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I n t r o d u c t i o n

I n t he l im it of large cent er of mass energy ~~~ and fi xed moment um t rans-
fer g — t (Regge l im it ) t he most appropr iat e approach for t he descr ipt ion of

t he t he scat t er ing am pl it udes is given by t he t heory of t he complex angular
moment a (Gr ibov-Regge t heory ) . One of t he remar kable proper t ies of QCD
is t he Reggeizat ion of it s element ary par t icles. Cont rary t o QED , where t he
elect ron does Reggeize in per t urbat ion t heory,
Ì . Gell-M ann , Ì . ? . Goldberger , F . Å . Low , Å. M arx , F . Zachar iasen , 1964,
but t he phot on remains element ary,
S. M andelst am , 1964,
in QCD t he gluon does R eggeize
Ì . Ò. Gr isar u , Í . J . Schnit zer , 1973,
L .N . L ipat ov , 1976,
V . F ., Å .À . K uraev , L .N .L ipat ov , 1975,
Å .À .K ur aev , ? .N . L ipat ov , V .F ., 1976,
Y a.Ya. B al it sk i i , ? .N . L ipat ov ,1978,
Y a.Ya.B al it sk i i , ? .N . L ipat ov , Ó .F ., 1979,

as well as t he quark
V .F ., V .E . Sher man , 1976,
V .F ., R . F iore, 2001,
À .V . B ogdan , ~ ËÝå1 D uca, V .F ., Å .W .G lover , 2002,
Ì Ë. K ot sky, ? .N . L ipat ov , À . P r incipe, Ì Ë. V yazovsky, 2002-

T he proper t y of t he Reggeizat ion is very impor t ant for h igh energy QCD .
B FK L (B al it sk i i-Fadin-K uraev-L ipat ov ) approach t o t he descr ipt ion of t he
high energy QCD processes is based on t he gluon Reggeizat ion . T he B FK L
equat ion for resummat ion of lead ing logar it hm ic radiat ive cor r ect ion Ñî scat -
t er ing ampl it udes of processes w it h gluon exchanges in t he t-channel was
obt ained assum ing t he gluon Reggeizat ion. T he Pomeron , det er m ining high
energy behav iour of cross sect ions, and t he Odderon , responsible for t he dif-
ference of par t icle and ant ipar t icle cross sect ions, appear s in QCD as à com-
pound st at e of t wo and t hree Reggeized gluons respect ively. Color less obj ect s
const r uct ed from Reggeized quarks and ant iquarks shou ld be relevant t o phe-
nomenological Reggeon t raj ect or ies successfully used for t he descr ipt ion of
processes w it h ex change of quant um numbers.



I n t h e B F K L a p p r o a c h t h e a m p l i t u d e f o r t h e p r o c e s s

À + Â : À + Â

at lar ge cen t er o f m ass en er gy + s an d 6 x ed m om ent u m t r an sfer g — t , s )) ~t ~,

can b e r ep r esen t ed b y t h e p i ct u r e

4 Â ' Â Â '

a n d m a y b e sy m b o l i c a l l y w r i t t e n a s t h e c o n v o l u t i o n

Ô À'À ® ~' ® Ô Â 'Â

w h er e t h e im p act fact o r s Ô,~,~ an d Ôä ~ d escr i b e t h e t r an si t io n s À — À ' an d
Â — + Â ' d u e t o scat t er i n g on t h e R eggei zed g l u on s, w h i l e G i s t h e G r een 's

fu n ct ion fo r t h e t w o i n t er act i n g R eggei zed g l u on s. A l l d ep en d en ce on p r op -
er t ies î Ãp ar t i c les À , À ' (Â , Â ' ) is cont ai n ed i n t h e im p act fact or s Ô,~,~ (Ôä ä ) ,

w h i ch ar e en er gy i n d ep en d en t , so t h at d ep en d en ce o n en er gy is d et er m i n ed
by t h e u n iv er sa l (p r o cess i n d ep en d ent ) G r een 's fu n ct io n G . T h i s r ep r esen -

t at i on i s v a l i d b ot h i n t h e lead in g logar i t h m ic ap p r ox im at ion (L L A ) , w h en
on ly t h e lead in g t er m s (e g ln s)" ar e r esu m m ed , an d i n t h e n ex t - t o- lead in g

ap p r ox i m at i on (N L A ) , w h en t h e a ~(a g ln s)" t er m s ar e a l so r esu m m ed , n ot

on ly fo r fo r w ar d scat t er i n g w i t h t = Î , b u t fo r t h e n on - fo r w ar d ñàÿå as w el l .

I n t h e case o f t h e fo r w ar d scat t er i n g (À ' = À , Â ' = Â , q = O) w i t h t h e h elp o f

t h e op t i ca l t h eor em w e ob t a i n :

~ à â ( ~) = / . . f , / , — Ô ë ( × 4)~~ ., (×ë , — ßâ ) @â ( ×â ) ,

w h er e t h e v ect o r si gn i s u sed fo r v ect or com p on ent s t r an sv er se t o t h e i n i t ia l

m om ent a ð,ô, ðä an d sp i s à cer t a i n en er gy sca le .



Æ Ü à Ñ d o e s t h e t e r m " g l u o n R e g g e i z a t i o n " m e a n

I t was claimed already t hat t he B FK L approach is based on t he gluon Reggeiza-
t ion. B ut one needs t o know precisely what does it mean . T he not ion
"Reggeizat ion" of an element ary par t icle w it h spin s in per t ur bat ion t heory

was int roduced for denot at ion of disappearance, due Ñî radiat ive cor rect ions,
of non analy t ic in ,J t er ms (bq, ) in t he complex angu lar moment um J plane,
which appear in t he B or n approx imat ion from Feynman diagrams w it h ex-
change of t he par t icle w it h spin s. W e use t his not ion in ò î ãå st rong, but
t ranspar ent sense. Talk ing about t he gluon Reggeizat ion in @CD we mean
not only t he ex ist ence of t he Reggeon w it h gluon quant um numbers, negat ive
signat ur e and t raj ect ory

passing t hrough 1 at t = Î . W e mean also t hat in each order of per t ur bat ion
t heory t h is R eggeon gives t he leading cont r ibut ion t o t he ampli t udes of t he
processes at large relat ive energies of t he par t icipat ing par t icles and fixed
(|.å. not increasing w it h s) moment um t ransfer s.

Let us explain t his in more det ails. Consider t he elast ic scat t er ing process
À + Â - À' + Â '

in Regge k inemat ical region :
8 — è — + oo, t fixed (| .å. not gr ow ing w it h s) For t his ampl it ude t he t erm

gluon Reggeizat ion used by us means t hat t he elast ic scat t er ing ampl it ude
w it h t he gluon quant um number s in t he t-channel and negat ive signat ure ( i .e.
odd under s +-~ è exchange) has t he Regge form

ÐÀ ÐÀ ' À'Â '( À 8 ) ~ ä = ~ À'À s ç(~) s ç(~)
Ã ,

ß 1) = 1+ û (1) ; ~(0) = 1 ,

~ (t ) — Reggeized gluon t raj ect ory ,

Ã~,~ — — ó(À' IT ' I À) Ã~ ä ,

Ðâ Ðâ Ò' -colour group generat ors in fundament al

(quar ks) or adj oint (gluons) represent at ion .



W it h t h is assumpt ion t he ver t ices ÃÀ,)À and hå gluon Â åòêå t raj ect ory „ ( )

can be easi ly calculat ed in t he leading or der (L O) . T he resu lt is:

w h e r e Ã i s t h e E u l e r g a m m a - f u n c t i o n a n d

t = q ~ ß ~ >

W e keep t he space-t ime dimension D = 4 + 2å ô 4 t o regu lar ize infrared
divergencies and use t he t he Sudakov decomposit ion of moment a:

Ð 0 Ð1 + ~~ð ã + Ð~ Ð ~ — Ð

(ð 1, ð ã) - l i g h t - c o n e b a s i s o f t h e i n i t i a l p a r t i c l e m o m e n t a p l a n e

mg ã
Ð À Ð 1 + Ð 2

S 2 ÐÂ Ð2+ Ð1
S 2 Ð 1 ð ã — — â

Of cour se, neit her t he calculat ion , nor t he result s ar e not so simple in t he
next -t o- lead ing or der (N L O) . I n par t icular , s-cannel hel icit y is not conserved
in t his approx imat ion , so t hat

Ã À 'À ~Ëä Ë ÓÃ À ( ~) + s ,ËÄ~„,— Ëó Ã À ( ~)

T he ver t ices ÃÀ for quarks and gluons were calculat ed at ar bit rary D .

V . F ., L .N . L ipat ov , 1993; V . F ., R . F iore, 1992;
V . F ., R . F iore, À . Quar t arolo; 1994; V . F ., R . F iore, Ì Ë. K ot sky, 1995

T he two- loop cont r ibut ion a ® (t ) t o t he gluon t raj ect ory was obt ained at

arbit rary Â in t er ms of int egrals over t ransverse moment a.

V . F ., 1995; V . F ., R . F iore, Ì Ë. K ot sky, 1995; V . F ., R . F iore, À . Quar t arolo,
1996; V . F ., R . F iore, Ì Ë. K ot sky, 1996

T he int egral can be expressed in t er ms of element ary funct ions only for e ~ 0:

ì ~ ~(t ) — + 2ô ' (1) — — ~ + — + ô " ( 1) — — ô ' (1) E ) Ó (× ) 11 , 67 404 „ 22
3 9 2? 3

where ô (õ) = Ã'(õ)/ Ã(õ).

V . F ., Ì . K ot sky, 1996; J . B luem lein , V . Rav indran , W .L . van N eerven , 1998;
V .D el D uca, Å .W .N . G lover , 2001



A m p l i t u d es for p r od uct i on of p ar t i cl es have complicated analyt ical
st ruct urv,. It is not simple even in t he mult i-Regge kinemat ics (M RK )

À + Â ' À + Â + è

Ð À

) 8 > — ( k i — 1 + ~>,>)
i

Ð Â ) q n + 1

k , > — ä >Ð 1+ <2>Ð 2+ Ir >~ > p ~ 2 >~2 >~2+ j 2
~ 0 — Ð À , ~ è + 1 — Ð

| ~ „ +1 >> ~„ >> ~„ 1" " >> ® )

|- = p 0 ++ A ++ 9 2 " ++ 4 >+ 1

( ) + ) ) 2 ++ ~~ 2

I n t h i s r eg i m e

i — 1 è + 1 i — 1

% ÐÀ Å ~j (ÐÂ Å k 1) — 0>Ð1 ï >,— 1Ð 2 Å ~j J
~=î l = i ~=î

Quasi ò è1ÉÆ åääå kinemat ics (QMRK ): instead of one of t he part icles in t he
M RK there are à couple of part icle with limit ed invariant mass.



T h e r e a l p a r t s o f t h e p r o d u c t i o n a m p l i t u d e s i n t h e M R K a n d

Q M R K h a v e à s i m p l e f a c t o r i z e d f o r m

ß A Äs = — 2s ~ À À Ï 7 , ,ñ, , (÷æ, qæ+ 1) À Â + è ñ1 Ð ~ ã

Â Â

s ~ - e n e r g y s c a l e , i r r e l e v a n t i n t h e L L A

~ ió„ , (q, , q,+ ~) - ( n o n - l o c a l ) e f f e c t i v e v e r t e x f o r p r o d u c t i o n o f

t h e p a r t i c l e s Ð , i n t h e R e g g e o n - R e g g e o n c o l l i s i o n s

) q )

Ð 1

1 ( ß~ ßé+ 1) ' ) q,

• ) Äç+ 1

) q n + 1 Ð „

L L A : ( Ð , ) s t a t e s o f à s i n g l e g l u o n

~ i~, „' , (÷„ q,+i ) = a>."'.„ ,s„' Û ~" (ü ÷è- )

2C(q,+i ,q,) = — q, — î , ,| + ' + 2 ' ' ð, —( ~ ã Pl ) (Ð 1 Ð 2) %+ | ~ 2 ( ç Ð1)

( ~ â Ð 2) (Ð 1 Ð 2)

L .N . L i p a t o v , 1 9 7 6 ; V . F . , Å .À . K u r a e v , L .N . L i p a t o v , 1 9 7 5



T h e g l u o n R e g g e i z a t i o n a n d t h e B F K L a p p r o a c h

U n i t a r i t y r e l a t i o n s :

Ð À Ð À '

m )

Äãii i + 1 «~~ 1 × ã

• ~ Vi + 1

×«~+ 1

T h a t g i v e s Ð â Ð â '

Ô À 'À Ð À '

é q

× 2 ß2 q

Ð â ô â 'â

ô (Ê ,v )ð ,ð — 1ò ð à ñÑ f a c t o r s i n t h e t - ch a n n e l c o l o r st a t e ( R , è )

p (R) — M e l l i n t r a n sf o r m o f t h e G r ee n ' s f u n c t i o n s f o r

R eg g e o n - R eg g eo n sc a t t e r i n g i n t h e t - ch a n n e l c o l o r
r ep r esen t a t i o n 'R



C o l o u r d e c o m p o s i t i o n :

À ' Â ' ë 'â '
. "~À Â = ~ ( ~ Û ) À Â

R

~ ( ~ ) À Â ~ , ð 2 / 2 ~ ~ 2 / 2 , « , Å À ~À ( × l ; - ; 8 0 )
~2~ã,/ — g> (g> — g) gz (gz — g)

f h+ i oo 4 M
õ — ã~~ 2 ~ã×', ( × 1 ~ × 2 ~ q ) @ Â , Â ( × 2 > × , . 8 0 )

8î

T h e G r e e n ' s f u n c t i o n s o b e y t h e e q u a t i o n

~' 1~ ~ ( q l ~ q 2 , q ) q l ( q l ×« ) ~ ( × l × 2 )

D — 2
+ / , . Ê ' (×1 > ×-„ ×) ~ (×-„ ×2., ×)

Ê ( × 1 , × 2 , ' × ) = (è ( — q l' ) + Ø ( — ( q l — × / ) ~ 0 ( × l — ×2) + / Ñ „ ( q l ) ×2 ' , × )

K e r n e l : " v i r t u a l " p a r t " r e a l " p a r t

V . F . , Å . À . K u r a e v , L . N . L i p a t o v , 1 9 7 5

I m p act fact o r s an d k er n el ar e d efi n ed w i t h o u t an y am b i g u i t y

i n t er m s o f t h e g l u o n R eg g e t r aj ec t o r y an d v er t i ces o f R eg g eon

i n t er act i o n s

• T h e N L O k er n el i s k n ow n co m p l et el y i n t h e fo r w ar d case
( t = 0) f o r t h e al l co l o r r ep r esen t at i on s

• I n t h e n o n - fo r w ar d ñàÿå , t h e Ê ä~~~~~ co n t r i b u t i o n i s m issi n g

fo r t h e si n g l et co l o r r ep r esen t a t i o n

• T h e N L A k er n el i s k n ow n co m p l et el y i n t h e n o n - f o r w ar d case

fo r t h e o ct et co l o r r ep r esen t at i o n



B o o t s t r a p o f t h e g l u o n R e g g e i z a t i o n

I n t h e c a se o f G l u o n q u a n t u m n u m b e r s i n t h e t - c h a n n e l t h e r e p -

r e s e n t a t i o n f o r t h e e l a s t i c s c a t t e r i n g p r o c e s s À + Â : À ' + Â '

d e r i v e d f r o m s- c h a n n e l u n i t a r i t y , m u s t r e p r o d u c e t h e r e p r e s e n -

t a t i o n w i t h o n e R e g g e i z e d g l u o n e x c h a n g e i n t h e t - c h a n n e l .

Ðë ~ ~ Ðë'À 'À Ð À — Ð À '

q > ) ) ÷ | — ×

q2 ) ) q 2 q

~ Â 'ÂÐâ ~ Ðâ' Ð Â Ð Â '

À'Â '
>m4. ( .4 s- ) ë â 1+û (~ (~) ~ ñ (I3orn) (1) ~ ~~ ñ (Âî ãï )

ë'ë À ' À~À

I t l e a d s t o t h e f o l l o w i n g c o n d i t i o n s : [V . F . , R . F i o r e ( 1 9 9 9 ) ]

F i r s t b o o t s t r a p c o n d i t i o n ( o n t h e N L A k e r n e l )

2 ( 2 ò ) - ' ô ' ô " q7 8

S e c o n d b o o t s t r a p c o n d i t i o n ( o n t h e N L A i m p a c t f a c t o r s )

~Ð — 2
~q V ~ ~ J ×1 ô (8,a)(1) ( ) f ,a(1) (1) („,)
2 Ð 1 2~ ( 2 À 'À ×1) Ä ) 0 À À

à(Â )+ - ÃÀ,À2 ~~)(t ) + ( (|)(t )) ' ln

g



I n t h e N L A , t h e c h e c k o f t h e b o o t s t r a p w a s v e r y i m p o r t a n t

• as à (par t ial ) check of cor r ect ness of t he N L O B FK L ñà1ñè-

lat ions

• since à for m al p r oof of t he gluon R eggeizat ion t o al l or der s
of p er t u r bat ion t heor y does not ex ist in t h is appr ox im at ion .

T h e fi r s t . b o o t s t r a p c o n d i t i o n h a s b e e n v e r i fi e d

• at ar b i t r ar y space-t im e d im ension , for t he par t concer n ing

t he quar k cont r i but ion t o t he ker nel (i n m assless QC D )

V .F ., R . F ior e, À . P apa, (1999)

D u e t o s i m p l i c i t y o f t h i s p a r t o f t h e k e r n e l :

[ã(2+ )|'

ò' (4ò)~' Ã(4 + 2e) ä 4 ä ß 24(2ò )5 ) ( 2 ) 2 2 ) 2) 2 ( ( 2) e ( 2)e ( 2) å)

( f l '×2 f 2 '×1 ) l ×1
1ï 2 + iQi :

' 2 ß2
i t w as not à com p l icat ed pr ob lem . - +/ ~ ~ f ' Vl , ×2 ' ' ×2)

• in t he D : 4 l im it , for t he par t concer n ing t he gluon cont r i-

but ion t o t he ker nel V .F ., R . F ior e, Ì Ë . K ot sky,
(2000)

T he second b oot st r ap condi t ion is pr ocess-dependent ( it should
be checked for ever y new i m pact fact or w hi ch is calcu lat ed !) .

I t has b een checked at ar b it r ar y space-t im e d im ension for quar k
and gluon im pact fact or s ø QCD w it h m assive quar ks.

V .F ., R . F ior e, Ì .I . K ot sky, À . Papa (2000)



St r ong boot st r ap

T he b oot st r ap cond it ions for elast ic am p l i t udes give à p ossib i l i t y
t o check , but not t o p r ove t he hy p ot hesis of t he gluon R eggeiza-
t ion . H ow ever , i t can be p r oved (âî t hat t he B FK L app r oach

. can obt ain à fi r m basis) , w it h t he help of s-channel un it ar i t y
r elat ions for p r oduct ion am p l i t udes.

Of cour se, w e need t o use analy t ical ðãî ð åãÎ åÿ of t hese am pl i-
t udes. U nfor t unat ely, w e k now not m uch ab out t hem . B ut ,
for t unat ely , w e don ' t need m uch .

L et us consider t he one-par t icle p r oduct ion am p l i t ude

À + Â : À ' + Â ' + G

Ð À

) s i = (k o + k i ) '

) s 2 — ( ,1~1 + k 2)

Ð Â

in M R K . N ot e t hat w e ar e int er est ed in on ly negat ive::signat ut es
in bot h t ,- channels, | .å. in t he par t of t he am p l i t ude w h ich

is ant isy m m et r ic w i t h r espect t o any of t he subst i t u t ions s, —
— s, , i = 1, 2. N ot e t hat due t o t he r elat ion

8182 ~ 2

S

w hich is hold in al l phy sical channels, t h is par t is also ant isy m -
m et r i c w it h r esp ect t o S : — S.



D ep endece on É, can b e ver y com p l icat ed (t he sim p lest ex am p le
is ( — k,~)' , i t r epr oduces cor r ect ly r eal value at al l negat ive â-

is) . For t unat ely , i t can be m ade i r r elevant t ak ing app r op r iat e
com binat ions of t he d iscont inu i t ies. .

A n i m p or t ant obser vat ion is t hat à d iscont inui t y of à pr oduct f g
is ex p r essed t h r ough t he d iscont inui t ies of f and g:

1 1

2 2
T he second im p or t ant ov ser vat ion t hat in t he sum of d iscont inu-
i t ies of F (k, ) on s~ and s (as wel l as t he sum of t he d iscont inu i t ies
on â2 and â or t he d i fFer ence of t he d iscont inui t ies on â1 and â~)
is zer o . Fr om t hese t wo obser vat ions i t fol low s t hat in such sum
(or d i fer ence) w e can t ake inst ead of analy t ic funct ions of k,
t hei r r eal par t s.

N ow , i f t he var iab les s„ sq and s does not ent er int o t he com bina-
t ion â|â~/ â = k ~„ t hey can ent er on ly as 8 lï " ' ( — â~) lï " ' ( — sq) 1ï " ' (~ â),
w it h ni + è2+ n3 — — è, w her e è is less or equal t he or der of p er -

ë

t ur bat ion t heor y and 8 is t he op er at or of sy m m et r izat ion w it h
r esp ect t o ex changes

5 1 +- ~ — 5 1 ß ~ Ô — 5

a n d

8 2 ~ 8 2 , ~ +~

N ot e t hat t he t er m s cont ain ing pr oduct s of 1n( — s,) lï (â,), w her e â,

can b e sq, sq or s, ar e for b iden , on t he sam e gr ound as t he t er m s
cont ain i ng lï ( — â) lï (â) ar e for b iden in elast ic scat t er ing am pl i-

t udes. Since in t he N L O we need t o keep on ly t he fi r st t wo
lead ing t ot al p ower s n , calcu lat ing im aginar y par t of d iscont inu-
i t y in anyone of var iab les sq, sq or s we can t ake on ly r eal par t s
of logar i t hm s of ot her var iab les. I t m eans t hat



di sc, , ( 8 l n " ' ( — s z) 1Ï " ' ( — s 2) 1Ï " ' ( ~ â ) )
— 2 çãã

1 ä— ÿ [s 1n" ( — s, ) 1n"'' ( — s,~) 1n" ' (~ â)]
2 ä 1ï ( â , )

w h e r e s , c a n b e s q , s q o r s a n d t h e p a r t i a l d e r i v a t i v e i s t a k e n a t

fi x e d â , ô â , .

T h e r e f o r e w e h a v e , f o r e x a m p l e

ß (d zs c» + d zs c, ) À ÀÂ
— 2 ' s 1 ä ä2 ä 1n ( s 1) ä 1ï ( â ) 1 À À'GB' ÀÂ

S

w h e r e i n t h e r i g h t p a r t t h e fi r s t d e r i v a t i v e i s t a k e n a t fi x e d s q

a n d S a n d t h e s e c o n d a t fi x e d S q a n d Sq . U s i n g t h a t

ä ä © Sl > 82Ï » ü , ) = ( ) f (» 2 -' , )

w e c o m e t o

( d i s c Ä + d i s c 8) À À Â À'GB'— 2 ' s 1 ä2 ä 1ï ( â 1) 1 À À'GB' ÀÂ

w h e r e i n t h e r i g h t p a r t t h e a m p l i t u d e i s c o n s i d e r e d a s f u n c t i o n

o f s i , s q a n d k ,

T h e r e q u i r e m e n t o f t h e R e g g e i z e d f o r m o f t h e a m p l i t u d e i n t h e

r i g h t p a r t g i v e s u s t h e b o o t s t r a p r e l a t i o n :

ß ( d zs c s + d zs c . ) À À Â Â

— 2 x i

I n t h e s a m e w a y w e o b t a i n

Àñâ(di scÄ + di sc, ) À „ Â

— 2 x i 1 À'GB' ~ ( i 2) ~ À ÀÂ 2 1 À'GB' ~ ( i 2) ~ ~ ÀÂ 2



T h e b oot st r ap r el at ion s for am p l i t u d es of m u l t i -p ar t i c le p r od u c-
t i on can b e d er i v ed i n t h e sam e w ay . D en ot i n g À ~~ +" t h e am p l i -

t u d e of t h e p r o d u ct i on of è p ar t i cl es i n t h e M R K i n t h e p r ocess

À + Â : À ' + Â ' + è ,

Ð À

• • •

" - ' ) • = (k. + k,)'

• • •

) q n + 1

w e h a v e

| è + 1 é — 1
(Ü $ Ñâ~,~ — ',~ 6 2$ Ñâ~~, À ~ ä

— 2ò2$ 1=~,-1 "' i=()

ä ä2 B log Sy y+1 B log sg 1~ ä À 'Â '+ n ( )

S

w h er e â,, = (k, + k~) an d in t h e r i gh t p ar t t h e am p l i t u d es ar e

ex p r essed i n t er m s of s, 1, , w h ich ar e con si d er ed as i n d ep en d ent

var iab les.

I f t h e am p l i t u d es h av e t h e R eggeized for m ,

S , ã 1 1 $ ï + 1 ñ
R A ( s ç ~ ,ç ) = 2 s Ã À À Ï ó ñ . ',ñ . ~ ( q , , q ~~ 1 ) + Ã ~ ~

w e o b t a i n b o o t s t r a p r e l a t i o n s .



T h e b o o t s t r a p r e l a t i o n s :

1 n + 1 À ' Â '
É 8 Ñ~, — ~ . ä ã8 Ñ~ ~~ À Â

— 2~ i ~=~~ , "" ,=î

— ( a ( t g~ y ) a ( t g ) ) R ~ A B

2

a r e m u ch ò î ãå r est r i c t i v e ( " st r o n g b o o t st r a p " ) t h a n t h e c o n -

d i t i o n s o b t a i n e d f r o m t h e r eq u i r e m e n t o f t h e R eg g e z a t i o n i n

t h e e l a st i c a m p l i t u d es . T h e i r 6 ë1È ò å ï Ô m ea n s à p r o o f o f t h e
R eg g e i z a t i o n i n t h e N L O , s i n c e t h e e n er g y d ep e n d e n c e o f a m -

p l i t u d es c a n b e c a l c u l a t e d o r d e r b y o r d e r i n p er t u r b a t i o n t h eo r y

u si n g t h e e q u a l i t i es

1 n + 1 k 1 À 'Â '
É 8 Ñ8„ — ~~; . É 8 Ñ~,@ À À Â

— 2~ãã8 i= a+ i "' <=o

1 ä ä2 0 log S~ q+ q ä 1î ~ 8~ q,q À ' Â ' + è —. 4 À Â ( ~æ- q,æ)

S

v a l i d i n t h e N L O .

I n d e ed , t h e d i sc o n t i n u i t i es en t e r i n g i n t h e Ü .Í .S . o f t h ese e q u a-

t i o n s i n so m e o r d e r i n t h e c o u p l i n g c o n st a n t ä c a n b e ex p r essed

w i t h t h e h e l p o f t h e u n i t a r i t y r e l a t i o n s t h r o u g h t h e m u l t i - p a r t i c l e

a m p l i t u d e s i n l o w er o r d e r s i n ä . F u l f i l l m e n t o f t h e b o o t st r a p r e-

l a t i o n s m e a n s t h a t t h e e n er g y d ep en d en c e h a s t h e R eg g e f o r m .



T h e b o o t st r a p r e l a t i o n s
À'Â '+ À 'Â '

— 27ãã <=() — 2x i

= — (M (t ypal ) — M (t g) ) R ~ A B

2
i m p o se c o n n ec t i o n s o n t h e g l u o n t r a j e c t o r y , c o l o u r o c t e t B F K L

k er n e l a n d v e r t i c e s o f i n t e r a c t i o n o f t h e R eg g e i z e d g l u o n w i t h

q u a r k s a n g l u o n s ( b o o t st r a p c o n d i t i o n s ) . Òî f o r m u l a t e t h e se

c o n d i t i o n s i t i s c o n v e n i e n t t o i n t r o d u c e o p er a t o r s i n t r a n sv e r se

m o m en t u m r ep r ese n t a t i o n . F r o m t - ch a n n e l p o i n t o f ë åæ w e
h av e t o c o n si d e r t w o i n t e r a c t i n g R eg g e i z e d g l u o n s w i t h " c o o r d i -

n a t es" i n t h e t r a n sv e r se m o m e n t u m sp a c e r a n d q — r , w h e r e q i s

t h e t o t a l t r a n sv er se m o m e n t u m i n t h e t - ch a n n e l . L et u s i n t r o -
ëd u c e r a s t h e o p er a t o r o f " c o o r d i n a t e " o f o n e o f t h e R eg g e i z ed

g l u o n s i n t h e t r a n sv e r se m o m en t u m sp a c e :

ë

~' 14 ) = 4 14 )

T h e t o t a l t r a n sv er se m o m e n t u m q i s c o n se r v ed a n d i s c o n si d e r e d

a s t h e c- n u m b er . I t i s c o n v e n i en t t o u se t h e n o r m a l i z a t i o n

so t h a t (Ï — 2~

(À ~Â) = (A ~k)(k~B) = j A(k)B (k) .
k2(k g 2

T h e i m p a c t f a c t o r s a p p ea r i n t h i s f o r m a l i sm a s t h e w av e f u n c -

t i o n s o f t h e t - ch a n n e l st a t es

@ë,ë (é , ×- , ~î ) = (×-, ~À À )

a n d t h e B F K L k e r n e l a s t h e o p er a t o r



I n t h e se d e n o t a t i o n s t h e ç - c h a n n e l d i s c o n t i n u i t y o f t h e e l a s t i c

a m p l i t u d e c a n b e w r i t t e n a s

I f t h e b o o t s t r a p r e l a t i o n

— 2s , s Ê , ~ (t )
, ( À 'À ~ — ~Â ' Â ) = 2â ÃÀçÀ

s p 2

w e r e e x a c t , t h e n i t s h o u l d b e ~(t) Ãââ

a n d
~À ' À ' ) = ÃÀ~À ~B )

w i t h a n u n i v e r s a l ( p r o c e s s i n d e p e n d e n t ) e i g e n s t a t e /R Ä) o f t h e

k e r n e l w i t h t h e e i g e n v a l u e û (É) . I n u s u a l d e n o t a t i o n s i t r e a d s

(D — 2)

/ 2 2 ~~ ( × 1, × 2 , × ) Ê „ ( × 2 , ' s 0) = 0~( ~) Ê ., ( f l ) × , 8 0 )

× 2 × 2 Ä

a n d

@À 'À ( ß 1, × ) 8 0 ) ~ À 'À Ê û ( × 1, × ) 8 0)

T h e s e c o n d i t i o n s a r e k n o w n a s t h e s t r o n g b o o t s t r a p c o n d i t i o n s

f o r t h e k e r n e l a n d i m p a c t f a c t o r s . T h e y w e r e s u g g e s t e d , w i t h o u t

d e r i v a t i o n , b y

Ì . B r a u n , G .Ð . V a c c a , 1 9 9 9 .



I n f a c t , s i n c e w e w o r k i n t h e N L O , t h e se c o n d i t i o n s c a n n o t

b e d e r i v e d f r o m t h e b o o t s t r a p r e q u i r e m e n t f o r t h e e l a s t i c a m -

p l i t u d e s . N e v e r t h e l e s s , t h e y w e r e c h e c k e d a n d t h e i r f u l fi l l m e n t

w a s s h o w n f o r t h e q u a r k a n d g l u o n i m p a c t f a c t o r s

Ì . B r a u n , G .Ð . V a c c a , 1 9 9 9 ,
Ó ' .F . , R . F i o r e , Ì Ë . K o t s k y , À . P a p a , 2 0 0 0 ,

f o r t h e q u a r k c o n t r i b u t i o n t o t h e k e r n e l

Ì . B r a u n , Ñ .Ð . V a c c a , 1 9 9 9 ,

V .F , R . F i o r e , Ì Ë . K o t s k y , À . P a p a , 2 0 0 0

a n d , fi n a l y , q u i t e r e c e n t l y f o r t h e g l u o n p a r t o f t h e k e r n e l

V .F , À . P a p a , 2 0 0 2 .

I t o c c u r s , t h a t t h e s e c o n d i t i o n s m u s t b e s a t i s fi e d f o r f u l fi l l m e n t

o f t h e b o o t s t r a p r e l a t i o n s f o r i n e l a s t i c a m p l i t u d e s . T h u s , f o r t h e

g l u o n p r o d u c t i o n a m p l i t u d e

À + Â : À ' + Â ' + Ñ

Ð À

) s i = ( ~~î + " i )

× 2 ) ~ 2 ( ~ 1 + ~~ 2 )

i n t h e M R K w e o b t a i n

Èãâñ À ~ GB — 2â (d(ty); , ã„ „— — ' (ñë~ — ' ~â'â) ,
— 2ò ç (2ò ) ~ ' t , s p

~o



w h e r e (G R ~ i s t h e t q- ch a n n e l st a t e o f t h e p r o d u c ed g l u o n G a n d

t h e t , - ch a n n e l R eg g e i z e d g l u o n Â w i t h t h e w av e f u n c t i o n , w h i ch

i s ex p r esse d i n t e r m s o f v e r t i c es o f i n t e r a c t i o n s o f t h e R eg g e i z e d

g l u o n ( i n f a c t , t h i s w av e f u n c t i o n i s t h e i m p a c t f a c t o r i n t h e c a se

w h en i n st e a d o f o n m a ss- sh e l l p a r t i c l e w e h av e t h e R eg g e i z e d

g l u o n ) .

F o r t h e s- c h a n n e l d i sc o n t i n u i t y w e o b t a i n

' 2~i ( ~ ' ' ~ä ä)

w h er e g i s t h e o p e r a t o r o f t h e g l u o n p r o d u c t i o n w i t h ch a n g e o f

t o t a l t w o - R eg g e o n st a t e m o m e n t u m f r o m qq t o q2. T h e m a t r i x

e l e m e n t s o f t h ese o p e r a t o r a r e a l so ex p r essed i n t e r m s o f v e r t i c es

o f i n t e r a c t i o n s o f t h e R eg g e i z e d g l u o n .

T h e b o o t st r a p r e l a t i o n

À'ÑÂ'
, (Ñ~2$Ñ~î + É $Ñ, ) A g s

— 2x i

~ (t z) , 1 s> 1 $22$ ÃÀ!À — — 7,.~(É e) Ã~ó
4~ ® 2 80

l ea d s , t o g e t h e r w i t h t h e st r o n g b o o t st r a p c o n d i t i o n s f o r t h e

i m p a c t f a c t o r s a n d k er n e l , t o n ew b o o t st r a p c o n d i t i o n , w h i ch

c a n b e w r i t t e n a s

2

= ~'~( ~2 ) " (~~' ( × 1) × 2)

F u l f i l l m e n t o f t h i s b o o t s t r a p c o n d i t i o n i s n o t c h e c k e d y e t .



T i l l now w e have d iscussed t he b oot st r ap r elat ions for t he scat -
t er ing am p l i t udes in t he M R K . B ut in t he N L A in t he un it ar i t y
r elat ions not on ly m ult i-R egge, but quasi-m ult i-R egge k inem at -

ics as w el l does cont r ibut e, so t hat in t he der ivat ion of t he N L O
B F K L t he m u lt i -R egge for m w as assum ed for p r oduct ion am p l i-

t udes ø t he QM R K as wel l .

I f r api d i t ies of com p onent s of t he t he p r oduced ñî èð1å ( i t can be
or ää or qq pair ) ar e far aw ay f r om r ap id it ies of col l id ing par t icles,
t hen i t is cr eat ed by t w o R eggeized gluons, and i t s p r oduct ion
is descr ib ed by t he ver t ices

w her e qq, ñ1 and — qq, ñ2 ar e m om ent a and colour ind ices of t he

R eggeized gluons.

I f t he pai r is p r oduced in t he r egion of f r agm ent at ion of par -
t i cle À due t o int er act ion of t h is par t icle w i t h t he R eggeized
gluon w it h m om ent um q and colour i ndex ñ, t he pr oduct ion is
descr ib ed by t he ver t i ces

T he pr oduced par t icles can be ää or qq pai r i f t he par t i cle À is à
gluon and qg w hen t he par t i cle À is à quar k .

N ot e t hat b ecause using of m u l t i -R egge k inem at ics leads t o lost

of lar ge logar i t hm , t hese ver t ices ar e needed on ly in t he L O .



T h e Q M R K v e r t i c e s m u s t s a t i s f y t h e f o l l o w i n g b o o t s t r a p c o n d i -

t i o n s :

ë Ð — 2. ,bbl p G Ü'
— 2 Ó' ) 2 . , E ' ) ôü ( × 1 ) " ) 7 ( ð ð ) à

ò ~~ä2 — ò ~~ G

2
+ i ä ó 1 à Ü 1 ~ , 1 ( " 1 ) 2 ( " 2 ) ( )

(q1 — ò ) ~~

ñ ã 1Ü ~ 1 ( ~~1) ~ 2 ( ~~2 ) i
+ 2- 1 p , ,p ' Ú ü q i , ò ~

1

+ ~ ~ Ð2 Ð -11ü (÷1 ' ) Î ~ 1 ( ~1) 2 ( ~2 )

2

2

2
gai a ' à × 1~

+ ã ä å

Õð ÿ ñü ( g l — k 1, Ò) ( ,ó ( k 1 , g 2 — Ò)

Ó - ' ò
ñ Ð 1 ( É 1) Ð 2 ( ~ 2 ) ó

ä 2 72 ò ~ ~ä2 — ò ~~

( n o t e t h a t t h e l a s t t e r m i n t h e L . Í . S . d o e s c o n t r i b u t e o n l y i n

t h e ñ à âå o f t w o - g l u o n p r o d u c i o n )

a n d

~ — 2 à ññ| ñ(

f 2 ~ ~2 ~ ( 1) ,À ( × 1) ( ) Ð Ð ( × × 1)
% ~ Ë é ) , > c ( i )

T h e s e c o n d i t i o n s a r e c h e c k e d

F . , Ì . Ñ . K o z l o v „ À .V . R e z n i c h e n k o , 2 0 0 2

a n d i t i s s h o w n t h a t t h e y a r e s a t i s 6 e d .



S u m m a r y

• T he gluon Reggeizat ion is à remar kable proper t y of QCD . I t is very im-
por t ant for descr ipt ion of high ener gy processes. I n par t icular , t he B FK L
approach is based on t his proper t y.

• T he gluon R eggeizat ion is proved in t he ÜÜÀ , but st i l l r emains à hypot h-
esis in t he N L O.

• Sel fconsist ency of t he hypot hesis can be checked , and , hopeful ly, t he gluon
Reggeizat ion can be proved in t he N L O using unit ar it y relat ions.

• T he selfconsist ency requ ires fu lfi l lment of boot st rap cond it ions on t he
gluon t raj ect ory and ver t ices. M ost rest r ict ive are condit ions ar ising from
t he r equir ement of t he Reggeized form of inelast ic ampl it udes (st rong
boot st rap condit ions) .

• T he st rong boot st rap condit ions for t he impact fact or s of quar ks and
gluons and t he B FK L kernel are proved Ñî be sat isfi ed .

• N ow it is checked also t hat t he condit ions for t he pair product ion in
t he fragment at ion r egion , as well as for t he pair product ion in Reggeon-
Reggeon col l isions are sat isfi ed .

• T he cond it ion for t he one-gluon product ion in Reggeon-Reggeon coll isions
is for mulat ed now . I t s check is under considerat ion .

• Fulfi l lment of al l t hese cond it ions opens à way t o prove t he gluon Reggeiza-
t ion in t he N L A .


