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A comparison of jet production rates on the Z ° resonance 
to perturbative QCD 
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The production rates for 2-, 3-, 4- and 5-jet hadronic final states have been measured with the DELPHI detector at the e +e- 
storage ring LEP at centre of mass energies around 91.5 GeV. Fully corrected data are compared to O (a~) QCD matrix element 
calculations and the QCD scale parameter A ~  is determined for different parametrizations of the renormalization scale /t z. 
Including all uncertainties our result is as (M~) = 0.114 _+ 0.003 [star. ] _+ 0.004 [ syst. ] _+ 0.012 [theor. ]. 

1. Introduction 

The inves t iga t ion  o f  mul t i j e t  f inal  states p roduced  
in high energy e+e - a n n i h i l a t i o n  allows direct  a n d  
deta i led tests o f  pe r tu rba t ive  QCD.  In  the past  je t  
analyses us ing inf ra red  safe je t  f ind ing  a lgor i thms  

were pe r fo rmed  by the JADE [ 1 ], TASSO [ 2 ] A M Y  
[3] and  the M A R K  II [4] Col labora t ions  at centre  
of  mass  energies below Mz  a n d  by the M A R K  II [ 5 ] 
a n d  O P A L  [6 ] Col labora t ions  at the Z°-resonance.  
At  LEP energies one  expects a decrease of  hadron i -  
za t ion  correct ions  [5 ] so that  the p red ic t ion  for 2-, 
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3- and 4-parton final states in second order of the 
running coupling as [7] can be more directly com- 
pared to the experimental jet rates. This letter pre- 
sents an analysis of multijet hadronic final states us- 
ing data taken with the DELPHI detector at the LEP 
collider at an average centre of mass energy of 91.5 
GeV. The QCD scale parameter A ~  is fitted for var- 
ious assumptions, and the scale p2 at which as should 
be evaluated, is determined under conditions where 
four jet contributions are important. 

2. The detector 

Only charged particles have been used for the anal- 
ysis. About 25% of the data were taken at a reduced 
magnetic field of 0.7 T for which only information of 
the time projection chamber (TPC) has been taken 
into account [8 ]. The rest of the data was taken at 
the nominal magnetic field of 1.23 T and included 
additional information from the inner tracking de- 
tector (ID) and the outer tracking detector (OD). A 
detailed description of the DELPHI detector is given 
in ref. [ 9 ]. 

Tracks in the TPC have been reconstructed from 
up to 16 space points at radii between 36.5 and 106.2 
cm with a space point precision for the high field data 
of about 300 ~tm in r~ and 900 ~tm in z. The ID, a 
cylindrical drift chamber, covers polar angles of ap- 
proximately 20 ° to 160 ° at radii between 12 and 28 
cm. It comprises a jet chamber section providing 24 
rO coordinates surrounded by 5 trigger layers meas- 
uring both r0 and z coordinates. In the OD, which 
covers polar angles of 40 °-  140 ° at radii between 198 
and 207 cm, 5 layers of drift tubes provides precise 
r0 coordinates and 3 of them also provide crude but 
fast z information to be used in the trigger system. 

The barrel trigger for hadronic events was based on 
two independent sets of scintillation counters and on 
a "track trigger" made by coincides of the ID and OD 
chambers. The overall trigger efficiency including the 
scintillator and track trigger was found to be greater 
than 99.9% [ 10]. 

3. Event selection and jet analysis 

In order to prepare a clean sample of multi-jet 

events well contained inside the active region of the 
detector we prepared the selection of charged particle 
tracks and of hadronic events according to the crite- 
ria described in ref. [ 8 ]. Accordingly hadronic events 
were selected by requiring that (a) there were at least 
5 charged particles with momenta above 0.2 GeV/c, 
(b) the total charged energy detected exceeded 15 
GeV, (c) each of the two hemispheres cos 0< 0 and 
cos 0> 0 contained a total charged energy Ech= ~ E~ 
larger than 3 GeV, where Ei are the particle energies 
(assuming the n mass) and (d) the polar angle 0 of 
the sphericity axis was in the range 40 ° ~< 0 ~< 140 °. In 
addition we selected "momentum balanced" events 
by requesting the absolute value of the sum of the 
three-momenta of the charged particles [ Zp~h I to be 
less than 30 GeV/c. This cut removes about 8% of 
the events, but does not change the results for multi- 
jet rates by more than the quoted errors. 

After applying these selection criteria 1727 events 
measured at a solenoid field of 0.7 T and 4990 events 
measured at 1.23 T, both at a mean centre of mass 
energy of 91.5 GeV remained. The background due 
to beam-gas scattering and yy-interactions is less then 
0.1% of the selected samples; the background due to 
~+z- events is estimated to be about 0.2% [8 ]. 

4. Evaluation of experimental jet rates 

Jets are constructed in hadronic events by using the 
y-cluster jet finding algorithm originally introduced 
by the JADE Collaboration [ 1 ]. For each event the 
squares of the scaled invariant masses for each pair 
of charged particles i and j 

2E~Ej( 1 - c o s  0~j) (4.1) 
Yij = E~is 

are evaluated. Here Ei, Ej are the energies and 0ij the 
angle between the momentum vectors of the two par- 
ticles. Evis is the total charged energy of the event 
(pion mass assumed ). The particle pair with the low- 
est value yij is selected and replaced by a pseudo-par- 
ticle with four momentum (Pt+Pj), hereby reducing 
the multiplicity by one. In successive steps the pro- 
cedure is repeated until the scaled invariant masses 
of all pairs of pseudo-particles or particles are larger 
than a given cut resolution Yc- The remaining pseudo- 
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part icles or  part icles are called jets.  The relative pro- 
duct ion rates R~_j~t =ai-jet/atot for 2-, 3-, 4- and 5-jets 
as a function o f  y~, where atot is the total  hadronic  
cross-section, are our  main  exper imenta l  results. 
Monte  Carlo s imulat ions  including acceptance and 
kinemat ical  cuts, the detector  resolution,  interac- 
t ions of  part icles with the mater ia l  o f  the detector,  
other  detector  imperfect ions  and also QED correc- 
t ions have been per formed  in order  to correct the 
measured je t  rates. We used the JETSET par ton-  
shower model  [ 11 ] which is known to reproduce well 
the measured hadronic  d is t r ibut ions  [ 8 ] to obta in  a 
correct ion factor for all values ofyc s tudied 
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Fig. 2. Comparison of the two corrected data sets measured at 
0.7 T (open points) and 1.23 T (solid points). The jet-rates are 
plotted as a function of the jet resolution parameter yc. 

After mul t ip l ica t ion with Ci(Yc) the je t  rates are nor- 
mal ized to one. Here the "genera ted"  je t  rates (R ge.) 
were reconstructed from final state charged part icles 
in events generated without  photon  radia t ion  and 
without  t racking through the detector  and the "ac-  
cepted" rates (Racc) w e r e  reconstructed from charged 
particles after t racking through the fully s imula ted  
DELPHI  detector.  In the lat ter  case effects of  QED 
correct ions were included.  

Since the 0.7 T data  and the 1.23 T da ta  were mea- 
sured with different  detector  components ,  the correc- 
tion factors had to be evaluated separately for each 
da ta  set. Fig. 1 shows the correct ion for the 1.23 T 
data. After  correct ion the two resulting da ta  sets are 
compared  in fig. 2. Since the two analyses are inde- 
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Fig. 1. Correction factors Ci(yc) for 2-, 3-, 4- and 5-jet rates for 
the 1.23 T data. 

pendent ,  the good agreement  is indicat ive of  small  
systematic  errors. 

The correct ion factors Ci are also computed  by us- 
ing the H E R W I G  par ton  shower generator  [ 12 ] and 
the JETSET matr ix  element  version [ 11 ]. The vari-  
ance of  the 6",. values was taken as one contr ibut ion  
to the systematic  error. Fur ther  contr ibut ions  are due 
to imperfect  detector  cal ibrat ion and alignment.  The 
influence of  the selection cri teria was also investi-  
gated. In total,  due to the systematic error  the 3-jet 
rate is uncer ta in  within a shift of  4% ei ther  up or 
down. After  correct ion the data  sets were merged ac- 
cording to their  statistical weights. The results are 
presented in table 1. 

The statist ical  errors ARi-jet(Yc) quoted in table 1 
are highly correlated. For  the fitting of  QCD param-  
eters to the exper imental  je t  rates it would thus be 
necessary to construct  the full error  matr ix  for the 
evaluat ion of  the quant i ty  Z 2. To avoid  this difficulty 
we also evaluate the differential  d is t r ibut ions  Dz_je t 

and D3-jet defined as [ 13 ]: 

D2_jet (yc) = R2-j et(yc +Ayc)  -R2-jet(Yc) 
Ayc 

D3_jet (yc) = R3-j et(yc +Ayc)  -R3-jet (yc) 
Ayc 

+D2-jet(Yc) . (4.3)  

In these d is t r ibut ions  the informat ion  of  the transi-  
t ion from i +  1 je t  t o / j e t  enters only once. The quan- 
t i t ies Di_jet(Yc) a r e  propor t ional  to the number  of  
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Table 1 
Corrected jet-rates. 

PHYSICS LETTERS B 6 September 1990 

Yc R2 [%] R3 [%1 R4 [%1 R5 [%] 

0.0l 25.1_+0.7 51.0_+0.9 
0.02 44.4_+0.9 46.3_+0.9 
0.03 57.1_+0.9 38.9_+0.9 
0.04 65.2_+0.9 32.9_+0.8 
0.05 71.1_+0.8 28.0_+0.8 
0.06 75.3_+0.8 24.2_+0.8 
0.08 82.9_+0.7 17.1_+0.7 
0.10 87.1_+0.6 12.9_+0.6 
0.12 90.7_+0.5 9.3±0.5 
0.14 93.0_+0.4 7.0_+0.5 
0.16 95.0_+0.4 5.0_+0.4 
0.18 96.5_+0.3 3.5_+0.3 
0.20 97.5_+0.3 2.5_+0.3 
0.22 98.3_+0.2 1.7_+0.3 
0.25 99.4_+0.1 0.6_+0.1 

20.2-+0.7 
9.0_+0.5 
4.0_+0.4 
1.9_+0.3 
0.9_+0.2 
0.6_+0.1 

3.7 _+ 0.4 
0.25_+0.08 

Table 2 
Differential distributions. 

Ye D2 D3 

0.01 19.2 _+0.8 
0.02 12.5 _+0.7 
0.03 8.1 _+0.5 
0.04 6.0 _+ 0.4 
0.05 4.1 _+0.3 
0.06 3.8 _+0.3 
0.08 2.1 _+0.2 
0.10 1.8 _+0.2 
0.12 1.2 -+0.1 
0.14 1.0 -+0.1 
0.16 0.7 _+0.1 
0.18 0.5 _+0.08 
0.20 0.39_+0.08 
0.22 0.37_+0.07 

14.5 _+0.7 
5.1 _+0.4 
2.1 _+0.3 
1.0 _+0.2 
0.32_+0.09 
0.25_+0.07 
0.03_+0.02 

events in the interval Yc to Yc + Aye which change be- 
tween the jet-multiplicities i +  1 and i, D3-jet is there- 
fore mainly given by the differential 4-jet rate. For 
Yc>0-10 the distr ibution D3_jc, is zero within our 
present statistics. The Oz-jet and D3-je~ data are pre- 
sented in table 2. 

5. Jets in second order QCD 

The comparison of the experimental 2-, 3- and 4- 
jet rates with QCD is based on the O ( a ~ )  expansion 

of perturbation theory with and without an opti- 
mized scale [14]. At a renormalizat ion scale/z 2 the 
strong coupling strength as is related to the QCD scale 
parameter A~g by [ 15 ] 

12zr 
OgS(U 2) = bo ln(/z2/A2~) 

X I  l _ b ,  ln(ln(~Z/A~))] 
b~ ln(#2/A~q ) ' 

(5.1) 

with bo = 3 3 - 2Nf, b, = 9 1 8 -  114Nf and Nf= 5 being 
the number  of quark flavours produced. The experi- 
mental  evaluation of A ~  is the main  result of the 
comparison of the data with QCD predictions. Per- 
turbat ion theory in second order does not specify the 
right scale #2. In agreement with earlier work [16],  
we set ~2 =UQ2, withf~< 1 and Q2 being the square of 

the center of mass energy, and consider the scale fac- 
t o r f a s  a parameter to be determined by experiment. 

The parton rates Ri-par~o, ( Y ) = a*-p,r~on (Y) / atot with 
i = 2, 3, 4, describing the fraction of final states with 
i partons at a given resolution cut y as defined in ref. 

[ 14 ], can be written as 

Rz-parton (Y) 

= 1 + c~2~ (y)O~s(# 2) + c~2~ (y, f ) o ~ ( #  2) , 

R3-p . . . .  (Y) 

=C~3)(y)O~s(,U2)+C~3)(y,f)Ol2s(II2) , (5.2) 
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R4-p,,,o”(Y)=C~4’(Y)(y~(~2), 

with 

(5.2cont’d) 

c{*‘(Y) &I*‘(Y) -Y, ) 

+ (H”(y) -YI ) (W12n) lnf, 

cy’(y) =K13’(y) ) 

+Ki3’(Y) (b0/12n) lnf, 

G”‘(Y) =Ri4’(Y) . (5.3) 

The quantities r, = 1 /K and r2= 1.4089/a2 are the first 
and second order (Y, expansion coefficients of the to- 
tal cross-section. The coefficients Ki2’ and KJ3’ have 
been evaluated by Kramer and Lampe in the 
KL’parton recombination scheme [ 17 ] and Ki4) by 
Ali et al. [ 18,191. Numerical values of K$‘) are now 
available for values of the resolution cut Y ranging 
from 0.01 to 0.25 [20]. The coefficients Cq2) and 
C$‘) explicitly depend on the scale factorfand ren- 
der the jet rates R2 and R3 renormalization scale 
invariant. 

The 0 (cx:) expansion of the parton rates equation 
(5.2) cannot be directly compared to the measured 
jet rates since fragmentation effects are not consid- 
ered in eq. ( 5.2 ). At present it is not possible to eval- 
uate hadronization in a model independent way. 
However, studies involving several options of the 

JETSET event generator show that hadronisation ef- 
fects for jet rates measured with the Y-cluster algo- 
rithm are small at LEP energies and can be safely 
taken into account according to 

= C M,(Y=Y,)R,-,,,,“(Y,~f;I1I;is) , (5.4) 
J 

with i=2, 3, 4, 5 and j=2, 3, 4. The transition coef- 
ficients A4!, containing all hadronization effects are 
computed by generating 100 000 events with an op- 
tion of the JETSET Monte Carlo containing the sec- 
ond order QCD matrix elements of Kramer and 
Lampe (introduced by N. Magnussen into JETSET 
[ 11,201) and using string fragmentation. Thus the 

KL’parton recombination scheme (applied for the 
calculation of the coefficients of eq. ( 5.3 ), which will 
be used for the fits to the data) is used for evaluating 
the transition coefficients M,. 

We checked that even when only charged hadrons 
are used in the JADE cluster algorithm the close 
agreement between jet- and parton-rates evaluated at 
the same values of y, (the experimental resolution 
cut) and y (the resolution cut for resolved partons) 
is still maintained. 

A first series of fits is performed to the measured 
differential distribution D2_jet for 0.05 <yc< 0.25 and 
to Rz_jet (y, = 0.05 ). Thus the maximum information 
contained in the data is used without introducing ad- 
ditional correlations. In this y,-region the contribu- 
tion of the 4-jet rate is negligible and hadronization 
corrections are very small. Setting the renormaliza- 
tion scale p2= Q* yields II% = 1 SO?:: MeV corre- 
sponding to a,=0.114-tO.O03 with x2/NDF= 10.91 
10. Fig. 3a shows the differential distribution D,,,, 
for the merged data set and the results of this lit. In 
fig. 3b the corresponding jet rates are compared to 
the data. Table 3 summarizes the results for/l= from 
fits to the same data assuming several fixed values of 
the scale factorf=p2/Q2. ForS_values ranging from 
1 to 0.001 no significant difference in the quality of 
the fits (x’/NDF) is observed. The corresponding 
values&s vary by about a factor of two. A fit assum- 
ing p2=yQ2 [21] yields approximately the same 
value of X’/NDF (table 3 ). 

The influence of the systematic uncertainty of the 
data has been evaluated by changing the 3-jet rate 
R3_j,t(yc) by -t4%. This changes /1~ by +43-38 
MeV for tits with ,u* = Q2 corresponding to a change 
in ay, of kO.004. Ignoring hadronization effects by 
setting M,, = 1 and Ml, = 0 for i # j results in a change 
of A= of less than 10 MeV. 

In a second series of tits the low Yc region 
0.02~y,60.05 was included. At Y,=O.O2 the 4-jet 
rate contributes about 10%. With decreasing y, had- 
ronization corrections become larger and model de- 
pendent [ 5 1. From fits to the differential distribu- 

tion D,,,, for 0.02<y,<O.25, D3-jel for 

0.02<Y,<O.O8, R,_j,,(y,=0.02) andR3_jet(Yc=0.25) 
one observes that scales like p2=Q2 or p2=yQ2 are 
unable to describe the data. Therefore&s and f= ,u2/ 

Q2 are simultaneously determined. One obtains 
,4~=92+4’ MeV, f=O.O010+8:8$:: with x2/ 
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Fig. 3. (a) Differential distributions D2.je t obtained from the 
combined data a function y¢. The histogram presents the fit to 
D2_j~t for 0.05 ~<Yc < 0.25 (R2_j+, (y~ = 0.05 ) ) with #2 = Qz. (b) Jet 
rates from the combined data. The curves show the results of the 
above fit. 
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Fig. 4. (a) Differential distributions D2.jet, D3_je t obtained from 
the combined data as a function ofyc. The histograms present the 
fit to D2_jet for 0.02~<yc<0.25 (R2_jet(yc=0.02)), D3-jet for 
0.02~<yc<0.08 (R3_j~t(yo=O.25))with,u2=O.OOlQ 2. (b)Jet rates 
from the combined data. The curves show the results of the above 
fit. 

Table 3 
Fits to D2_jet, (R2-jet). 

#2 A ~  [MeV] z2/NDF 

1.0xQ2 +33 180_3o 10.9/10 
0.5×Q z 1~5+28-, z5 10,8/10 
0.1 ×Q2 11 a+2°J-t8 10.7/10 
0.05 × Q2 101-16 + 18 10.7/10 
0.01 ×Q2 8aq-14j--13 10.5/10 
0.005×Q2 +13 8012 10.4/10 
0.001 x Q  z 9 n+16v-~4 9.9/10 

I.OXyQ 2 101 +~7-]6 10.5/10 
0.5×yQ 2 91_M+J6 10.4/10 
O. 1 x yQ2 8n+u_1213 10.3/10 

N D F =  14.94/18 ,  the curves  represen t ing  the  fit are  

shown in fig. 4. I f  h a d r o n i z a t i o n  effects are ignored  

AMs is reduced  to 77 MeV. S imi la r  results  have  been  

ob ta ined  by the O P A L  [6] Col labora t ion .  Tab le  4 

conta ins  the results o f  fits to the  same da ta  wi th  dif- 

ferent  scales/z  2. 

Since the resul tant  small  scale fac tor  f is ma in ly  
d o m i n a t e d  by the  4-jet rate, where  only the lead ing  

o rde r  con t r ibu t ion  has been  calculated,  we expect  a 

fit  to yield a larger scale factor  once  the O ( c ~  3) con-  

t r ibu t ion  to a4-jet is avai lable .  We take the fact that  

for large scales the  O ( c ~ )  4-jet cross-sect ion is be low 

the da ta  (fig. 3b)  as ind ica t ive  o f  a pos i t ive  O(cXs 3) 

con t r ibu t ion  to the 4-jet cross-sect ion.  

The  fits p resen ted  above  have  been  p e r f o r m e d  us- 
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Table 4 
Fits to  D2_jet, (R2_jet), D3-je,, (R3-jet). 

/12 A ~  [MeV] z2/NDF 

I.O× Q 2 203_+25 47.31/19 
O. 5 × QE 175_+2~ 45.22/19 
O. 1 × Qz 128-+ 145 39.33/19 
0.05×Q 2 114+123 36.29/19 
0.01 ×Q2 94-+~o 27.74/19 
0.005 × Q2 90-+ 99 23.18/19 
0.001 ×Q2 92-+9 15.01/19 
0.0005 × Q2 96-+~o 23.75/19 

1.0×YQ 2 lC~1+11," -lo 32.11/19 
0.5×yQ 2 94+1°-1o 28.12/19 
O. 1 × yQ2 88-+9 18.43/19 
0.05 ×yQ2 90-+9 17.67/19 
0.025 × yQ2 90-+9 30.40/19 

ing one o f  the O (c~ 2) calculations o f  the 3-j et rate o f  
Kramer  and Lampe. An independent complete 
O ( a  ~ ) calculation has been performed by Ellis, Ross 
and Terrano [22].  The computat ion of  the second 
order coefficients K~ 2) and K~ 3) contains ambigui- 
ties in so far as several techniques exist of  how to 
combine unresolved partons into resolved on-shell 
quarks or gluons. The theoretical ambiguities intro- 
duced due to the various parton recombination 
schemes in the calculation of  the 2- and 3-jet rate have 
been studied in refs. [7,23].  We refer to refs. [7,20] 
for a detailed discussion of  this subject. In addition 
to the first series of  fits to KL'calculations we have 
used the coefficients K~ 3) (y) for the so called p-, E- 
and E0 recombination scheme as given in ref. [ 7 ] for 
fits after corrections for hadronization in the range 
0.05 ~< Yc < 0.25 wi th /z2= Q2 (table 5 ). In this region 
ofyc hadronization effects are found to be small. The 
resulting values of  A ~  vary between 89 and 344 MeV 
which reflects the theoretical uncertainty o f  next-to- 

Table 5 
Scheme dependence ofA~.  

Scheme A~  [MeV] z2/NDF 

E 89"+I 7 11.6/10 
E0 190"+33, 5 11.7/10 
KL' 180"+] 3 10.9/10 
p 344"+6~ 10.8/lO 

leading order calculations of  jet rates and provides a 
conservative estimate of  the systematic uncertainty 
in the measurement of  A ~  in this process. 

6. Conclusion 

The relative rates of  2-, 3-, 4- and 5-jet events and 
the differential jet multiplicities have been measured 
with the DELPHI  detector at an average centre of  
mass energy of  91.5 GeV. The data, based on a y-clus- 
ter analysis of  charged tracks, are fully corrected for 
all detector effects and for initial state radiation. The 
predictions of  second order QCD as evaluated by 
Kramer  and Lampe have been fitted to the data after 
inclusion ofhadronizat ion corrections in order to de- 
termine the scale parameter A ~  and to obtain infor- 
mation on the renormalization scale/t 2. 

Limiting the fit to a region of  the cut resolution 
0.05 ~<Yc < 0.25 where the 4-jet rate is negligible and 
hadronization corrections are small and further as- 
suming f12=Q2 results in A ~  = 180 +33+43_30_38 MeV. 
Here the first error is due to statistics and the second 
contains the systematic uncertainty due to the data 
and due to hadronization effects. Changing the re- 
normalization scale from /z2=Q 2 to f12:0 .001Q2 
yields A ~ = 9 0 + I  6+8 MeV without significantly 
changing the quality of  the fit confirming the renor- 
malization scale invariance for Rz and R 3 as given in 
(5.2). In the measurement o fR  2 and R3, A~g can thus 
be determined to be between 90 and 180 MeV. From 
fits to the parton rates determined in different parton 
recombination schemes on the basis of  the calcula- 
tion by Ellis, Ross and Terrano [ 22 ] we estimate the 
theoretical recombination uncertainty to be about a 
factor of  two in A~g. Including all uncertainties our 
final result for the strong coupling is 

c% = 0 . 1 1 4 _  0.003 [stat. ] _ 0.004 [syst. ] 

_+ 0.012 [ theor. ] 

Extending the region Ofyc values down to 0.02 where 
the 4-jet rate becomes important  and hadronization 
corrections can no longer be ignored leads to an ap- 
parent sensitivity with respect to the renormalization 
scale/z 2. Simultaneous fits of  A ~  and of  I t 2 / Q  2 to 
the differential jet multiplicities D2.je t and D3-jet result 
in values A ~  of  about 90 MeV and in small values 
of /z2 /Q 2 o f  the order of  0.001. 
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