maps onc
Euclidean space into another. Three remarkble circumstances are connected with the
transformation (1):

a. For (N,n) = (2,2), (N,n) = (4,3), (N,n) = (8,5) the transformation (1) coin-
cides with the Levi-Civita [2], Kustaanheimo-Sticfel [3] and Hurwitz transformations [1].
respectively.

b. For N = 2,4, 8 this transformation may be associated with the algebras of complex
numbers, quaternions and octanions [5).

¢. The transformation (1) establish the connection between two fundamental problems
of mechanics, the oscillator and Kepler’s problems.

The latter circumstance is cspecially intcresting for the applications. It has played a
prominent role in celestial mechanics [6], has been used in quantum mechanics [7],quantum
field theory [8,9,10] and in quantum chemistry [11].

In this paper, we wil! consider the case (N,n) = (8,5), i.c. the Hurwitz transformation
[12]. The explicit form of (1) in this case is

T = ul+ uf + u% + ug - uz —u} - ul — ul

Ty = 2(upuq — uyus — ugug — uzty)

Tz = 2(ugus + wyuq — uguz + waug) (2)
T3 = 2(upug + winr + g — uzug)

T4 = 2(uour — uyug + uzus + ugnuy)
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The transformation (2) expresses the Cartesian coordinates through the Cartesian
ones. This representation is convenient for the work with the Laplacian since the latter
is of the simplest form in Cartesian coordinates. However, the symmetry of the problems
can require other coordinates. Does the parameterization (in u - space) exist different
from the Cartesian one which is transformed by (2) into the parameterization convenient
for solving the reduced (z - space) problem?

In this paper, the parameterization that bring us out of the Cartesian representation
of the Hurwitz transformation and satisfies the above condition is proposed.

2 Parameterization

Let us introduce the coordinates w, A, ay, By,7s, @4, By, 7, instead of the Cartesian coor-
dinates u; as

up+iyy = f(w,A)cos &e'JTJ'

uz+iug = f(w,A)sin g’ it 3)
o ﬂg s

ug+ius = g{w,A)cos =
. - ,Bg ,_1_1

ug +iuy = g(w,A)sin=;’ 5 *

The new coordinates may vary in the following ranges
0< BB, <7 0L ay,0, <4m;0 < 9,7, < 27

For a definite type of the coordinates (polar, parabolic, elliptic, etc.), w and A can
be determined completely. For the consideration below, the functions f({w, A) and g(w, A)
will remain rather arbitrary: only the connection with the coordinates u; is fixed

flw,A) = (ud + ul +ul+ ug)‘/2
9w, A) = (u} + uf + ug + u})'/? (4)

In the coordinates (3) differential elements of the length, volume and the Laplace operator
have the following forms

2 2 2, 1 ? 2 ' 2
dl; = df*+dg° + lef + Z—dlg
dVs = fsgsdfdng,dQ (5)

_ 10 (. 19 si)_i‘z_i‘z
Bs = ?35?(’ f) 3ag<” ) P @

i = do,¥ + dB.2 + dvy,? + 2 cos Budasdy,

where
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daQ, = l sin B,df,da,dy,
. [ 1 ( & &
J“ - 352 + cot ﬂuaﬂa sin ﬁa a,? ZCOSﬂaa 0870 FW
and a = f,g.

3 The eulerian rotations

Let us examine to which coordinates the Hurwitz transformation transform the coordi-
nates (3).
After substituting (3) into (2), we have

fiw,)) - ¢*(w, X)
2f(w, N)g(w, V)2; (6)

Here j = 1,2,3,4, and £; are given by the expressions

To

Z;

il = cos-ﬂ—!(;ogﬁ cosw_sin&sin&wsa,—aﬂ—‘y!*ﬂxﬂ
2 2 2 2 2
iz = COS %cos%sinw +sm %sm ﬂ2! sin aﬂ;’Yl +7ﬂ
ia = Cosﬂsinﬂ—cosa,_a’—wl.l.s}nﬂ COs&cosaf+a’—7l+‘h
2 2 2 2 2
Ty = —cos—ﬂls]nﬂg M—’--}-Sinﬂ cos&sm ato -1t

2 2772 2

Let us introduce the following coordinates

o = fz(w’ A) - gz(w) A)
Btin = 2w, o, ) con beF )
. . ,B §9=1
T3+iry = 2f(w,A)g(w,A)sin 7¢
In these coordinates we have
ap = Mgy S04 Sgp
I3 4
_ §n 8
aVs = (€ +n)dEndQ (8

o - i) B84
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where ¢ = 2f2(w, ), = 2¢*(w, A) and dl?,dQ} and J? may be obtained from the expres-
sions (5) through the substitution (a4, 8:,7.) — (o, 8,7).

We require the identity of the coordinates (7) with (6). As a result we arrive at the
system of trigonometric equations:

cos ge%(aﬂ) = cos %{ co b eslertartytn) _ gip E‘L sin =L ﬂg edlar=oa=rr+v)
sin ge%“’") = cos 'ﬂzi sin ﬂzg “ilesmerttu) 4 sin ﬂ; co ’H’ e(or+as—rr+v)

After solution we obtain

sin §,
cot(a —a,) = cosf,cot(ay +7,) + co tﬂf_sm(a, _:%)
cosf = cosfycosf, — sin By sin B, cos(ay +v,) )
sin
cot(y —vs) = cosfycot(ay+7,)+ cot B, By

sinfay + 1)

The relations (9) represent the basic result of this paper: the Hurwitz transformation
includes the transformation (f +ig) — {f + ig)? and the Euler’s addition of the triplets
of angles (ay, B¢,7¢) and (ay,f;,9,) into the triplet of angles (e, 8, 7). In this sense, we
call the parameterization (3) Eulerian.

4 Correspondence of the solutions

We see from (5) and (8) that the Ag and Aj operators contain the squares of the mo-
mentum operators. If in the Schrodinger equation the form of the potential allows us to
separate the variables connected with the operators Jf, J: and J2, then the solutions will
possess the universal dependence on the angles entering into these operators.

The coordinates w and A may be fixed, i.e. we can consider hyperspheres S€ and $3
in u- and z- spaces respectively. As a result, the solutions

2j; + 1\"* (2, + 1\ /2 ‘
1/)6 N ( éﬂ-'l ) ;1"2 D:'{!"' (a!’ﬂf”yf)D::’,m”(ay1ﬂg)‘Yg)

v - (% “)72 Dl (2 f,7) (10)

2n?

are obtained. The symbol D in right sides means the Wigner’s D-function [11].
For the angles entering into (9) the addition theorem [13]

D} (a,8,7)= Y Di (s, Br,11) Di g, Byy1a) (11)

k=—j

is valid.
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As a consequence, o n | y a subset (j; = j, = j) of v functions participates in
the “construction” of the 353 function. We see that for the spheres §% = S}’ & S;’ and §°
which are connected through the Hurwitz transformation, the correspondence between the
solutions of the Schrodinger equation on thesc spheres is given by the addition theorem

(11).

5 Conclusion

In this paper we introduce the Eulerian parameterization for the Hurwitz transformation
and derive the following results:

a. The Hurwitz transformation in the Eulerian pdmmelorization contains. as a " key
element” the Eulerian addition of the angles {ay, 87, 97) D (g, 35.9) = (. 3.9).

b. The Eulerian parameterization gencrates the universal dop( ndenw ()f the solutions
of the Schrodinger equation on the angles (ay. dy,7¢).

(g, B575) and (a, B,7).

c. In the Eulerian parameterization, correspondence between the solutions in r- and
u - spaces is achieved due to the addition theorem for the Wigner's D-functions.

An extension of the Hurwitz transformation bevound the scope of the Cartesian co-
ordinates was considered in [14] from entirely different positions. The correspondence
between the hyperspherical coordinates resulted from the refusal from the bilinearity of
the transformation.

One of us (I..G.Mardoyan) expresses his gratitude 1o the Organizing Committee and
Dr. G.S.Pogosyan for the support which made possible his participation in this workshop.
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