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Abstract

Steps towards path integral formulations for Smorodinsky-Winternitz potentials, respectively systems
with accidental degeneracies, on the two- and three-dimensional sphere, and a complete classification
of super-integrable systems on spaces of constant curvature are presented. We mention all coordinate
systems which separate the Smorodinsky-Winternitz potentials on a sphere, and state the corresponding
path integral formulations. Whereas in many coordinate systems explicit path integral solutions are
not possible, we list in all soluble cases the path integral in terms of the propagator, respectively the
spectral expansion into the wave functions and the energy spectrum.

1. Introduction

In a previous publication we have extensively discussed Smorodinsky-Winternitz potentials
in two- and three-dimensional Euclidean space. The present paper is devoted to the
discussion of the corresponding case of the two- and three-dimensional sphere. It is a
continuation and generalization of the flat space cases in order to find super-integrable
potentials in spaces of constant curvature. Smorodinsky, Winternitz etal. started a
systematic search to find and classify potential problems in two and three dimensional
Euclidean space which can be seen as non-central generalizations of the Coulomb-, the
harmonic oscillator and radial barrier potentials. The classification scheme starts from the
consideration in which way integrals of motion (in classical mechanics), respectively
additional operators corresponding to these integrals of motion, i.e. the observables which
commute with the Hamiltonian, are related to the separability of the potential problem in
more than one coordinate systems. In two dimensional Euclidean space R? [23] there are
four potentials which satisfy the requirements. In three dimensional Euclidean space R>
SMORODINSKY, WINTERNITZ et al. [70], and recently Evans [19] found all potentials which
separate in more than one coordinate system.
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** Supported by Heisenberg-Landau program.
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The generalization of the oscillator and the Coulomb potential in a curved space have
been discussed by several authors. The harmonic oscillator must be constructed in such a
way that the flat space limit yields the well-known results of the wave functions and the
energy-spectrum E, = hw(n + d/2) (d dimension). The proper generalization is the so-called
HicaGs-oscillator [44]:
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This quantum mechanical problem has been discussed by several authors, e.g. BONATOS et al.
[4], GRANOVSKY et al. [25], KATAYAMA [55], LEEMON [66], and POGOSYAN et al. [85].

The constant-curvature case for the Coulomb potential has been known for a long time
(INFELD [46], INFELD and SCHILD [47], STEVENSON [94] and SCHRODINGER [88]) and has
the form

Ve(B)= — o b )

RY/sTesl+st

The limit R — oo yields the well-known form of the Coulomb potential. The corresponding
quantum mechanical problem has been discussed by GRANOVSKY etal. [26], KIBLER etal.
[57], KurocHKIN and OTtcHIK [63], OTcHIK and RED’Kov [80], PERVUSHIN etal. [87],
and VINITSKY etal. [97]. Path integral discussions of the Coulomb potential in a curved
space are due to BARUT etal. [5, 6] and GROSCHE [29].

The study of these systems on the sphere was the beginning of the generalization of
Smorodinsky-Winternitz potentials on spaces of constant curvature. These investigations
show that it is possible to construct a harmonic oscillator, a Coulomb problem on a
sphere, and a ring-shaped oscillator and a HARTMANN potential [42] as well. As will be
shown all these potentials (and some others which do not have a particular name) separate
on the two- and three-dimensional sphere, respectively, in more that one coordinate system.

However, there seems at first sight to be less structure as in flat space. In two-dimensional
Euclidean space, there are four super-integrable potentials known [23,38], and in
three-dimensional Euclidean space there are five maximally super-integrable potentials
and eight minimally super-integrable potentials [19, 38, 70]. In this paper we are dealing
with the most obvious generalizations of the flat space cases, and we find for the
two-dimensional sphere two Smorodinsky-Winternitz potentials, and on the three-dimensional
sphere six Smorodinsky-Winternitz potentials. Therefore the question arises, where are the
remaining constant curvature counterparts of the Euclidean cases? In R? there are four,
and in R? there are eleven orthogonal coordinate systems [76], whereas in $® there are
two, and on S six coordinate systems [77]. Again, one must ask, where are the
remaining constant curvature counterparts of the flat space cases. In other words: What is
a coordinate system on a sphere? A solution of this problem would give us the possibility
for the explicit construction of all super-integrable potentials on spheres. For instance, we
do not know yet what is the HOLT potential [43], or the Stark-effect on a sphere.

In the following we do not distinguish between minimally and maximally super-integrable
potentials on spheres. This would require a proper definition of super-integrability on
spaces of constant (positive) curvature and coordinate systems. This is not to our disposal
yet. We denote any potential on the sphere which is separable in more than one coordinate
system as a Smorodinsky-Winternitz potential.

Our paper is therefore designed as a starting point for a systematic investigation of the
number of Smorodinsky-Winternitz potentials (and the number of coordinate systems) on
spaces of constant curvature. Such a study seems not to exist until now. Potentials like
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these appear in many applications in physics, and are important in the study of the
physical relevance of particular space-time geometries. For instance, the sphere, the
pseudosphere (double-sheeted hyperboloid) and a Anti-DeSitter geometry [61] allow the
incorporation of a singular potential like the Coulomb potential. The single-sheeted
hyperboloid does not admit this [35]. Our line of reasoning to solve the corresponding
quantum mechanical problems will be the path integral technique of FEynmaN [20, 21].
As we see, in comparison to the flat space, we will be mostly concerned with the path
integral solution and identities arising from the (modified) Poschl-Teller path integral, i.e.,
the solutions are of the hypergeometric type with hypergeometric functions and Jacobi
polynomials. In flat space, Pdschl-Teller systems were only appearing on a sub-level, the
radial wave functions were almost all of the confluent hypergeometric type, i.e., we had
exponentials, Bessel functions, parabolic cylinder functions, Whittaker functions, Hermite-
and Laguerre-polynomials as wave functions. For instance, in the case of the Coulomb
problem in flat space extensive studies by means of path integrals, where all these features
appear, have been done by many authors, among them e.g, CARPIO-BERNIDO etal.
[7]-[10], CastriGiaNO and STARK [11], CHETOUANIetal [12, 13, 14], Duru and
KLEINERT [17, 18, 58], GROSCHE et al. [31, 33, 34, 38, 417, INOMATA [49], PAK and SOKMEN
[82], STEINER [92], and STORCHAK [96].

A closer look on the corresponding wave functions on spheres reveals that the
hypergeometric wave function is not the only kind of solution. In most cases it is even not
the most general one, because the most general solution is based on the Lamé wave
equation [76, 83] which has a very complicated structure (however it contains all other
cases as limiting, respectively particular cases). This fact that one can only deal with
solutions in terms of Pdschl-Teller wave functions has the consequence that the path
integration (if possible) is much simpler as in the flat space cases. For instance, space-time
transformations are required (cf. DURU and KLEINERT [17, 18], FiscHER etal. [22],
GROSCHE and STEINER [34, 40, 41, 91, 93], JUNKER [52], KLEINERT (58, 59], PAK and
SOKMEN [81], PELSTER and WUNDERLIN [84], STORCHAK [95], YOUNG and DEWITT-MORETTE
[90]) only in the cases of the Coulomb- and Hartmann potentials, and to show the
separability of a problem in elliptical (and related) coordinates. This is due to the
symmetry properties of the quantum motion on spheres. The oscillator on the
two-dimensional sphere has a group structure which can be put into connection with the
six-dimensional sphere. This property is in particular useful in the case of elliptical
coordinates, because the corresponding wave functions also appear as matrix elements on
$® however, with analytically continued quantum numbers. This will be shortly sketched
in appendix B.

Therefore the path integration in the soluble cases is not very difficult and we can rely
on results already present in the literature. The path integral is used as an analytical tool
for obtaining in the soluble cases the solutions in an easy way, and our emphasis lies
on the problem of the separability in coordinate systems and super-integrability on
spheres. '

The case of Smorodinsky-Winternitz potentials on spaces of constant negative curvature,
i.e., on the two- and three-dimensional pseudosphere, will be treated in a forthcoming
publication [39].

The remaining part of our paper is organized as follows: In the next Section we shortly
introduce the coordinate systems on the two- and three-dimensional sphere. In comparison
to Ref. [36] the notation and notion of the coordinate systems will be improved. In the
third and in the fourth Section we discuss the Smorodinsky-Winternitz potentials on the
two- and three-dimensional sphere, respectively. The fifth section is devoted to a summary
and discussion of our findings. In appendix A we state how we define the lattice of our
path integral formulations. We also mention the two path integral solutions we need in
our discussion, the path integral solution of the Poschl-Teller, and of the modified
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Poschl-Teller potential. In appendix B we discuss a particular path integral formulation of
the free motion on the six-dimensional sphere which is useful in the discussion--of the
Higgs oscillator on the sphere in elliptic coordinates.

2. Coordinate Systems on Spaces with Constant Positive Curvature
The coordinates on the D-dimensional sphere are denoted by the vector §=(sy,..., Sp).

The basic building blocks of separable coordinate systems are the D-systems elliptic
coordinates [53]

H (Q, D+1

» (=1..,D+1), si =R?, 3)
nﬁh(ei_ej) z !
corresponding to a metric
1 P [ ] , Dﬁl '
=% 0—9) |da)’, Ppl@)=[] (e—e) )
k Z PD(QI) JFIi ! ? i=1

(k>0 curvature). In order to find the possible explicit coordinate systems one must pay
attention to the requlrement that, (i) the metric must be positive definite, (i) the variables
{0}2., should vary in such a way that they correspond to a coordinate patch which is
compact. There is a unique solution to these requirements given by

€, <0, <...<ep<Qp<e€pi. %)

2.1. The Two-Dimensional Sphere

Let us first consider the coordinate systems on the two-dimensional sphere [62, 67, 68, 90,
98]. First, we have the

2.1.1. Polar Coordinates :

=Rsinfcos¢p, O0Z0=Zm,
s;=Rsinfising, . 0S¢ <2m. (6)
= R cos@.

These are the usual two-dimensional polar coordinates on the sphere. The momentum
operators have the form

—ﬁ _(3_+1c0t0 —h 2 {7
Pa—i P¢"’i 6 )

For the Hamiltonman we get
hz hZ 2 1 62
———— Ay = — tf — —
IMRE ST TIMRE (ao +eotl 25t o a¢2)

L (o L\ # (1 @®)
“oMRE\P TanZe P ) T8MRZ\ T sin2d)°
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A separable potential must have the form

Va(9) o

V0, 9)=Vi0)+ 555

2.1.2. Elliptic Coordinates: Second, we consider the elliptic coordinate system which reads
in algebraic form as follows (a, €9, £a, 50,2 a;)

(e, —ay)(@;—a)) (e, —a,) (0, —a,) (g, —a3) (e, —ay)
2=R2 1 1 2 1 , 2=R2 1 2 2 2 s 2=R2 1 3 2 3 . 10
o (a,—a,)laz—ay) 2 (ay—a,)(a, —ay) 3 (a, —a;5) (a,—as) (10)

If we put g, =a, +(a,—a,)sn*(u, k) and ¢, =a,+(as—a,) cn?(v, k'), where sn(u, k),
cn(p. k) and dn(y, k) are the Jacobi elliptic functions with modulus k, we obtain for the
coordinates s on the sphere

s,=Rsn(y, k)dn(v, k'), —K=su=zK,
s,=Ren(y, k) en{v, k'), —2K'SvZ2K', (11)
s3=Rdn(y, k) sn(v, k'),

where

a,—a . a;—a
k=2—l=sin’f, k?=2—D=cos’f, K +k?=1 (12)
a;—a, a;—4a,

K and K’ are the complete elliptic integrals, and 2 fR is the interfocus distance on the
upper semisphere of the ellipses on the sphere. Note the relations cn’« +sn?a=1 and
dn?a=1—k?sn?a. In the following we omit the moduli k and k’ of the Jacobi elliptic
functions if it is obvious that the variable u goes with k and v goes with k'. The
momentum operators are

_h(d Ksnpcnpdnp _h(d K?snvenvdnv (13)
Pu=7 dp kKenPu+k'?cen®v)’ P=7\av k*cn?u+k'2cn?v)’

and the Hamiltonian has the form (here and in the following we use an ordering
prescription which we have called product ordering, cf. [27] and appendix A)

h? h? i 2 9
- 3 dsv=— 2 32 .02 T3 \z 2153
2MR 2MR? k*en*u+k'*cn‘v\op®  dv

1 1 1

= (pi+p?) . (14
2MR? Vk en?p+ k' cn?y * Vk’cn?y+k’2cn’v

Note that 4V =0. A potential which is separable in these coordinates must have the form

_Ve)+Vle)_ Vilw+ V()
:— k*cn’u+k'?cn?v’

V(s) (15)
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As in flat space we can get another elliptic coordinate system, where one of the foci is
on the s,-axis which is obtained after a rotation about the s,-axis by means of

5+ R(f)3 (16)

with the matrix R(f) given by

cosf O sinf
R(f)= 0 1 0 . (17)
—sinf 0 cosf

This gives the elliptic II system which has the form {51]

sy =R[k’ sn(y, k)ydn(v, K'Y+ kdn (g, k) sn(v, k)],
sy =Ren(y, k)en(v, k'), . (18)
sy =R[k’dn(u, k) sn(v, k)= ksn(y, k) dn(v, k)].

2.2, The Three-Dimensional Sphere
On the sphere $® we have six coordinate systems which are given by [53, 54, 77]
2.2.1. Spherical Coordinates:

s, =Rsinysinfcos¢p, 0<8, y<m,

s,=Rsinysinfsing, 0=¢<2m,
. (19)
sy=Rsinycos8.

s, =Rcosy.

The momentum operators are

h/o h{o 1
= —— 15 = — 4
P, . (ax-i—co ,(), Po ; <69+200t0>, (20)

and p,= —ihé,. For the Hamiltonian we obtain

= h? 62+200t 5+ ! az+cot66+ 12
TIMRZ| 3y X oy sinig \ 30 26 " sin20 0¢

1 P Pi h? 1 1
2
= + - +— ; - 4+ — : - . 21
2MR? <p, sin?y  sin’ysin’6) 8MR? +51n2;g+sm21 sin®6 1)
A separable potential must have the form

V1 (0) + Vi)

V)=V, (x)+—= — .
)=V sin’y  sin®ysin¢

(22)
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2.2.2. Cylindrical Coordinates:

s, =sinfcos¢,, O0<b<mn/2,

=sinfsing,, 0L <2m,
s, =sinfsin ¢, S¢,,<2n 23)
5y=cost cos¢,,

54 =cosfsing,.

The momentum operators are

h
p’):-i_(;é-f-cot()—tanf)), 24)

and p, =—ihd, . Therefore we have for the Hamiltonian
1.2 é1,2

e Agn= # o +2(cotf —tan0) a+—1———i2—+——1——-€:
T2MRXTST T 2MR?| 062 30" sin20 0¢?  cos*0 a2

“IMRE\P? Tin20 " cos?8)  8MR? cos?@ sin?6)’
A separable potential must have the form

ACAMACS 26

Ve =v©O+ sin?f = cos?§

2.2.3. Sphero-Elliptic Coordinates:

s;=Rsinysn(y, k)dn(v, k'), —Ksgu=K,
s,=Rsinycn(u, k)en(v, k'), —2K'Z2vg2K/,

i 27
‘ sy =Rsiny dn(y, k) sn(v, k'), 0Lysm,
sy =Rcosy,
in the notation of 2.1.2. For the momentum operators we have
h{d
= = t s 28
RTINS, .

together with p, and p, as in (13). We have for the Hamiltonian

n? 2 2 cot 6+ 1 62_'_32
2MR?| dy? C"xax sin y(k2en?p+ k'2cn?v)\ép?  0v?

_ 1 (p2+ 1 pitp ! )_ P 9
AMR*\ " ViZenlp+ kP en?y S’ /i en’p+kZenv/ 2MR® .
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A separable potential must have the form

Va (1) + V509

V_. =V 7 .
(5) 1(l)q}_kzv::nz,u+k’2cnzv

(30)

2.2.4. Elliptic Cylindrical Coordinates 1: The first elliptical cylindrical coordinate system
in algebraic form is given by (a, ¢, £a,50,5a3)

(e, —ay) (0, —4ay)
(ay—ay) (‘33“‘11)
(0, —ay) (@ —
RZ 1 2 2 ,
@ —al)(aa—al) e |
2 (0, —a,) (0,—a,)
(ay—a,) (al_az)’
(0, —a3) (0, — a5) J
(a,—ay) (a2—~03)

=R? cos’ @, N

(31
s2=R

si=R?

In terms of the Jacobi elliptic functions we have (~-K S p <K, —2K'svs 2K, 05 ¢ <27

s; =Rsn(y, k)dn(v, k') cos ¢,
s, =Rsn(y, k)dn(v, k') sing,
sy =Ren(y, k) en(v, k'),
s, =Rdn(y, k)sn(v, k').

(32)

For R — oo the oblate spheroidal coordinate system in R? is recovered. The momentum
operators are given by

_h(¢ kK*snpcnpdnpg  cnpdnp 33)
Pu du k*cn?u+kZen’v 2snp
h k'’*snvenvdny snvecny
P e : 34
Py 1(61' k? cn?u+k'? en?vy 2dnv> (34)

and p,= —ih0,. Therefore we have for the Hamiltonian

h? h? |: 1 (62 cnpdnp 9

Asu) =—-

" 2MR? 2MR*| (k2 en?p+k'? cn?v) ol snu  du
. &2 p2 Snveny 0 N 1 0? (39)
ov? dny dv/) sn?*udn’v 3¢?
n 1 , E

= (ps +p?)
2MR? [/kzcnzyi-k’z enZy Vk*cn?u+k'? cn?v

h? 1 cn udn o .sniven’y
- 2 4455 72 2 +K 2 . (36)
8MR k*cen’u+k'“cn®v sn’u dn®v
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A potential separable in these coordinates must have the form

V() +V,(v) V() (37)

V(s)= .
(5) k2cn?pu+k'?cn?v  sn’pdn’v

2.2.5. Elliptic Cylindrical Coordinates 2: The second elliptical cylindrical coordinate system
in algebraic form is given by (a, S0, a,<¢,54a,)
S:;' — R2 (Ql "az) (Qz _az)
(as—a,) (@, —a,)
@ —a)le;~) . » 6
(a3—a;) (a;—a,) >
§2 = R? (e —ay) (e, —a,)
} (az"‘ax)(as'al)’
2 R2 (0, —a5) (e, —a3) J
4 .
(ay—as) (a; —a,)

cos? ¢, ~N

s;=R?

(38)

In terms of the Jacobi elliptic functions we have (~-K SusSK, —2K'£v=2K', 05 ¢$<2m)

s;=Ren(u, k)en(v, k')cos ¢,
s;,=Recn(u, k)en(v, k')sin g,
sy =Rsn{y, k)dn(v, k'),
sy =Rdn(y, k)sn(v, k').

(39)

For R — oo the prolate spheroidal coordinate system in R* is recovered. The momentum
operators are given by

_ k(0 k*snpcnudny  snpudnpu “0)
Pu=7 ou kK*en’p+k'?en’v 2cnp
hfd k' snvenvdnvy snvdanv
Py= 5. T 12 en? 22, 1)
i\dv k*en*p+k'?cn’v 2cenv
and p¢‘= —ihd,. Therefore we have for the Hamiltonian
h? Ao = h? 1 9* snpdny 0
2MR2 75V 2MR2 | (k*cn?u+k'* cnv) \ou? cnp  du
8> snvdnv 9 1 d?
g _ ) IV . 42
Yo Ty 6v>+cn2ucnzv 6¢2] 42

_ n? 1
2MR? sz anll'f' k2 cn’v

h? 1 sn2udn?u  sn?vdn?v
- 2 4+ 2 a2 2 uz #+ 3 . (43)
8MR K en?p+k?cen®v\  cn’p _cn?v

(pi+pd)
%

K en’p+k? e’y
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A potential separable in these coordinates must have the form

Vi +1,tv) | Vs(9) (44)

V(s)= .
) k*cn?u+k?cn?v - cn?ucn’y

Similarly as in the two-dimensional we can also perform a rotation of the coordinates §
on $® by means of 5 R(f)s with the matrix R(f) given by

0 0
0 0
cosf sinf

.. —sinf cosf

R(f)= @5 _

©C oo~
c o -0

This gives the rotated elliptic cylindrical II system which has the form

s, =Recn(y, k)en(v, k') cos ¢,

s, =Recn(y, k)en(v, k') sin ¢,

s3=R [k’ sn(u, k) dn(v, k') + k dn(y, k) sn(v, k)],
=R[k dn(y, k)sn(v, k') —ksn(y, k)dn(v, k)]

(46)

2.2.6. Ellipsoidal Coordinates: Let us consider the coordinate system defined by

2 2 2 2

s s s s

TR SO B
¢—a, ¢—a 0,—ad3 0;—4d4
and s?+s3+s}+s;=R% )

=0, (i=1,2,3),

Explicitly (a, <g, <a,<g0,<a;<g;<a,):

R? (0, —a,) (e, —a,) (05 —ay)
(a,— 1)(‘13_01)(‘14—‘11)
2_R? (0, —a,) (0, —ay)(e3—a,)
(al—az)(a3—a2)(a4—a2)’ >
2_ p2 (o, —a;) (Qz“as)(03_as)
(a, —a;3) (@, —a3) (a, —as) ’

(48)

—R? (o, — a,) (Qz a,) (93 —a,) J
(a,— 04) (ay—a,)(a;— a,)’

Unfortunately, the ellipsoidal system is a two-parametric system and to write it in terms
of elliptic functions is difficult and cumbersome because we need two moduli. The metric
tensor is given by

. (=02 (el -2} (3—0D) (03 —03) (Qi—ef)(gi—ei))
=d , , . 49
(2as) ‘ag( Pe)) P P 49)
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The momentum operators have the form

h( d 1 1 1 1 1 P'(p, )) ~
p(’l__- £y +“
691 Ql'—Qz 2 0~ 4 P(Q
h({o 1 1 1 1 1 P’
SETEININE NI R
i\0o, 2¢;—0, 2e,-0; 4 P
h{ o 1 1 1 1 1 P’
po,=v<——+— += (Q’)> J
i\de, 2¢;—¢ 20,—0¢ 4 P(e;)

We obtain for the Hamiltonian

hz
TaMRE e

2h l{P a
=____1__[ (a,) M% (51)

(Ql Qz) (01 03) an

VP@) 9\ oy 2y VP am_{]

(0,—05) (22— ;) 90, >80, (03—0,)(0;—0,) Je; 3" 0o,

2MR2 I:Z (gl?-lhpo )Weyl+AVMP {Q}] (52)

where we have chosen in this case the Weyl ordering prescription for position and
momentum operators [24, 40, 65, 74, 79]. AV,.p({g}) is determined by the first term in
(178) and reads as

A B(A+ B)— 4%, (A2+Bz)

AVQ|({Q})=8MR2 ‘qlal h2A333

(53)

h* =(a} — a})*/(a} — a}). By cyclic permutation we have for 4V, =4V, (4A— B, B— C)
and AV, =4V, (B—» C, C — A), together with A=9,—¢,, B=p,—¢;, C=0;—0,.- A
potentlal separable in ellipsoidal coordinates reads as

V(E) - (Qz - Q3) Vl(Ql) + (91 - 93) Vz(Qz) + (91 - Qz) VJ(Q;) . (54)
(91 - Qz) (Ql - Qs) (Qz - Q;)
3. Path Integral Formulation of the Smorodinsky-Winternitz Potentials

on the Two-Dimensional Sphere
In table 1 we list the Smorodinsky-Winternitz potentials on the two-dimensional sphere
together with the separating coordinate systems. The cases where an explicit path
integration is possible are underlined.

36 Fortschr. Phys. 43 (1995) 6
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Table 1

Smorodinsky-Winternitz potentials on the two-dimensional sphere

Potential V(5) Coordinate
System
M s24s2 B (K2-1 K1
V, =— 2Rz 1 2, " 1 4 27 4 herical
1= w p +2M o + 3 Spherica
Elliptic

V,= il ( L ki-s ) Spherical
= pherica
R st4s? 4M st+s3 \Ysi+si+s, |/s,+sz—s, E—

Elliptic II

3.1. We consider the potential (k, , >0)

. T I ] ;I
Vl(s)= wR? 15 s’+—(————‘ 4422 ‘) (55)

2 2 2
53 M\ sy 53

which in spherical and elliptic coordinates has the form

Spherical :
M h? k3-1 21
V. (5)=— 2R2 t 20 1 4 4
1(8) 2 ¢ an +2MR2 sin26 <c052¢ i 29 (56)
Elliptic :

M 1—dn?psn? n? K21 k2_L
_2_w2R2 n ﬂsn v ( 1 4 2 4 ). (57)

+
dn?usn®’v  2MR?*\sn*udn?v cn?ucn?y

Both potentials are separable in the two coordinate systems on the sphere S). In the case
of the Kepler problem the coordinate system must be rotated. We have for V, the path
integral representations

K"(GE". §: T)

Spherical:
0ury=0 S =¢" T )

= [ 200sin0 | 2¢@) exp{ jl:—— R*(0? +sin20¢? — w? tan?0)
0()=0' o)=¢’ hol2

o1 (K-L KB-i 1) I
_2MR2<sin20(cosz(b+sm¢ 4) 4 dt (58)
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Elliptic, i =(1+4M2w? R*/h?)/4:

w(e)=p" v(t")y=v"
=z7 | 2w [ 9v0 K cntprk?enty)
wity=p v(E'y=v"
i M 1 —dn2 2
XCXp{% J [7 R2<(kzcn2y+k'2 en2y) (f2 + #?) — 0 gL Y “)
;

dnZusn?v
hz kz _1 kz _1
_ Iy (. et S st S § (59)
2ZMR*\sn*udn’v cn?ucntv
eiMwZRZT/Zh dE T © nis"y=p" v{s")=v"
— —i 1h ”
= f—c fds" | ausy [ 2v)
R 2mh 0 #(O)=p vO)=v'
ey
X exp {% f [—j— RI(p> +v¥)—E(k* cn® u+ k2 cn?v) (60)
0

Ly (PR (SRR T T Y (L S T | |
2MR2\"? ¥\sn?*v dn’p 2 4 \cen?u cn?v ’

The path integral in spherical coordinates in easily evaluated by successively using the
path integral identity of the Poschl-Teller potential and applying the technique of
separation of variables [27, 28, 38]. Let us denote Ai,=2m+k,+k,+1 and
i3 =(1+4M*w?R*Ah*)/4. We obtain with the principal quantum number N=I+m
(.0 €[0,5])

K'GELST)= 3 Y Pywl0, ¢ R) Py (0, ¢'; R)ye ENTI 61)

m=0 N=0

¥r.m(0; ¢; R)=(sin0) ™12 @itla 2k(¢) Sy, (0; R) (62)

'r +k 112
o )= 204 2mky sk, 1) R Ll ) |

Frt+mtk)F(l+mtk,)
x (sin @)1/2 %2 (cos )l/2 k1 pitke. Thi) (o5 ) 63)

1 N—mlIF'{+N-m+i,+4 1/2
S~vm(9;R)=§[2(1+2N+11+12—2m) (N—m! TA+N—m+4,+ 2)]

T(I+N-m+i) T(1+ N—m+1,)
x (sin )1+ 112 (cos @)*2*1/2 p{f2: A0 (cos 20), (64)
2

= oz [@N £k 2k +D QN 2k 1k +3)+ Qi — DN £k £k, +2)]. (65)

Ey

Let us discuss shortly the cases O<k; <3 (i=1,2), and the degeneracies of the Higgs
oscillator on the sphere. If 0<k, , <3 we have for each N=I+m four possibilities of
parities of the levels, i.e. (£, +); for the cases O<k, <1 and k,>% or 0<k, <} and
k, >3 we have for each N two possibilities: (+); for k, ,>1 there is only one possibility:

(+). In all cases the degeneracy is d=N+1=2j+1 (j=0, 3, 1,...), coinciding with the

36*
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dimensions of all irreducible representations of the group SU(2). This is exactly the same
behaviour as in the two-dimensional flat-space case [23, 38].

In the limit R — o0 (1, — M w R*/h) we obtain
- Ey=ho@N+2+k, £k,), (66)

which is the correct behaviour for the corresponding two-dimensional’ maximally
super-integrable Smorodinsky-Winternitz potential in R? [38]. In the limiting case w — 0
(A4, — ) we obtain

h? w Il +1)

(67)

(I=2N +k, + k, +2) which corresponds to the case where just a radial part is present
which has the same feature as the spectrum of the free motion on S@.

In elliptic coordinates we have by means of the path integral identity of appendix B the
following formal solution

K(Vx)(‘s‘"’ E’; T)= [M([l" v!) M(l‘"’ v ]—1/2

@
PS 3, e iETimplh ke k(v gk (i, V), (68)
m N=0

with the principal quantum number N € Ny, M(y v) as in appendix B, and the same
energy spectrum as in (65).

Note that we have performed explicitly a time-transformation in (60) to show the
separability in these coordinates. However, only the formal expansion (68) is known.

3.2. We consider the potential (k; ,>0)

i ( ki it ) (69)

x5
= + +
Ry/st4st aMysi+si\Ysi+si+s, |si+si—s

which in spherical and elliptic Il coordinates has the form

V2(§)= -

Spherical :
¥ oo (-l k-l
Y — — tg 2 4 1 4 70
V2(5) R tEMRZsin’6 (coszg+ sin? ¢ 79
Elliptic 11:
a k'snvdnv—ksnpdnpy h?

R kcen?u+k'?cn?v +2MR2(k2 cn’u+k'?cn?v)

y (k2 +k2—1)k? + (k3 —k}k'snpdny +(kf +k3—3)k* +(k3 —k})ksnvdnv a1
cn?y cn’y ’
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We state the two path integral representations, where we have used in the elliptic case the
rotated version

KY3(3", 5 T)
Spherical:
1 ou")y=90" ) =¢" t” MRZ . .
=z [ 2600sin60 | 2¢0 exp{ j[—(02+sin2()¢z)+£cot()
0wy=0' bu)=¢' hol 2 R
h? IR = ihT
w8M1zzsinze<cos 73t e Ty dt +8MR} (72
Elliptic 11:
] BEI=w vary=v
=X I 2u0) | 2v@)k*cn’p+k’*cn?y)
n)y=u' v({e')=v’
, o k'snvdnv—ksnpdnp
xexp{ '_[[ cn’u+ k' en®v) (0% +v3) + R KlonlpikZon’y
B (k2 + k2 — 1)k’ + (k2 —k3)k’ snpdn e
2MR2*(k? cn® u+k'* cn?v) cn’p
K3+ k2 =4k + (k2 — k) ksnvdnv\]
LJlark—s) cnzzv : dty. (73)

Evaluating the path integral in spherical coordinates, the ¢ path integration is of the form
of the symmetric Poschl-Teller potential yielding

K¥9(3",3; T)

| y & -y ek (@
_=——2R2(Sln0 sin §") "2 ginT/BMR ZO oLk t"’(—;) oLt ‘ik)<—é‘>

m=

e”)y=6" 2 2 2 1
MR o h Af—2
20 6* + = cot — ———— —2)dtp, 74
xo(,)j . mCXp[h!( 7 TR IMR? sin20) t} 74

where A =m+(1+ k, + k,)/2 and the Pdschl-Teller wave functions @S- *¥. The remaining
f-path integration, denoted by K®(T) in the following, is of the form of a trigonometric
version of the MANNING-ROSEN potential [71], which in turn can be transformed into the
path integral problem of the modified Pdschl-Teller problem [5, 28]. In order to do this
we perform the transformation [5]

e’ =tanh (i6/2) (75)

together with the time t=#formation dt = f(r)ds and f(r) = R* tanh?r. The transformation
(75) can be interpreted as a one-dimensional version of the Kustaanheimo-Stiefel
transformation in flat space [17, 18, 64]. This gives the space-time transformed path
integral formule (A= —ia/R)
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dE _
K&0",0;T)=[ = THGR0", ' E) (76)
R 27l
G, r's E)= % [fey f)])* [ ds" KPR r'ss” o)
0
- r(s”)y=r" -
RO 1 s")=eiS"EX AR [ gr(s) (78)
r(0)=r'
is (M 2MRYE—A)/h*+3 421
_ il RZ -Z_hl 4_h2 4 .
xe"p[h {(2 ' 2 MR? cosh’r IMRZsinh?r ) &

Inserting now the path integral solution of the modified Poschl-Teller potential, cf.
appendix A, we find that the result has the form ’

0

K", 0,¢" ¢ T)= )

m=0 N=

e ETNEE L0, ¢ R) B0 S R),(19)
0

with the wave functions and the energy-spectrum given by (N=N+i+3, a=h*/Ma,
ox=R/aN(4,6) € [0, n])

¥y (0, @; R)=(sin0) V2 @tk =K (¢) Sy . (6; R) (80)
' F(+mtk +ky) T2
PlEkn Tk (p) = Im+k. + m 1 XK,
m D) [(” mtki k) P ma k) T +ntky)
¢ 1/2 %k, ¢ 1/2%k,
x (sin ~2—> (cos 5) PiEke TR)(cos ) (81)

S, . (0: R)= 1 [o,%+1\72r(ﬁ+;.+§)r(ia,v+i+§)]“2

rei+1| R*N? N!T(ioy—i+3%)
x (2sin0)** 2 exp[i6(ioy— N)] ,F,(— N, A+ 5 +ioy; 24+ 1;1-¢€*%), (82)

, NP =4 Md

Ex=W MR 2R ®3)

Cf. [5] for the flat space limit. The path integral in elliptic 11 coordinates is intractable.
4. Path Integral Formulation of the Smorodinsky-Winternitz Potentials

on the Three-Dimensional Sphere
In table 2 we list the Smorodinsky-Winternitz potentials on the three-dimensional sphere

together with the separating coordinate systems. The cases where an explicit path
integration is possible are underlined.
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Table 2

Smorodinsky-Winternitz potentials on the three-dimensional sphere

Potential V(s) Coordinate
System

P42+ R (K-L K2-Y k-1
O S IS RS S S Spherical

s3 2M\ 52 EH s3
Cylindrical
Sphero-Elliptic
Elliptic-Cylindrical I
Elliptic-Cylindrical 11
| Ellipsoidal

h? kz_l kz_l '
V,= x S + ( Loty 22 Spherical

R LYVl 2 2
R y/siqs2as? M\ sy RS

Sphero-Elliptic
Elliptic-Cylindrical 11*

h? I -3 -4 k3%
| A [ ( L - )+ 2 ‘] Spherical

= +
IMLYst+sd \Ys2+si+s, |/si+si—s, s3
Cylindrical
M si4+si+s2 h? [kI—-%1 F(sy/s .
Vi=—w?R2L2 -3, (32 ?2/ 2') Spherical
2 53 M\ 5y s{+s3 —_—
Cylindrical

Elliptic-Cylindrical I
Elliptic-Cylindrical I

a A W [ Bs; (sz)] .
Vi=—— + +F{— Spherical
R Vsi+si+5; IMGT+sDLY/sTrsi+s] 5 -
Elliptic-Cylindrical I1*
h? kz_l kl__l kl_; kz__l_ !
Vo= F(+——{ 52+ 52+ 52+ 252 Spherical
¢ (l) 2M ( s? s s s2 Sphere®

o Sphero-Elliptic

* after rotation

4.1. We consider the potential (k, , ;> 0)

M s24stes? B OfKA-L K21 22
v =M g Sitsats b (Ki—g K- KBy 84
1S)=7 o 52 AN R (®4)

which reads in the six separating coordinate systems as follows
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Spherical :
M X K21 1 K21 x2_ 1
V"’=_ 2R2tn2+ . 34+' | 14,2<4
1(5) 2 ¢ anx 2MR2‘smlx[cos29 sin?6 cosng+sin2¢
Cylindrical :
_M W2 R 1—cos?@sin’ ¢,
2 cos?8 sin ¢,
LB [ (Boi KoR) 1 b
2MR?|sin?0 \cos?¢, sin’¢,/) cos?0 cos’¢,
Sphero-Elliptic :
=Mw2R2tanxz+ i k=3 k-3 k-4
2 2MRZsin*y \dn?psn?v  cn’ucn®v  sn’pdn®y
Elliptic-Cylindrical I:
_M ,1—dn?usn’v A 1 k%—%+k§—§ N k3—1 7]
2 dn?usn®v  2MR?|sn’*pdn®v\cos’¢ sin’¢/) cn’ucn®v
Elliptic-Cylindrical 11 :
_M 2R21—dn2,usnzv h? 1 kf——i_*.ki—% N k:—%
2 dn’psn?v | 2MR?|cn’ucn®v\cos?¢ sin*¢/ sn’pdn’v

Ellipsoidal (a;;=a;,—

[‘1 14324434 ((Q
1

M
=—(02R2

2
|

ay):

i

1

i

-0y (2, _Qs) 03— 4,

i 1

+ +
(0, —0,)(0s—0,) 0,—as (0,—0))(e;—¢) ¢, — a4

hz

1

+2MR2

1

1

2
1

3

{(Qx -0y (e —e3)

H

1

2

2

4 2
X [‘131 Q21944 Q—‘_' — +8,,03, _Q__——

3

s
4 +ay,05,0,

+————1 d3; 45,4 a4
{92‘01)(03""0;)[ 31T 0y —

i

3
+a,30,304;
a;

i

H

1

We have the path integral representations

ry
+ay,0a3,04;
Qz -

2

2 _
+————1 44,054y ——
(Qx“Qz)(Qg"'Qz)[ 31T 0, —4a

1 1

)-)

(85)

(86)

(87)

(88)

(89)
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K(V’)(Eﬂ, E’; T)
Spherical:
xu=x" ouy=o0" U ="
=% f 2x0sin?y [ 20@sing [ 2¢)
@)=y a(t')y=0" o) =

i“[MR? . .
xexp{%j[ 3 (7% + sin? 3 (02 + sin? 0 $?) — w? tan® y)

¢

n? k-1 1 (k-4 kK-; 1) 1 h?
- 2 2 324‘*'-2 ‘ 1244"224__ 4 dt o1
2MR?sin?y \cos?f sin?6 \cos’¢ sin’¢ 4,/ 4

TIMR?
Cylindrical:

¢, =07 $20)=95

3 20(t)sinfcos® | 26,00 |  2¢,(0
R ' ¢€)=¢; ¢, =6}

i [MR*( c s 1—cos?8sin? ¢,
xexp{g;[,[ 5 <02+00529¢f+sm294)§~—w2m

2 2_ 1 2_1 2.1
_h L (M “+’f22“—1 +% k32‘—— —1)|dty  (92)
2MR?*\sin?f \cos?¢, sin’¢, 4/ cos*0\cos’d, 4

Sphero-Elliptic:

1 xy=x" aey=p" v =v"

e f 2xwsin’y | 2u0 | 2v(t) (k* cn®u+ k' cn?v)

x4ry=y n(@)=p v{r')y=v’

i' MI{2 .2 .2 2 2 k,z 2 .2 .2 2 2
X eXp Ef 3 (% +sin®y (k2 cn? p + k'? en?v) (4% + v?) — w?® tany?)

v

h? ki—1 ki1 k:-1 h?
_ : 374 22 42 " 21 42 + ~dt (93)
2MR%sin’y \dn?usn?v en?pen?v  sn’pdn’v/ 2MR

Elliptic-Cylindrical 1

By =p" vy =y B =¢"
e f 2ue | 2v@ K co’u+k?cen’v)snudny }

ult)y=n’ vit')y=v’

2¢(1)
(t)=¢'
! MR2 . 1—d 2 2
xexp{%j’[ 5 <,(I<2~cnzy+k'zcn2v)(;22+i'2)+sn2ydn2v¢2—a)2 o psn V)

; dn?pusn?v
LW (1 (R E-l), K
2MRZ\sn?psn?v\cos’¢ sin’¢/ cn?pcn?y

h? 1 cn?pdn?p sn?venly
: 4 k4 dey (94
+8MR2< +kzcnzy+k'2cn2v< sn?pu M dn’v o4
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- Elliptric-Cylindrical 11

| e =a v =v" *a")=¢"
=23 { 2u0) | 2v@KE cn’u+k?cn’v)enveny | Z¢()
at)y=pn' v(p')y=v’ o)=¢

it MRZV 2 2 12 2 22 ) 22 2 2 ‘2”
X exp ZI 5 (k*cn’p+k'?en?v) (12 + V) +enpenivd’ —w

t

W (1 (e B K
2MR*\cn?pucn®v\cos?’¢ sin’¢/ sn*udn?v

, 1—dn?usn’y
dn®usn®y

N h? 4t { snp dnzy_'_snzvdnzv " 95)
8 M R? k*cn?u+k*cnv\ cn’u cn?v
Ellipsoidal:
1 ae)=e 00" =0 e =e3 (0,—0,) (03— —o
E I Dyp 0,(1) I Dyp 0, (1) j Dyp 25(t) 2=0) (@, —0;) (@, —0)
e (t')=0} ex(t')=g05 ey’ =ej 8 P(Ql) P(Qz) P(Qa)
i t” MRZ 3 . . .
xexp{z j[ 5 Y gm__g,-z—Vl(s)—AV,,F(s)]dt}. (96)
t i=1

In ellipsoidal coordinates the notation is for the metric and the quantum potential as in
(49, 53), respectively, and V, as in (90). Note that this path integral has been written for
convenience in the mid-point formulation. We consider the first three coordinate systems.
In the cylindrical and spherical system we apply successively the path integral solution of
the Poschl-Teller potential. In the sphero-elliptic system the (g, v} subsystem is separated
with some quantum numbers N, m, where we know from the spherical system and
appendix B that we have for the principal quantum number N € N,. Thus we obtain
(A2=(1+4 M2 w*R*h?)/4)

K¥(3", 55 T)
Spherical, A, =2n+k, +k, +1, L, =2m+ i, +k;+1; (1,0, $) € [0, 3]:

o

= Y e BTy w0, ¢ 5 R) Py mald 0", 6" R), 97
nm N=0
Wy mn(1> 0, @; R) = (sin® x sin §) ™ 1/2 @F*2 k() @i# *RI(0) S22 (15 R), (98)

' rim+k, + 1z
(p'(nikz.tkl)(tp):[z(zn’iklik2+1) m! imtk, +k,+1) ]

IFmtk,+1)I'mtk,+1)

x (sin )2 2%z (cos ¢)!/2 Tk pitha thil(cog2 ), (99)
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'r i+ k41 /2
(I)’sh,ikg)(()):[z(znillik3+l) n (n+/-1_ 3+ ) ]

Fn+ A, +1)T(ntky+1)

x (sin 8)1/2* 41 (cos ) /2 ks Pt £ (cos 20),

SN G R)y= [2(2 —n—m)+i+4;+1)

(N—n—m T((N—n—m)+i,+2;+1) 12
*RT(N—n—m+ 4, + 1) [(N—n—m)+2;+1)

Slnx)l/2+lz (cos‘)llzle; P(/’ A3) Cos2x),

n- "l

Cylindrical, 4, =2n,+kytk,+1, 4, =2n +43tk, +1; 0, ¢,,)e[0,5]:

oG

= Y eTiENTRy, (0", d1, 055 R) Tin, (0, 61, 635 R),

N,ny 2=0

lPN.n,.nZ(Z’ 9’ ¢; R)=(sin0 cos 0)—1/2 ¢’('likz. ikl)(¢l) Q)'(l;h. iks)(¢2) S“"'h) (0’ R),

N.ny,ny

‘' Fn, +k, +k,+1 172
di,f;ikz'tkn)(qsl):[z(znliklikz_’_l) n, ("1._ Ltk + ) :I

T £k, +1) T(n £k, +1)

x (sin ¢,)"/2** (cos ¢! 22k ik tk)(cos2¢,),

' F(ny+Astky+1)7 2
¢3:3'ik”(¢2)=[2(2n2+13ik3+1) ny (ny 3L ™3 ) ]

F(ny+iy+1) Fny £ ky+1)

x(sin $,)!17 42 (c0s §,)"/2 ¥4 Pif> =49 (c05 25),

an ny

S¢u 22 (6; R) [2(2(N ny—ny)+A +A,+1)

§ (N—ny—m ) T((N=n,—n)+ A +2,+1) 7
)

SF(N—ny—n)+ A+ 1) T(N=ny—n)+ 4, +1

x (sin B)1/2* %1 (cos )12 22 P22 (cos 20),

Sphero-Elliptic, 4, =2m+tk, +k, k3 +2, B=(1+4M*0? R*/h%)/4:

as

=Y ¥ T e BTy () u Y R) P (X 1Y R),

n m=0"N=0

leN.n.m(Za H,v; R)
=[sin?y M(p, V)]~ V2 @ik (e, v) SE5 (05 R),
2

2MR?

Ey=

M2 2R4
[(2N+3ik,ikzi-k3+13)2—1——3—].

hz

543

(100)

(101)

(102)

(103)

(104)

(105)

(106)

(107)

(108)

(109)
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The wave functions ¥S%:-*2-*3)(y, v) are as introduced in appendix B.

It is easily checked that that in the limit R — oo the flat space result is reproduced
-[19, 38]. For the remaining three coordinate systems no path integration is possible.

4.2. We consider the potential (k, ,>0)

. h2 kl_i k2__1 R
Vz(s)=_g__._.__s_‘__—___ < 124+_L_4>’ (110)

: +—
Rystysiest ZM\ s s3

which has in the three separating coordinate systems the following form

Spherical :

& (kf—i K —

. x :
V,(5)= —— cot y + cos2¢+sin2¢;> ~o(1

R 2M R?sin? ysin? 6
Sphero-Elliptic:

h2 k2_1 kz_i
=—Zcoty+ ( L4, 24 (112)

R 2MR?sin?y \sn?udn?v cn®ucn’y
Elliptic-Cylindrical 11 (rotated) .
a k'snvdnv—ksnudny  A? 1 (kf—

P G—

G-
. (113
R k*cn?u+k?cn?y +2MR2cn2ycn2v + (113)

i
cos2¢ cosg
We have the path integral representations
KY2(5",5; T)
Spherical:

x@y=x" a(t”)=6" ) ="
=x3 | 2x@sin’x | 200sin0 [ ¢

wry=x 6(t')=6" o)=¢’

i [MR? s
xexp{%j‘[ 5 (12+sin2x(92+sm20¢2))+%cotz (114)

v
h? 1 (k-1 K2-1 1 1 h?

- 2 02 02 lz4+'224"__‘“+'—2dt
2MR?*sin®y \sin“0 \cos*¢ sin‘¢p 4/ 4] 2MR

Sphero-Elliptic:

| x=x ey =p” vey=v
=— [ 2y®sin’y [ 2u@) | 2vO)(k*cn’p+k?cn?y)
x()y=yx’ u@)y=u v{t')=v’

i “[MR?
X exp {—hl— ] [T (72 +(k* cn?u + k2 cn?v) (;12+92))+%cot1

i
O S
- 2 —1)|a
2MR? (Sinzl (Snzudn2v+cn2ycn2 N t (115)
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Elliptic-Cylindrical H {rotated):

| mer=w =y Pu=¢"
=3 { 2ue | 2v)KkFen’u+ken’vienpeny  f Z¢(t)
pey=p' viy=v pu)=¢'
i C[MR? 202 12 2 02 1 52) 2 2,42
X €Xp Zj 5 ((k* en? u+ k'* cn?v) (4% + v¥) + en? ucn’ v ¢?) (116)
.
o k'snvdnv—ksnpdnp  #? t k-1 ki1
R k¥cn’u+k?*cn®v  2MR? cn’ucn?v\cos’¢ cos’¢

h? t 2 pdn? 2ydn?
+ 4+ /7 opr2 = #2 #+Sn vz - dep.
8MR k*cn*u+k'*cen®v cn‘yu en’v

In the sphero-elliptic system the (, v) path integration is similar as for the oscillator-case,
with a remaining y-path integration as in (74). In the spherical system, we apply in the
¢-path integration the Poschl-Teller, and in the 6-path integration the symmetric
Poschl-Teller path integral solution, again with a remaining y-path integral as in (74).
Thus we obtain (4, =2n+k, +k,+1, 4, =m+ 4, +1/2, the expansion in sphero-elliptic
coordinates remains but a formal expansion, cf. appendix B; ¢ € [0, 3], (x, 0) € [0, n])

K(VZ)(E”, Er’ T)

Spherical:

= Yy Y e T, (107, 0" R) Piam(x, 0, &5 R), (117)
nm=0 N=1

Pynmls 0, @5 R)=(siny) ™' ®**> *4)(¢) B,,(6) Sy(x; R), (118)

! 1/2
S *“"(¢)=[2(2nikl 1k, 1)Lk tk 4D ]

Fn+1tk) T(n+1xky)
S

x (sin ¢)1/2 tks (COS ¢)1/2 tk Pn(ikz. ik,)(cos 2¢)’

¢",(0)=l/(m+xl+1)f—(f’—fn?‘—m =21 (cos ), (119)

Sphero-Elliptic:

[+ s}

=Y ¥ ¥ e EThy L 1V R) P 1V R), (120)

n m=0 N=0

¥y wm(Xs s v; RY=(sin g snpenpenvdny) V2 @k #H(u, v) Sy(x; R).  (121)

The P is a Legendre fﬁ?lctiop. The wave functions Sy and the energy-spectrum are given
by (N=N+4i,+1/2, a=h*/Ma, oy=R/aN)
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Sy R)=

1 03+ N2 T(N+ i+ oy +i+3)]"?
rei+1n| R*N? NiT(ioy—i+d) |

x (2sin )2 * 12 exp [ix(ioy — N)] ;Fi (=N, A+ 5 +ioy; 24+ 1; 1—e?),

Eoei? N*—1 M«
N 2MR? 2m2N*
In the rotated elliptic-cylindrical II system no path integral solution is possible.

4.3. We consider the potential (k, 5 3>0)

ST h2 ™ . 1 kz ___ ‘1— kz L
V,(5)= [ ( 1/’“ >+ ]
3 IM [ 2)/s3 452 \Ysi+si+s, Vsi+si—s 53

which has in spherical and cylindrical coordinates the following form

Spherical :
oo k-1 1 (K-} K-%
V3(§)= 2 in2 > 14+ in2 o
2MR?sin?y | cos?6  4sin*0 \cos?$ szé
Cylindrical :

B S e ]
2MR? | cos’fcos?¢,  4sin’6 \cos?%  cos?%

We have the path integral representations

K (Vs)("" r T)

Spherical:
§ reI=x 0a")=8" Pay=¢"
— | @xsin’y [ 20()sind [ 20
R @)=y 0('y=0' =9’

i “[MR? . .
xexp{}l{f[ 5 (i* +sin®1(6% +sin 0%))

¢

(122)

(123)

(124)

(125)

(126)

h? k21 1 koLl j2_1 1 |
e (2 (A 1) 4o |9 (12D)
2MR?sin?y \cos?8 ~ 4sin’0 \cos?¢ sin?¢ 4/ 2M

Cylindrical
j een=o o, =97 6" =03
=— [ 20@sinfcostd [ 2¢,() [ 24,0
R 0()=0" b, (1')=¢) ¢, ) =0

2MR?

() )
+ + —1)\dt;.
4Slﬂz(9(cosz¢%l cos 'pz ,

COs

i " {MR? . ; . h? 1 ki1
xexp{%j[ 5 (0% + cos20 2 +sin? 0 p2)— ( 20<3 4

¢

cos?¢ 4

9

(128)
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We can solve the path integral for V, in spherical and cylindrical coordinates. The
solutions have the form

K37, 55 T)
Spherical, 1, =2n+k, +k,+1, A, =2m+A, tks+1; (x, $)€[0,7], O € [0.5]:

= Y BTy (079" R Yhaa(x', 0. ¢ R), (129)
n.m =0
¥, (0 0, @3 R)=(siny sin0) ™2 @ik 20 (¢) @ *42(6) S,(x; R), (130)
nMntk,tk +1) ]2
(tki tky) = 2 k + l
On @) [( ntkoth + )I'(nik2+1)l"(nj-_kl+l)
) 1/2+ks ¢ 1/2 1k
x(sini> <c055> Pitke k) (cog @), (131)
miFm+ A, thy+1) 2
PG (0)=| 2@Qm+ 4, tky+1
© [ @m+ s ) e ) Tmt kg + 1)
x (sin 0)}/2* %1 (cos §)! 2% P}t 43 (cos 20), (132)
1 rid+24,+1)
S;(X;R)=§m‘/(: i+ )——,,*‘—quz(cosx) (133)
= B I+4,+1)? 134
Ei=53rgz [0+ 4 +3P ~1], (134)

Cylindrical, 4, =2n,+ 4, tk, + L. A, =n, +k;+3; ¢, ,€[0,7], O ¢ [0,3]:

o

= Y, ey (0", 61, 65 R) ¥lna(6', 61, 925 R), (135)

ny,ny,1=0

¥, mal0, 61, @23 R)=(sinBcos6) ™' 2 o{*4220(¢,) @, ($,) S *0(0; R),  (136)

! th+l) T
<1>£“2'*""(¢1)=[(2n¢k2ik,+1) nlinthk, £k +1) ]

Fntk,+)T'(ntk +1)
¢ 1/2+k; ¢ 1/21ky
x(sin 7‘) (cos 7‘) Ptk tkid(cog ), (137
Fny,+24,+1
¢nz(¢2)_l/ cos ¢, ‘/"24’1 __("z__'___) +;..(Sm¢z (138)
n,!

1 ‘r+A,+4,+1) 12
S().z A;)(g R)— [2(2’_*_2 +/’+1) ! (+ 1+ 1+ ) :|

U+ A+ D) T+ A, +1)
x (sin 0)1/2* 41 (cos )1/2 ¥ 42 p{Az 20 (cos 26), (139)
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RN 5

; h

4.4. The next three potentials generalize the minimally super-integrable potentials from
the flat space R®. We have found three of such generalizations, including-a “double-ring”
and a “Hartmann”-potential on the sphere.

We consider the potential (k > 0)

which has in the four separating coordinate systems the following form

Spherical :
Va®) =A2—4 @’ R? tan®y + 2Mhazsinz p (:;s:j + Fs(:::1 : )> (142)
Cylindrical :

=—];I *R? 1 ;ocs(;i:;rsllzn;fz B 21\:2R2 (coszkﬂ2 ;jz ¢, F(stl‘:: g’l)) (143)
Elliptic-Cylindrical I:

—% *R? 1 ;:;1; :nszn: -+ 21:;2R2 (cnic:;jz v + S:Z(:tagrﬁ)) (144)
Elliptic-Cylindrical 11 :

=¥ @’ R* 1 ;:2“: :nsznv2 v + 2 I\f/;ZRZ (sni(;;jz v ciz(,t;:n(i)) ) (145)

We have the path integral representations

K¥(3,5; T)

Spherical:
x@y=y ouy=0 ou)=¢"

= |  2y(t)sin?y { Z6(t)sin6 [ 260
x@)=y o@)=0 Puy=¢'

i [ MR? . .
><exp{i j[ (%* +sin? (62 + sin? 0 $?) — w? tan?y)

nl| 72
n? k*—3 F(tang)~1\ »?
- d I

IMR? sin’y (coszt) o +2M] ! (146)

e
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Cylindrical:
1 01")=6" ¢ (") =07 ¢,(") =93
=— [ D0@sinfcosd | D, () [ 24,0
R® pey=o 6,()=9} 6,0)=¢;

i “[MR? [, , ., 1—cos?8sin?
X eXp {-1— j[ (92+coszf)¢f+sin20¢§—w2 —w)

Ryl 2 cos?@sin® ¢,
h? 1 (k=% 1\ F(tang,)—%
- R W it 4 Vi SENR I P 147
2MR? <c0s28 (cos2 , 4 T sin’6 (147)
Elliptic-Cylindrical I
| HeI=w" vy =v" da")=¢"
=— D u(t) 2v(t) (k*cn?p+k'? co’v)snpudny D ¢(t)
R3
k) =p' vy =v' $)=¢'

h 2

i “[ MR? ) 1— dn? sn?
X eXp {i § [““‘— ((kz cn?p+ k' cn?v) (@ 4 v*) + sn? p dn?v ¢? — w? I—dnpsnv v>
v

dn?psn?v

1
h? <k2—4 F(tand))) (148)

" 2MR*\dn?psn?v  sn?pdny

hz 1 2 d 2 2 2
+ (44— — cn yzn y+k,4sn v;:n "W4,
8MR k*cn*p+k“cn®y sn’u dn®v

Elliptic-Cylindrical II

| mEI=x" vy =v" P =¢"
25 [ 2u0 [ 9v@) K& cn?p+k?cen’venpenv [ D¢()
w)=p’ vy=v $e)=¢"

h 2

i HE MRZ . l—d 2 2
xexp{l } [—— ((k2 cn? p+ k2 cn?v) (42 4 v*) +en?pen?v g — w? —w)
v

dn?psn?v

K < k-1 . F(tan¢)>

" 2MR*\sn’udn?v  cn’pcn’y

n f 1 sn?pdn®y  sn’vdn’v
4 dey. (149
+8MR2( +kzcn’;¢+k’2cn2v< cn’p oy (149)

We can explicitly solve the first two path integrals. We denote the energy-spectrum of the
¢-dependent problems by E,=Hh> A3/2M. The most important case occurs when
F(tan ¢) =y = constant. Then the quantum motion in ¢ are just circular waves and we

have in this case @,(¢) = D,(¢)=¢""?/}/2n (v € Z). We obtain

37 Fortschr. Phys. 43 (1995) 6
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K®9(3, 55 T)
Spherical, A, =2m+n+k+1, A3=(1+4M>w?R*/h?)/4,;
(1.0 €[0,5], ¢ € [0, 27]:

7Ms

Z e—iE'T”' Wl,m,n(X”’ 0”, ¢”; R) q’l’,“m,n(xly 0’7 ¢Ia R)’
0 neZ

ing
¥, a1, 0, &; R) = (sin?y sin ) ~1/2 %—2_— B £9(9) S 4)(y; R),
b1

! + 12
¢$.ik)(0)=|:2(2m+nik+1) m I'(n,+ntk+1) ]

IFm+n+1)I(ny+k+1)
x (sin 6)1/2*" (cos B)1/2 £k P £0(cos 26),

Nr+a,+4;+1) ]”2

St (x; R)= [2(21+ Aatis+])

R3r(I+2,+1)T(+4,+1)
X (sin x)'/2* 42 (cos y) /2 * % P32 43 (cos 2 ),
2 M2w2R4
E,=m[(21+12+13+1)2—1—7:|,

Cylindrical, A, =2n, + 4, +k+1, A2=(1+4 M2 w? R4/h2)/4;
. € [0, 271, 6, $,) € [0, 3]:

ac
=Y Y eiETAY (0", ¢35 1:R) B, (0, b5, &1; R),
ny,I=0 neZ

iny ¢

lPl,nl,nz (03 ¢17 ¢2, R)= (Sine cosg)—l/Z cﬁ ¢lg‘3, j:1‘3)(4’2) Sl(nhll)(e; R)’
7C

n F(ny+ 4, ks +1) 2
T(ny+A,+1) T(ny + ks +1)

X (5in $,)1/2* 41 (c0s )1/ 4 P £49(c0s 2.6,),

IT(+n,+2,+1) ]1/2

(pg.,, tka)(g,) =‘l:2(2n2 +A3tk;+1)

S{reA(@; R) =] 2(21 A+1
e R) [( Tt A e i ) TAT 4,7 D)
x (sin §)}2+™ (cos §)1/2 41 pfm A1) (cos 26),

MZ wz R4
h? ’

2

E=——
' IMR?

l:(21+,11 +n +1)%—1—
4.5. We consider the potential

- o Sq n? Bs, s,
VS(S)=—_ + 2 2 +F - 5
RYs?+si+st 2MGsi+s2)\)/s? 452+ 8y

which has in spherical and rotated elliptic-cylindrical II coordinates the form

(150)

(151)

(152)

(153)

(154)

(155)

(156)

(157)

(158)

(159)

(160)
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Spherical :
. a h? B cos@ + F(tan ¢)
5(5) R X+2MR’sinzx sin%8 (161
Elliptic-Cylindrical II (rotated) :
a k’snvdnv-ksnydn,u+ K2
R Kcn’p+k*cn®v  2MR?*(k*cn’p+k'2cn?v)
F(t k2 k' d F K+ pk d
x< (tan @) +2ﬂ snpdnp (tan ¢) +2ﬂ snv nv)' (162
cn?pu cn?y

We have the path integral representations

K"9(3,5; T)

Spherical
2=z a¢"y=6" o)=¢"
=— | 2x@)sin’y { 26@)sin6 | 2¢@)
R e)=x o) =0’ o(r)=¢'

i “[MR? . .
xexp{—l— j[ (22+sin21(02+sin20¢2))+%cotx

Aol 2
n2 (ﬂcos0+F(tan¢)"%_}_)+ W :Idt} (163)

t
" 2MRZsin?y sin2@ 4/ 2MR?

Elliptic-Cylindrical 11 (rotated):

| HE=w vey=v Sy =¢"
=23 [ 2up®) | 2v)(k*cn’p+k?cn?venpeny [ D¢
w@)=p' vty =v' $)=¢’

h 2

i‘" MR2 2 2 2 2 -2 -2 2 2., 42
x exp = ((k* cn? u+ k'? cn?v) (% + v?) +cn’ pen’ v ¢?)

o k'snvdnv—ksnpdnpu K2
R  kK*cn?u+kcen?v 2MR*(k* en®u+ k'? cn?v)

y F(tan¢)k'3+ﬂk’snudnu+F(tan¢)k2+ﬂksnvdnv
cn?pu cn?v

h? 1 sn’pdny  sn?vdn’v
4 v dt. 164
+8MR2< +k2cn2y+k'zcn2v( cn’p oty (164

37*
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We can only solve the path integral in spherical coordinates and we get (we take
F(tang)=y as before, where y2 1Bl, Ai=n?+ytB, Ay=m+(A,+i_+1)/2,
N=N+i=+1/2,a=h*Ma, oy=R/aN, (x,0) € [0, n], ¢ € [0, 27])

K(Vg)(-s’n’ El; T)

= Z Z e_iENT”I TN,m,n(x", 0", ¢"; R) W;,m,n(xla Ol’ ¢I; R), (165)
N,m=0 neZ .
eind)
Wy malXs 0, ¢; R)=(sin” x sin)~"/2 7—2— ®++*-)(0) Sy(x; R), (166)
n

m! F(m+A, +A_+1) P2
Tmti, +)Tm+i +1)

g\H2+As g\1/2+4- ’
x <sin —2-> (cos 5) P4 (cos 0), (167

1 o2+ N2 T(N+i+3 Tioy+i+P|"?
r@ei+1| R*N? N!'T(ioy—A+13)

x (2sin g * Y2 exp[ixioy — N)] 2Fy (=N, A+ 3 +ioy; 24+ 1 1—e?i%), (168)

P+ A-)(g) = [(Zm +A, A+

Sy(x; R)=

N2—-1 Mad?

Ey=h? — s .
N 2MR? 2Kr*N?

(169)

In the case when R — oo the flat space limit is recovered [38, 56, 57].

4.6. We consider the potential (k, ; 3 4>0)

. h? kZ_L kz__; kz_; kz__l_
V6(5)=F(X)+m( ‘s,“+ 4,3 2y ‘2‘), (170)
which has in spherical and sphero-elliptic coordinates the form

Spherical:

n k-3 1 [fki-% 1 [K2-1 ki—%
V N = F 4 3 4 1 4 2 4 171
5(5) (X)+2MR2 [cosszrsinzx cos29+sin20 cos2¢+sin2¢ (171)
Sphero-Elliptic:

wo[ki-1 1 K21 K21 K-1
=F(0)+ [“ 2y ( 174 2 4 4 23 ¢ )] (172)

2MR? | cos?y  sin’y \sn’pdn?v  cn®pcn®v dn?usnv

We have the path integral representations



Fortschr. Phys. 43 (1995) 6 553
KY9(3,5; T)
Spherical:
xuy=x" 04")=0" ) =¢"
=3 | 2xsin*y | 260)sin0 [ 2¢@)

xty=yx 0(@)=0 P)=¢'

- s
xexp{%; [MZR (7% + sin? y (0% + sin? 0 $?)) — F () (173)

&
RN N S A AR
2MR*\cos?y sin’y\cos?f sin’f\cos’¢ sin’¢p 4/ 4

Sphero-Elliptic:

=y ey =" vy =v"
e f 2x@sin’y | 2u@ [ 2v@)(k*en’p+k'2cn?y)

Y=y ut)y=u vit')y=v’

i “[MR?
xexp{%f[ 5 (72 +sin?z (k2 en?u+ k'? cn?v) (ji + v2)) = F (%) (174)

1

I O SO A o S i S o S AU Y
2MR?\cos?y sin’y\sn?udn®v cn?pcn®v dnlusn’v 4 '

It is sufficient to state the separation steps in the path integration, because in both cases

we end up with a path integral in the variable y which is undetermined until the potential

F(y) is not specified. We obtain (4, =2ntk, +k,+1, i, =2mtks+i, +1=
21+ 2+k, +k,+k, with I € N, the principal quantum number / € N, of the S‘®-subsystem)

a o)
K"9(5",§'; T)=(siny" siny’) " lelfT/2MR* 3" %
n=0 m=0
((sin@’ sin §”) 12 @iFhe Hh (") itk Tk (') Gt Th(G") @it *“”(0’)>
(M, V) M, v')] 12 R 8 (ur, v7) Pk 5% (i, v')

§ =z i “TMR2 n k23 21
S Dyt — > —F(x)— L2y 222 des, 175

where the @{fk Tk glai. £k) denote Poschl-Teller wave functions which we do not
explicitly state for the spherical case, and the ¥,\4%"*>"* the wave functions of appendix B
in the sphero-elliptical case, respectively.

5. Summary and Discussion

In this paper we have opened a new page in the study of super-integrable potentials,
respectively potentials with accidental degeneracy, respectively Smorodinsky-Winternitz
potentials, on spaces with constant positive curvature. In particular we found two
Smorodinsky-Winternitz potentials on the two-dimensional sphere, and six Smorodinsky-



554 C. GROSCHE et al., Path Integral Discussion II

Winternitz potentials on the three-dimensional sphere. This has to be compared with the
corresponding flat spaces were there are four Smorodinsky-Winternitz potentials (maximally
super-integrable) in two-dimensional Euclidean space R and five maximally and eight
minimally super-integrable Smorodinsky-Winternitz potentials in three-dimensional Euclidean
space E(3). So there seems to be fewer potentials on the sphere as in flat space. This
sounds surprising. One expects that a flat space limit of the sphere, i.e. R — o0, should
reproduce the corresponding cases in flat space. For the potentials we have found this is
in fact true. But the other direction, i.e. which Smorodinsky-Winternitz potential in flat
“space generalizes to one on a sphere, seems not to work.

A look at the number of coordinate systems reveals some of the problems one is
encountering. Due to OLEVsKY [77] there are two coordinate systems on the sphere s@
and six on the sphere S, in comparison to four coordinate systems on R? and eleven on
R3. For instance, on the sphere S we have the polar and elliptic, and on R? we have the
cartesian, polar, elliptic and parabolic system. Would it be possible to construct analogues
of the cartesian and the parabolic system on the sphere S@_ it is reasonable that more
structure would appear which would give rise to the “missing potentials”. Actually, it is
possible to make such a construction [51], and what is interesting that these coordinate
systems are connected with a rotation with respect to the elliptic coordinate system, and
one can introduce “cartesian” and “parabolic” coordinate systems on the sphere S‘»
which are therefore contained in the elliptical one.

The above definition of new coordinate systems on S (and similarly on § 3) allows the
following consideration. In both potentials in Section 3 we add the coordinate system
“cartesian” where the elliptic systems appears, and we add the coordinate system
“parabolic” where the elliptic I systems appears. Hence, both potentials are separable in
three coordinate system, exactly as their flat space counterparts are. In the case of the
Coulomb potential on S** in Section 4 (the potential V) the obvious new specification of
the rotated elliptic-cylindrical II system (which is actually the spherical prolate spheroidal
system) is the “parabolic system” on the sphere. Hence, the Coulomb potential on §% is
separable in four coordinate systems, exactly as in three-dimensional Euclidean space.

Similarly, we see that the cases of the ring-shaped oscillator ¥, and V; are “complete”, i.c.,
all coordinate systems which separate the ring-shaped oscillator and V; in R? are already
present on S, In the case of the HARTMANN potential [42], the “parabolic” coordinate
system in S is missing. However, we know that in the flat space limit the parabolic
coordinate system emerges from the rotated elliptic-cylindrical II system; hence the Hartmann
potential is separable in three coordinate systems on S, exactly as it is in R>.

The remaining coordinate systems, in particular the cylindrical systems in E(3), are not
so easy to obtain, in particular the “cylindrical” and the “paraboloidal” systems. They are
included in the ellipsoidal system and its degenerations.

Unfortunately we have presently not been able to construct the corresponding
Smorodinsky-Winternitz potentials which are separable in these further coordinate systems,
and we will come back to these question in a forthcoming publication.

Therefore several open questions remain:

[1] We do not know what is the Holt potential and the Stark effect on the sphere.
However, any possible quantum mechanical solution is very likely not subject to
path integration technique due the fact that the solutions will be in terms of Lame
polynomials, respectively Lamé functions.

[2] As in flat space we are faced with the problem of finding appropriate interbasis
expansion for parametric coordinate systems. In the case of the free motion on R?
and R3 for the elliptic and spheroidal coordinate systems, respectively, they have
been used in [36, 37] for a group path integration of the free motion in terms of
these coordinates. In the case of elliptic coordinates involving the Jacobi elliptic
functions such expansions also exist [73, 75, 83].
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[3] How many coordinate systems can be defined on the three-dimensional sphere
exceeding the already known six coordinate systems, and how can these coordinate
systems be put into relation to the eleven coordinate systems in three-dimensional
Euclidean space?

[4] How the notion super-integrability can be properly defined in a space of constant
curvature, and how many super-integrable (minimally and maximally) potentials
can be constructed? Do exist on the sphere (and pseudosphere) Smorodinsky-
Winternitz potentials which have no counterparts in flat space?

[5] Is there a semi-linear connection between the Coulomb problem and the oscillator,
and in how many dimensions such a transformation can be constructed? Such a
construction would provide a generalization of the K USTAANHEIMO-STIEFEL-
[64], HurwiTZ- [45], respectively Levi-Civita transformation of flat space in a
space of constant curvature. This kind of transformation transforms from a
cartesian coordinate system to a coordinate system of parabolic type. As far as one
is only concerned with a one-dimensional problem, the corresponding non-linear
transformation in hyperbolic geometry has the form

1 1
2 (1—cotht)= — —— 176
y U—cothy) ==y (176)

(where t denotes the “radial” variable on the pseudosphere, and r the variable for
the modified Poschl-Teller potential), accompanied by the time-transformation
dt =ds, with f(r)=R? tanh®r [5, 6, 28, 29]. In some sense this transformation can
be seen as a one-dimensional realization of the Kustaanheimo-Stiefel transformation
in hyperbolic geometry (cf. also [75)).

From the solution of these questions and problems, including the case of the corresponding
case of quantum motion in a hyperbolic geometry, it depends whether we will be able to
develop the theory of Smorodinsky-Winternitz potentials (i.e. super-integrable potentials,
i.e. systems with accidental degeneracy) with the same elegance and completeness as it is
known nowadays in flat Euclidean space. This will be subject to future investigations.
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Appendix A: Elementary Path Integral Solutions

In this appendix we state our lattice definition of the path integral formulations we use.
We use a definition as intfoduced in [27] called Product-Form (PF) which reads

-

q

’ o
K(G,§:T= |

g

qU')=¢q

. ( m >ND/2 Nl:II j
= lim | — d4;/g(4))
2mich =1 ! /

" P M ~ . ~
25(t)}/g exp {% ] ['2“ hae(@) hep(8)4° 4" = V(q)—AV(q)]dt}

M . - - -
[2—{; hyo(d;) ho(d;-) Aqf Aq) —eV(g;)—¢4 Vpp(qj)]}- a7
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AVpp denotes the well-defined quantum potential
h? h?
AVpp= M (gl T,+ 2(g ), + 8] + M (2ho<hbe Ly —heC " — hee k) (178)

arising from the specific lattice formulation for the path integral, respectively the ordering
prescription for position and momentum operators in the quantum Hamiltonian. We only
use the lattice formulation of (177) in this paper unless otherwise (and explicitly) stated. Of
course, this lattice definition is completely equivalent with the midpoint definition [24, 40,
74, 78, 791 and others (e.g. [15, 21, 69, 72, 841).

As we shall see, we encounter particularly in the case of the Higgs oscillator, the
Poschl-Teller and the modified POSCHL-TELLER potential [86] in our path integral
problems. The path integral solution of the PosCHL-TELLER potential reads as follows
(BoHM and JUNKER [2,3], Duru [16], INOMATA et al. [48,50], and KLEINERT and
MusTapPIiC [60], 0<x<m/2)

. x(t")=x" iU TM h? o2 -1 52_1
dTeET YoM T (244 E S lde
€ ’. 9X(t)exp{h 5[2 X 2M<sin2x+cos2x

x{t')y=x' r

i
N

S 8

Im,—Lg) F(Lg+m+1)
I'my+my+1) Fm,—my+1)

M
= Xy sin 2x’sin 2x"

(1—0052x' 1—cos2x”>"""'"2’/2 (1+cos2x’ 1+ cos 2x’)""'*"'2’/2
X

2 2 2 2
1—cos2x.
x ,Fy —LE+m,,LE+m,+1;m1—m2+1;-————2——
14cos2x,
><ZFI(—LE+m,,LE+m1+1;m1+m2+1;————————2 x) (179)
PP (x") P8P (x")
- , 180
o E,—E (180)
' T+ B+n+1) 12
=P (x)=] 2(¢+p+2n+1 .
) [(“ B2n+ ) p ) T(B+n+D)
x (sin x)**1/2 (cos x)? 112 PP (cos 2x), (181)
hz
E,,=2—M(<x+,3+2n+1)2, (182)

with my,=5(B+a), Ly=—}3+3|/2ME/h. The PP are Jacobi polynomials. The
Poschl-Teller wave functions &= (x) are normalized to unity with respect to the scalar
product

nj2

[ (oM dx=1. (183)
[}
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The case of the modified Pdschl-Teller potential is given by [1, 2, 32, 48, 60]

Ce e i TM W (-t vi—}
Lt aTeiETm Dr(t — (== - )14
i) dTe o )exp{h j[z ’ 2M(Sinh2r coshz')] l}

rit’)y=r’

M rm,—L)YF(L,+m+1)
W r(m,+my+1) IF'(my—my+1)

x (coshr’ cosh ")~ ™ =" (tanhr’ taphr”)™ "2+ 112

1
x ,F, <—Lv+ml, L +m +1; ml—m2+1;—————>

cosh?r,
szl(—Lv+ml,Lv+m1+l;m1+m2+1;tanh2r>) (184)
N
M lII"(kl-kz)*(r’) ‘P,f"""z’(r”) o lIl(‘n.kz)*(r’ lp(kl.kz)(r”}
-3 jap UL, 85)
“ E,—E . W p?2M—E
[my =30 +}/—2ME/h), L,=3(1—-v)]. The bound states are explicitly given by
pki k) () = N1k (sinh r)2k2 7 # (cosh r) ™ 241 +3/2
x ,F (—ky +k, + K, —ky +ky—x+1; 2ky; —sinh?7), (186)
22K —1) TRk, —n—1) T2 ) )
= h 2k,—4 h 2n—2k,+3/2
[r(zk2 T TGk —2k,—m | (imhn)TT(cos )
X P[Zkz—l.Z(k,—kz—n)-l] 1_Sinh2r (187)
" cosh?r
Ntk — 1 2(2K—1)r(k1+k2—-x)['(kl+kz+K_1) 1/2
" Tk, Tk, —ky+8) Tk —ky—r+1)
hz
E,=— 53 20k —ky —m)~ 117 (188)

Here denote k,=1(1+v), k,=i(1+n), n=0,1,..., Ny<k —k,—3, k=k —k;—n.
The continuous states are [x =4 (1 +ip)]:

ik () = N&1 49 (cosh )24 7% (sinh r)2*2 4

x ,F, (k, +ky — K, ky +ky + 1 —1; 2k,; —sinh?r),

N 1 psinhnp
i F(2k,) 2n?

x [I(ky+hky—K) ['(—ky+ky+ 1) [k +ky+x—1) T(=k +k;—x+ ]2 (189)

We make extensively use of the solution of the Pdschl-Teller potential. For the Coulomb
potential on the two- and three-dimensional sphere we need only the discrete spectrum of
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the modified Poschl-Teller potential. However, we state only the wave function expansions
and omit the Green function representation.

Appendix B: Path Integral Identity from the Six-Dimensional Sphere

Let us consider a particular coordinate system on the six-dimensional sphere (0 £ ¢, , ;<2m,
and the elliptic coordinates p, v as on %)

s, =sn(y, k)dn(v, k') cos ¢, A
s, =sn(u, k) dn(v, k') sin ¢,
sy =cn{y, k) cn{v, k') cos

3 (u, k) cn( ) ‘ o > A (190)
s, =cn(y, k)en(v, k') sin¢,
ss=cn(y, k)cn(v, k') cos ¢,
s =cn(p, k)en(v, k') sin g, J

According to the general theory the quantum potential has the form
2h? K? 1 1 1
14 = — -1}. 191

AVim v MR? 8MR? <sn2ysn2v+cn2ucn2v+dn2ydn2v ) (190

We obtain the corresponding path integral formulation

K", p',v', v',o1, 61, @3, ¢2, ¢3, ¢3; T)
pEy=p" Ve =y
= [ 2u0) | 2v@)(Kcn’u+k?*cn’*v)snpcnpdnpsnvenvdny

pt)y=u' v{t'y=v

&, (") =0 ¢,(t") =05 @3(t") =}
x § 26,00 [ 26,0 [ 26,0
&, (t')=9) b, ()= b,(1')=¢%

i ¥ [MR?
xexp{%j[ > ((k* cn?p+ k2 cn?v) (a2 +v2)

t
+sn?pdn?vé? +cn?pcn?v? +dnpusn?vdl)—AV(n, v)]dt}

eiln @]~ PP +nald;—é3) +na(d3=$3

=(R6 M(,u’, vl) M(”u, vlr )_UZCZMT/"' Z (2,[)3

ny.ny.nyelZ

nt)=p” vey= v
x [ 2uy [ 2v@ K cn’p+k?eny)

n)y=pu’ vi')y=v’

i “[MR?
X exp {'f‘; ].[ 3 (kZen?pu+ k'? en?v) (2% +17) ;
v

e T et S W
- 2 2 ot 7.t 53 2, 4 dr
2MR*\sn*udn*v cn*ucn’v dn“usn’v 4
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ei[n|(¢'."'¢'|)+nz(¢;—¢'2)+n3(¢§’¢f|)l

nyny.nye (an):’
X Z i l]l':'"ll‘nz.nj)(”"’ V”) III':I"II.WZ."J)*(#" V,) exp [_ _lh_T_z 1(1 + 4)] R (192)
m =0 2MR

where M(u, 0)=snpu cnpdnyusnvcny dnv. Here we have introduced the matrix elements
(wave functions) ¥{-">"}(y, v) corresponding to these coordinate system in terms of the
elliptic coordinates. This expansion may be on a formal level, however it provides a
connection to the solution of the Higgs oscillator on the sphere by analytic continuation
in the parameters {n;}3., — {k;}?-, with the k; some real numbers.
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