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Interbasis Expansions in a Circular Oscillator.
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Summary. — Expansion coefficients for fundamental bases of a quantum
circular oscillator are calculated. Formulae are found for the coefficients
of expansions of the elliptic bases over the polar and Cartesian ones.
The values of these coefficients are tabulated for some particular cases.

PACS. 11.10. — Field theory.

1. - Within the method of separation of variables the problem of a quantum
circular oscillator has solutions in three co-ordinate systems, Cartesian, polar
and elliptic (1). The aim of this paper is to find transformations between these
golutions (bases) at a fixed value of energy.

2. — Fundamental bases of the circular oscillator are eigenfunctions of the
Hamiltonian (**)

190 e\, 1,
H=—§(w+§g‘l—,)+§(w+y)

(*) Permanent address: Department of Physics, Yerevan State University, Yerevan
375049, U.S.8.R.

(**) We take the system of units fi= p= 0 = 1.

(1) L. G. MARDOYAN, G. S. PocosYaN, A. N. 8138AxK1aN and V. M. TER-ANTONYAN:
Teor. Math. Fis., 61, 99 (1984).
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INTERBASIS EXPANSION IN A CIRCULAR OSCILLATOR 325

and of each of the generators

of 0, group homomorphic to the SU, group of hidden symmetry of the circular
oscillator (2). ‘Such bases are realized by solutions of the Schrédinger equation
in the Cartesian co-ordinate system (z,), Cartesian rotated by 45° (2, ¥),
and polar ones. Eigenvalues of operators #, K and L represent the corre-
sponding separation constants.

Let us recall the explicit form of the fundamental bases:

(—4)"* exp [— 4 (#* + ¥?)]

VR VI + )i — !
1_exp[—}(@ 4y,

YV T+ pld— m'

Vot r—p @y Y) = H; (@) H,-u(y)

1) Y ar-al@'s y') = @) H, (),

2 =

1 .,
Vasouw(Ty @) = Roypap (1) Eexp [2ip' @],

J=lp'l 2(J + )' i
(2) Bosop(r) = (—1) l/ 2 l.‘l‘#l)l' (;Il‘ m

*exp [—%—] F(—J + [¢],2]p'] +1,7%).

The phase factors of the wave functions are chosen for convenience. Quantum
numbers u, & and u' change within limits: — J, —J +1,..., J —1, J.
Number J can be both integer and half-integer and completely determines
the energy spectrum E = 2J 4 1.

(%) M.J. ENGLEFIELD: Group Theory and the Coulomb Problem (Wiley-Interscience,
New York, N.Y., London, Sydney, Toronto, 1972).
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3. — Expansions in terms of the above fundamental bases are as follows:

J
) Preprma(9) = 3 (P05 () Wozst@' ),
. -
J
(4) TJ+;4,J—;J z,Y) = Z d',’; ,u( ) PYXT 7y @)
p=—J
e
(5) W sy =3 @& o (Z) P 9) s
nl=—J 2
where

o (B _ED T Rt — )] ,, HI)( o )
(6)_ T (5)‘ 7 T — ,u)'z(_)( PR A V) b

«(B) is the Wigner function from the quantunm theory of angular mo-
mentum ).

Expansions (3)-(5) can easily be proved. To obtain expan810n coeﬁ‘iclents
of (4) and (5), one should in both their sides take the limit » — oo, use the or-
thonormalization of functions (exp [imtp])/\/ 2n, formula (6), and the sym-
metry relation

& (B = (— 1)+ & ().

Expansion (3) in verified by substituting (5) into it and then reducing the
result (by the addition theorem for d-funcfioné) to expansion (4).

A group-theoretical meaning of expansions (3)-(5) can easily be understood.
For what concerns each fundamental basis

JW= (P 4+ R+ YW=} —1)¥P=JJ +1)}¥,
P 11— 9) = 0¥ (% Y)

RY,5,-a@,y') = iz @, ¥'),

LY, 0,01y @) = B Py 001y 9)

and in view of
(9, Ry=il, (L, P =ik, (K, L}=iP

there is an explicit analogy which allows us to interpret transformations (3)-(5)
ag rotations in the three-dimensional space corresponding to the group of hidden
symmetry of the circular oscillator.

(*) D. VARSHALOVICH et al.: Quantwm Theory of Angular Momentum (Nauka, Lenin-
grad, 1975) (in Russian).
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4. — Let us introduce the bases with a given parity, <.e. eigenfunctions of
operators #, 2, P,, P,, and A, L, P,, P,,, respectively, where by definition

PWP(x,y) =¥z, —y)), PY¥(r, ¢) =V(r,— @),
P,,,,Y’(w, y)= Y(— z,— 1Y), szyj(r9 ¢) = T(ry o+ 7).

It is just these bases that are the limits of the elliptic bases (2).
The Cartesian bases with given parity are determined by formula (1) when

Jt+pu=2k, J—p=2n—2k; JH+pu=2k+1, J—pu=2n—2k;
Jtu=2k, J—u=2n—2k+1;
J+pup=2c+1, J—p=2n—2k+1.

Here n and k are nonnegatlve integers, and 0 <k<n. For the corresponding

polar bases
1 [cosme
P
J.m(r’ ¢) -RSJ 'm( ) \/—{@ sm }

and quantum pumbers J and m equal: J =n, m=2p; J=n+ %, m =
=2p+ 1 with sign «+» and J=n+1, m=2p+42; J=n+ %, m=
= 2p + 1 with sign «— ». The same holds for the Cartesian basis n =0, 1, 2
and 0<p<n.
In paper (?) the method of separation of variables was used to solve the
Schridinger equation for the ecircular oscillator in elliptic co-ordinates
w=§'cosh§cosn, y=1§zsinhgsinn,

0<éi<oo, 0<7<2m, OKE<oo.
In terms of these co-ordinates operators P, and P,, carry out transformations

n ——n and n -7 + =z, respectively. The elliptic bases with given parity
are of the form

ion = eyl (i€ + 35 — R b B,
oo = o Ry (i6 + 51 — B2) heition; B,
e = Cloo(RAE (i€ + 55 — B2) hitons B,

oo QR iER (i + 55 — ) el B,
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where
_Rz n
(7) he™(2; R*) = exp [——- cos z] > a(R?)(cos 2)*,
16 ¥=0
RR n
(8) hs™(z; R?) = exp [_T(_i €os z] sinz Y by(R?)(cos2)*.
: k=0

Coefficients a,(R?) and b,(R?) and elliptic normalization constants C(R?) are
considered to be known (?). In particular a.(R?) and b.(R?) are defined by tri-
nomial recurrence relations

. R
(k +1)%k + 2)ax+a + P +"2— (k—n—2)a;,—,=0,

(4+1)(k 4+ 2) bk+z+ﬁkbk+ (k—n—l)bk—z— 0,
where

ﬂk=—k=+ S(B—2k— 1)+——A(R=),
2 R’ R‘ 2
fo=— (bt 1)+ (B—2k—1) + o — A(BY)

and A(R?) is the elliptic separation constant whose eigenvalues are determined
by the condition that the determinants corresponding to the recurrence re-
lations be zero. There are also subsidiary conditions:

a_1=a_2= _1=b_’=0, ao=a1=bo=b1=1.
Quantum numbers ¢ and ¢’ are integer, and 0<g<n, 0<¢'<n. Number ¢
represents the number of zeros of functions ke and hs dependent on 7. ‘When

R — 0 and B — oo, the elliptic bases presented above turn into the polar and
Cartesian bases with given parity.

5. — Now let us expand the Cartesian bases with given parity over the polar
bases

(9) T;:,)zn—zk(w’ ) = E w(+)lp§-:’)2p @)y
(10) Vi@ ) = DD L Y B
p=0
n
(11) T;k,)Zn—2k+1(w? y) =2 w(znzn-lwz(n_ﬂ,apﬂ(r’ ?)y
=0

(12) Yjé;-x{l 2n—2k+1 "’77 y)= 2 w;plztpz(:-:-z,zwz("" ®)-
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From expansion (4) it may easily be verified that

1 24 14
o = \TQ - (’2‘) ’ wiy = V2d} 55— (5) ’ p#0,
n 44 - n: 7T
(13) w;;)-i-l = \/ﬁdpi;.zk—nﬂ (é) ’ w;n)-n = \/gdni:.zk-vﬁi (5) ’
Wi = \/ﬁd;ﬂ.zk-—n .

The calculation can be made in another way. Taking in (9) the limit » — 0
we get

@ _ (1) V(28)!(2n — 2K)!
Wy = on—t k!(n-—k)‘ .

The other coefficients are calculated with the use of the orthonormalization
condition (4)

d:
(14) Ryfo(r) Bogyme(r)

[

valid for m = 0 and m' = 0 and the relation

fexp [— z]em1F(a; b; 2)F(c; d; 2)dz =

[}

_I'm)I'(d)I'(d—c—m) a,m1+m—d '1
~ I'd—el(d—m) **|b,1+m—c—ad| |’

which is verified by expansion of one confluent hypergeometric funetion of the
integrand in powers of Z and further integration. The result is

w _ (=Ll 1/ @RIEe—2k)! [k _p,pll
O =ikt i+ ) —p) 1| 3, —n |

(—1)~*2n!(2p 4+ 1)

(18) | w= 2kl n—k)!
1/ @k +1)1(2n —25)! {—k, —0P +1|1}
(nt+p+D—p)!" "} —n ’

(#) L. G. MARDOYAN, G. S. PoGosYAN and V. M. TER-ANTONYAN: Izv. Akad. Nauk
Arm. SSR, Ser. Fiz., 19, 45 (1984).
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(15)
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o _ (=)ol 1/ (2k) (20 — 2k +1)! —k —pp 1]
P Z ekl —k)!  (n +p +1) ! (n—p)! " 3, —n ,

o _ (=1t l(2p 4 2)
Vit = T (n — k) !

1/k +1)i(2n — 2k +1)!'F —k = p+1|
mtp+m—p)! * | § —n '

The fact that coefficients in expansions (9)-(12) are expressed in terms of
the generalized hypergeometric functions ,F; is not accidental and confirms
the connection between d;:’ « (@) and oFy(1) functions noticed earlier (**).

6. — Let us expand the elliptic bases over the polar ones

P = 3 WHRNED, (r, @),

2n,29
=0

P = E W;nl(Ra)gl:(:ll,nﬂ(r’ ?)y
=0

Pl = 3 WL (BYEL), o 9)
=0 .

YWies) E we (R’)T‘n) ’”+’(r9 ‘P) .

3p+2 2n+2
=0

Taking in the first of these expressions the limit » — 0 we get

W§)+)(R2) E= (_ 1)n Vg C(c,c)(Rz) .

To ealculate the remaining coefficients, we pass, in the polar bases, from the
polar to elliptic co-ordinates

cosh & cosy
Vcosh* & —sin*y
sinh & gin

- V/cosh* £ — gin? ]

r= g\/cosh’E—sin'n, cosSp =

sin g

let  tend to =/2, and take advantage of the orthogonality (14). Then, allowing

(®) G. I. Kuznerzov and Ya. A. SMoRODINSKY: Yad. Fiz., 25, 447 (1977) (English
translation: Sov. Nucl. Phys. (1978).

(®) G. 8. PogosyaN, Ya. A. SMoroDINSKY and V. M. TErR-ANTONYAN: JINR Com-
munications P2-82-118, Dubna (1982),
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for formulae (7) and (8), we obtain

" (—1)*V2an! 2 ( 4 ) (P)— D).
W(z’) R = (o) (R2 Y | — = - —R2 -, 0 ’
B = Vot A E) T e P
+ (—1)*V2n OB 2 ( ) (p —1)—p)
W;,) 1 Ry = bss k?) ————,
+(B?) Vin+p+1)in—p)! E go Ee (=¥ (—mn),
B — (—1)*1V2xr (2p +1) C)(RY),
Wik Vintp +1)in—p)! R
2 ¢ 1 s\ F}
. %(_1—3;) Agy 11 (— K?) (p_+(__);()'ﬂr
— (—1)"*1v2zn!(2p + 2) C»(R?)
Wapta(B?) = '
Vin+p +2)in—p! E
2 4 y s\ s
3 (— ) Bty EE D=L,
where

(@), = I'(a + 8)[T'(er) .
Next, let us expand the elliptic bases over the Cartesian ones:

Yiee) — Z UH') R? Y’é:;“_zk(wy Y),

k=0

Yj(. 7= z U(+) ('R’ W;:-)i-l.ln—ﬂk(w7 y)

2k+1

Yo _ Z U;;)(R’ T;k )gu—!lr(-l(ﬁ’ y) ’

k=0

Y’("') — z U;;:,l(-Rz)T;k-:-l,zu-zk-H(w’ '_'/) .

k=0

Then we take the limit n — /2 and make use of the orthogonality of the Hermite
polynomials and formulae (7), (8):

(28 + 2n —2k)!

(_1)k2nk|\/— G(c,e)(kz) z - ( )
2s+2n—2k 8!(— R')' ’

V(2k) i@n —2k)! (BY)* =

UL(BY) =

(—1)p2k!Vr OB & £ ( Ry (281 20 —2h)!
2st+2n—2k TR Davs

Uibn(B?) =
V(2k +1)1(2n — 2k)! B(B)" ™5 sl(— B

?
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(—1)*12°k1V2m  Qn(R?)

w(R?) =
) V(2k)(2n — 2k + 1)! B(R*)"*
R o (28 + 2n — 2k +1)!
'Z'; Ogetan—ar+1(— B?) sl(— B ’
V(B = D2 0kIVE  CW(E)

T V{2 +1)!(2n — 2k + 1)! BB
K o (28 + 20 —2F 4 1)!
Z b20+2n—lk+l(— y ) s !(_ .R')'

=0

For completeness we also present the tables with particular values of coef-
ficients W(E?) and U(R*). (There the notation 4 = A(R?)— R4/64 is used.)

* ¥ %

We are grateful to G. S. SAAKYAN, YA. A. SMORODINSKY, L. I. PONOMAREY,
and 8. I. VINITSKY for useful discussions.

® RIASSUNTO ()

Si caleolano i coefficienti di sviluppo per le basi fondamentali di un oscillatore circolare
quantistico. Si trovano formule per i coefficienti di sviluppo delle basi su quelle polari
e cartesiane. Si tabulano i valori di questi coefficienti per alcuni casi particolari.

(*) Traduzione a cura della Redazione.

MexO0a3ucHble pa3iiokeHRst B KPYrOBOM OCHHILISTOpe.

Pesiome. — Bormcnens! k03¢ duneHTH, ONpe AIAIOMME Pa3I0oKeHAS B DyHIAMEHTaIBHBIX
6asucax XBaHTOBOFO Kpyrosoro ocuwuisropa. IlonydeHsr ¢opMymnst mus xosdhdummen-
TOB B Pa3yIOXCHUAX IJUTHUTHICCKHX 6a3HCOB NO NMONAPHEIM # IeKapTOBbiM. COCTaBIICHBI
TaGMMMHBle 3HAYEHHA 3THX KO3)(HIMETOB /i1 HEKOTOPHIX YaCTHBIX CJIyYaes.
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