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INTRODUCTION

The development of particle theory at BLTP in the years 2011-2012 continued the
earlier tendencies and established the established new lines of investigations, following
modern theoretical and experimental trends. About 300 papers were published and about
50 conference talks were presented. The investigations combined the responses to the
challenges raised by current or planned experiment problems as well as the development
and improvement of theory methods.

The latter is the subject of the contribution of A.V.Bednyakov and A.F.Pikelner
who performed consistent three-loop calculations of all Standard Model beta-functions
which allowed one to confirm the calculations of other groups2 and obtain for the first
time the results for Yukawa couplings.

The contribution of D.I. Kazakov in collaboration with W.de Boer, C.Beskidt,
F.Ratnikov deals with the constraints for Supersymmetry exploring the most complete set
of experimental data. Combining the limits from the direct searches at the LHC, heavy
flavor constraints, WMAP and XENON100 one can exclude values of m1/2 below 525GeV
in the CMSSM for m0 < 1500GeV, which implies a lower limit on the WIMP mass of 230
GeV and a gluino mass of 1370GeV, respectively.

The contribution of V.A. Naumov contains a brief review of solar neutrino physics
with special emphasis on the Sun and Solar system chemical composition.

The contribution of A.V. Kotikov in collaboration with P. Bolzoni and B.A. Kniehl
describes the new approach to the description of gluon and quark jet multiplicities in QCD.
Inclusion of all the corrections up to the order s3/2, allowed explaining the discrepancy
of the results with the data obtained earlier.

The contribution of A.B. Arbuzov, A. I. Ahmadov, Yu. M. Bystritskiy, V. V. Bytev
and E. A. Kuraev describes the calculations of a new process and radiative corrections
for the modern and planned collider experiments and Dark Matter searches, with special
emphasis on peripheral processes at the LHC, physics at BESIII and PANDA, and two-
loop radiative corrections to Moller scattering.

The contribution of H.P. Pavel is dedicated to the formulation of the Hamiltonian
approach to QCD in terms of gauge invariant observables. The energy spectra of gluonium
and hybrid states are calculated using the variational approach.

The contribution of Ya.N.Klopot, A.G. Oganesian, S.V. Mikhailov and O.V. Teryaev
is dedicated to the description of recent data for pion transition form factor within various
approaches. While QCD factorization clearly supports the BELLE data, the Anomaly
Sum Rule method allows for non-perturbative QCD correction supported by BaBaR data
and not excluded by the BELLE ones.

The contribution of S.V. Goloskokov is devoted to the description of spin effects in
exclusive meson production in the framework of the Generalized Parton Distributions. It
is stressed that a special role is played by the non-forward generalization of transversity
parton distribution, describing the transverse polarized quarks in a transverse polatized
proton.

The contribution of I.V. Anikin and O.V. Teryaev compares the manifestations of
twist 3 in inclusive (Drell-Yan) and exclusive (Deeply Virtual Compton Scattering off
deuteron) processes with special emphasis on the electromagnetic gauge invariance. The
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expressions for hadronic tensors were obtained and the factor 2 correction for the Drell-
Yan process was found.

The hadronic light-by-light scattering contribution to muon Anomalous Magnetic
Moment is considered by A.E. Dorokhov in collaboration with A.E. Radzhabov and A.S.
Zhevlakov . The pseudoscalar meson contributions within the non-local quark model with
full kinematic dependence are systematically lower than the results obtained in other
works.

The contribution of M.K. Volkov is dedicated to the applications of the Nambu-
Iona-Lasiniio (NJL) model in the fields of hadronic and heavy ion physics. The systematic
calculation of the tau-lepton decay rates to various hadronic states was performed. Also, it
was shown that the Polyakov loop effect may significantly change the influence of hadronic
medium on the mesonic properties.

Another application of the NJL model to the physics of heavy-ion collisions is rep-
resented in the analysis of the properties of quantum liquids in the contribution of S.V.
Molodtsov in collaboration with G.M. Zinovjev.

The advances in heavy quarkonia spectroscopy are considered in the contribution of
M.A. Ivanov, where the analysis in the covariant quark confinement model allowed one
to identify X(3872) meson as a tetraquark bound state.

The hadron spectroscopy is also the subject of the contribution of Yu.S. Surovtsev
and M. Nagy who performed the extensive model-independent analysis of the scalar-
isoscalar meson states which provided complete information on their nature compatible
with other theoretical and experimental works.

The contribution of V.I. Korobov is dedicated to the high-precision atomic spec-
troscopy being a necessary ingredient of the processing of CERN new very accurate data
on antiproton-to-electron mass ratio. The new procedure of evaluating the non-relativistic
Bethe logarithm was developed and more accurate data were obtained.

D. I. Kazakov

O. V. Teryaev
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Twist three in inclusive (DY) and exclusive (DVCS) processes

I.V. Anikin, O.V. Teryaev

Bogoliubov Laboratory of Theoretical Physics, JINR, 141980 Dubna, Russia

Abstract

We study the effects of twist three in the Drell-Yan and deeply virtual Compton
scattering processes. As the first item, we explore the electromagnetic gauge invari-
ance of the hadron tensor of the Drell-Yan process with one transversely polarized
hadron. Due to the special role of the contour gauge for gluon fields, the prescrip-
tion for the gluonic pole in the twist 3 correlator can be related to the causality
prescriptions for exclusive hard processes. Because of this, we find extra contribu-
tions which naively do not have an imaginary phase. The single spin asymmetry
for the Drell-Yan process is accordingly enhanced by the factor of two. Then, we
study the deeply virtual Compton scattering off a spin-one particle, as the case for
the coherent scattering off a deuteron target. We extend our approach, formulated
initially for a spinless case, and discuss the role of twist three contributions for
restoring the gauge invariance of the amplitude. Using twist three contributions
and relations, which emanate from the QCD equations of motion, we derive the
gauge invariant amplitude for the deeply virtual Compton scattering (DVCS) off
hadrons with spin 1. Using the derived gauge invariant amplitude, the single spin
asymmetry is discussed.

1 Introduction

The problem of the electromagnetic gauge invariance in the deeply virtual Compton scat-
tering (DVCS) and similar exclusive processes has intensively been discussed during last
few years, see for example, see e.g. [1]. Here we combine the different approaches [1, 2] to
apply them in the relevant case of the Drell-Yan (DY) process where one of hadrons is the
transversally polarized nucleon. The source of the imaginary part, when one calculates
the single spin asymmetry associated with the DY process, is the quark propagator in
the diagrams with quark-gluon (twist three) correlators. This leads to the gluonic pole
contribution to SSA. The reason is that these boundary conditions provide the purely
real quark-gluon function BV (x1, x2) which parameterizes 〈ψ̄γ+ATαψ〉 matrix element. By
this fact the diagrams with two-particle correlators do not contribute to the imaginary
part of the hadron tensor related to SSA. In our paper, we perform a thorough analysis
of the transverse polarized DY hadron tensor in the light of the QED gauge invariance,
the causality and gluonic pole contributions. We show that, in contrast to the naive
assumption, our new-found additional contribution is directly related to a certain com-
plex prescription in the gluonic pole 1/(x1 − x2) of the quark-gluon function BV (x1, x2)
. Finally, the account for these extra contributions corrects the SSA formula for the
transverse polarized Drell-Yan process by a factor of 2. Note that our analysis is also
important in view of the recent investigation of DY process within both the collinear and
the transverse-momentum factorization schemes with hadrons replaced by on-shell parton
states.

5



Deeply virtual Compton scattering (DVCS) off the deuteron target has recently at-
tracted much attention from the experimental point of view. One of the main reasons
of this interest is the fact that the DVCS process gives information about the general-
ized parton distributions (GPDs). From the theoretical point of view, the leading twist-2
GPDs for the deuteron were studied in. However, the leading twist-2 accuracy for the
DVCS amplitude, calculated in the case where the final deuteron gets a significant trans-
verse momentum, is not sufficient for the study of these processes. This is due to the
fact that in the essential case of sizable transverse transfer momentum, ∆T 6= 0, the
leading twist-2 approximation, in the Bjorken limit, is not sufficient for the photon gauge
invariance of the DVCS amplitude. Besides, the relevant terms are proportional to the
transverse component of the momentum transfer and provide the leading contribution to
some observables.

Extending the Ellis-Furmanski-Petronzio-Efremov-Teryaev (EFPET) approach to
the non-forward case, this problem was first solved in [1] where it was demonstrated
how the inclusion of twist-3 contributions related to the matrix elements of quark-
antiquark-gluon operators, can restore the gauge invariance of the DVCS amplitude off
a (pseudo)scalar particle (e.g. pion, He4). Then, the main ideas of [1] were used and
generalized to the nucleon target. In our papers, we adhere to the approach [1, 2] and
make comprehensive analysis of the twist three contributions to the DVCS amplitude off
a spin-1 hadron.

2 Asymmetries associated with higher twists: gauge

invariance, gluonic poles and twist three

Causality and contour gauge for the gluonic pole. We study the contribution to
the hadron tensor which is related to the single spin (left-right) asymmetry measured in
the Drell-Yan process with the transversely polarized nucleon. The DY process with the
transversely polarized target manifests the gluonic pole contributions. Since we perform
our calculations within a collinear factorization, it is convenient to fix the dominant
light-cone directions for the DY process shown in Fig. 1 p1 ≈ Qn∗+/(xB

√
2), p2 ≈

Qn−/(yB
√

2). Focusing on the Dirac vector projection, containing the gluonic pole, let us
start with the standard hadron tensor generated by the diagram depicted on Fig. 1(a):

W(1)
µν =

∫
d4k1 d

4k2 δ
(4)(k1 + k2 − q)

∫
d4`Φ(A) [γ+]

α Φ̄[γ−]tr

[
γµγ

−γνγ
+γα

`+γ− − k−2 γ+ − `TγT
−2`+k−2 − `2

T + iε

]
, (1)

where Φ
(A) [γ+]
α and Φ̄[γ−] are defined as in [3, 4, 5]. Analyzing the γ-structure, i.e γ+γαγ±

in the trace, we may conclude that (i) the `+γ− term singles out γ+γαγ− with α =
T which will lead to 〈ψ̄ γ+ATαψ〉 giving the contribution to SSA; (ii) the k−2 γ

+ term
separates out γ+γαγ+ with α = −. Therefore, this term will give 〈ψ̄ γ+A+ ψ〉 which will
be exponentiated in the Wilson line [−∞−, 0−]; (iii) the `TγT term separates out γ+γαγT
with α = T and, then, will be exponentiated in the Wilson line [−∞−,−∞T ;−∞−, 0T ].

To eliminate the unphysical gluons from our consideration and use the factorization
scheme, we may choose a contour gauge [−∞−, 0−] = 1 which actually implies also the ax-
ial gauge A+ = 0 used in. Imposing this gauge one arrives at the following representation
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of the gluon field in terms of the strength tensor:

Aµ(z) =

∞∫

−∞

dω−θ(z− − ω−)G+µ(ω−) + Aµ(−∞) . (2)

Moreover, if we choose instead an alternative representation for the gluon in the form with
Aµ(∞), keeping the causal prescription +iε in (1), the cost of this will be the breaking
of the electromagnetic gauge invariance for the DY tensor. Consider now the term with
`+γ− in (1) which gives us finally the matrix element of the twist 3 operator with the
transverse gluon field. The parametrization of the relevant matrix elements is

〈p1, S
T |ψ̄(λ1ñ) γβ gA

T
α(λ2ñ)ψ(0)|ST , p1〉

F−1
2= iεβαST p1 B

V (x1, x2) . (3)

Using the representation (2), this function can be expressed as

BV (x1, x2) =
T (x1, x2)

x1 − x2 + iε
+ δ(x1 − x2)BV

A(−∞)(x1) , (4)

where the real regular function T (x1, x2) ( T (x, x) 6= 0) parametrizes the vector matrix
element of the operator involving the tensor Gµν :

〈p1, S
T |ψ̄(λ1ñ) γβ gñνGνα(λ2ñ)ψ(0)|ST , p1〉

F−1
2= εβαST p1 T (x1, x2) . (5)

Owing to the time-reversal invariance, the function BV
A(−∞)(x1),

iεβαST p1 δ(x1 − x2)BV
A(±∞)(x1)

F
= 〈p1, S

T |ψ̄(λ1ñ) γβ gA
T
α(±∞)ψ(0)|ST , p1〉 , (6)

can be chosen as BV
A(−∞)(x) = 0. Indeed, the function BV (x1, x2) is an antisymmet-

ric function of its arguments, while the anti-symmetrization of the additional term with
BV
A(−∞)(x1) gives zero. If the only source of the imaginary part of the hadron tensor

is the quark propagator, one may realize this property by assumption: BV (x1, x2) =
T (x1, x2)P/(x1 − x2) corresponding to the asymmetric boundary condition for gluons:
BV
A(∞)(x) = −BV

A(−∞)(x). Here we suggest another way of reasoning. The causal pre-
scription for the quark propagator, generating its imaginary part, simultaneously leads
to the imaginary part of the gluonic pole. We emphasize that this does not mean the
appearance of the imaginary part of the matrix element but rather the prescription of
its convolution with the hard part. Note that the fixed complex prescription +iε in the
gluonic pole of BV (x1, x2) is one of our main results and is very crucial for an extra con-
tribution to hadron tensor we are now ready to explore. Indeed, the gauge condition must
be the same for all the diagrams, and it leads to the appearance of an imaginary phase
of the diagram (see, Fig. 1(b)) which naively does not have it. Let us confirm this by
explicit calculation.

Hadron tensor and gauge invariance. We now return to the hadron tensor and
calculate the part involving `+γ−, obtaining the following expression for the standard
hadron tensor (see, the diagram on Fig. 1(a)):

W(1) [`+]

µν = −q̄(yB)Imm

∫
dx2 tr

[
γµγβγν p̂2γ

T
α

(xB − x2)p̂1

(xB − x2)ys+ iε

]
BV (xB, x2) εβαST p1 . (7)
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Figure 1: The Feynman diagrams which contribute to the polarized Drell-Yan hadron
tensor.

We are now in position to check the QED gauge invariance by contraction with the photon

momentum qµ. Calculating the trace, one gets qµW
(1)

µν 6= 0 if the gluonic pole is present.
We now focus on the contribution from the diagram depicted on Fig. 1(b). Performing
the collinear factorization, we derive the expression for the factorized hadron tensor which
corresponds to the diagram on Fig. 1(b):

W(2)

µν =

∫
dx1 dy

[
δ(x1 − xB)δ(y − yB)

]
q̄(y) tr

[
γµ

(∫
d4k1 δ(x1p

+
1 − k+

1 )F(k1)

)
γν p̂2

]
, (8)

where the function F(k1) reads

F(k1) = S(k1)γα

∫
d4η1 e

−ik1·η1〈p1, S
T |ψ̄(η1) gATα(0)ψ(0)|ST , p1〉 . (9)

After some algebra we obtain

qµW
(2)

µν =

∫
dx1 dy

[
δ(x1 − xB)δ(y − yB)

]
q̄(y) ενp2ST p1

1∫

−1

dx2 ImmBV (x1, x2) . (10)

If the function BV (x1, x2) is the purely real one, this part of the hadron tensor does not

contribute to the imaginary part. We now study the W(1)

µν and W(2)

µν contributions and
their role for the QED gauge invariance. One can easily obtain:

qµW
(1)

µν + qµW
(2)

µν = ενp2ST p1 q̄(yB) Imm

1∫

−1

dx2B
V (xB, x2)

[
xB − x2

xB − x2 + iε
− 1

]
. (11)

Assuming that the gluonic pole in BV (x1, x2) exists, after inserting (4) into (11), one

gets qµW
(1)

µν + qµW
(2)

µν = 0. This is nothing else than the QED gauge invariance for
the imaginary part of the hadron tensor. We can see that the gauge invariance takes
place only if the prescriptions in the gluonic pole and in the quark propagator of the
hard part coincide. As we have shown, only the sum of two contributions represented
by the diagrams on Fig. 1(a) and (b) can ensure the electromagnetic gauge invariance.
We now inspect the influence of a “new” contribution 1(b) on the single spin asymmetry
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and obtain the QED gauge invariant expression for the hadron tensor. It reads WGI

µν =

W(1)

µν +W(2)

µν = − 2
q2
ενST p1p2 [xB p1µ − yB p2µ] q̄(yB)T (xB, xB) . Within the lepton c.m.

system, the SSA related to the gauge invariant hadron tensor reads

ASSA = 2
cosφ sin 2θ T (xB, xB)

M(1 + cos2 θ)q(xB)
, (12)

where M is the dilepton mass. We want to emphasize that this differs by a factor of 2
in comparison with the case where only one diagram, presented on Fig. 1(a), has been
included in the (gauge non-invariant) hadron tensor. Therefore, from a practical point
of view, the neglect of the diagram on Fig. 1(b) or, in other words, the use of the QED
gauge non-invariant hadron tensor yields the error of a factor of two.

3 Gauge invariance of DVCS off an arbitrary spin

hadron: the deuteron target case

Kinematics and Approximations Let us start with the discussion of the kinematics
and approximations which we use in this paper. The process we consider is γ∗(q) +
D(p1) → γ(q′) + D(p2). Here, we mainly focus on the deuteron as a target but all our
approach is suitable for any spin-one hadron target. This process is a hard exclusive
reaction for which a QCD factorization theorem applies. In this case, the virtuality of
the initial off-shell photon is used as the large scale, i.e. q2 = −Q2 → ∞, while the
final photon is on-shell with q′ 2 = 0. Besides, this asymptotic regime is identical to the
light-cone formalism. Therefore, we first introduce a light-cone basis which is constructed
by the “plus” and “minus” vectors: n? = Λ(1, 0, 0, 1) , n = 1

2Λ
(1, 0, 0, −1) , n? · n = 1,

where Λ is an arbitrary and dimensionful constant which can be expressed via the Lorentz
invariants. The exact form of Λ as a function of invariants depends on the frame which
one works in.

In the present paper, we consider the DVCS amplitude up to the twist three ac-
curacy, discarding the contributions associated with the twist four and higher. Such a
constraint imposes the following relations for the hadron average and transfer momenta
: P = p1+p2

2
= n? + M̄2

2
n ≈ n? , ∆ = p2 − p1 ≈ −2ξP + ∆T . Notice that keeping

the M̄2-term in the Sudakov decomposition of the relative momentum P leads to the
necessity to include the twist four contributions as well, which goes beyond the scope of
the present paper. Since corrections of the order O(∆2

T/Q
2) demand a special care, at

this moment, we postpone their study until a forthcoming paper. It is also instructive to
introduce the photon average momentum: Q = (q+ q′)/2. One has to emphasize that the
approximations discussed in this section do not affect the generality of our study and can
be applied to a study of arbitrary spin hadrons.

Factorization and the gauge invariant amplitude The factorization procedure,
which we follow, is presented in detail in [1, 2, 6]. Within this approach, we derive the
gauge invariant DVCS amplitude for the deuteron target:

T (λ1, λ2)
µν =

1

2P · Q̄

∫
dx

1

x− ξ + iε

(
T (1)
µν + T (2)

µν + T (3)
µν + T (4)

µν

)(λ1, λ2)

+ O(∆2
T ; M̄2) + “crossed” ,(13)
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where the structure amplitudes T (k)
µν read

T (1)
µν = HV

1,..,4(x; e1, e
∗
2)

(
2ξPµPν + PµQ̄ν + PνQ̄µ − gµν(P · Q̄) +

1

2
Pµ∆T

ν −
1

2
Pν∆

T
µ

)
+

GV
1,..,4(x; e1, e

∗
2)

(
ξPν∆

T
µ + 3ξPµ∆T

ν + ∆T
µ Q̄ν + ∆T

ν Q̄µ

)

−

(
(e∗2 · P )(e1 · P )

M2
GA

5 (x) + (e∗2 · P )(e1 · n)GA
6 (x) + (e1 · P )(e∗2 · n)

(
GA

7 (x)−GA
8 (x)

)
)

(
3ξPµ∆T

ν − ξPν∆T
µ −∆T

µ Q̄ν + ∆T
ν Q̄µ

)
, (14)

and

T (2)
µν = (e1 · P )GV

6 (x)

(
ξPνe

∗T
2µ + 3ξPµe

∗T
2 ν + e∗T2µ Q̄ν + e∗T2 ν Q̄µ

)
+ (e1 · P )GA

2 (x)

(
3ξPµe

∗T
2 ν − ξPνe∗T2µ

− e∗T2µ Q̄ν + e∗T2 ν Q̄µ

)
, (15)

and

T (3)
µν = (e∗2 · P )GV

7 (x)

(
ξPνe

T
1µ + 3ξPµe

T
1 ν + eT1µQ̄ν + eT1 νQ̄µ

)
+ (e∗2 · P )GA

1 (x)

(
3ξPµe

T
1 ν − ξPνeT1µ

− eT1µQ̄ν + eT1 νQ̄µ

)
, (16)

and

T (4)
µν = εµνPn

(
εnPe∗T2 eT1

HA
1 (x, ξ) +

1

M2
εnP∆T e∗T2

(e1 · P )HA
2 (x, ξ) +

1

M2
εnP∆T eT1

(e∗2 · P )HA
3 (x, ξ)

+ εnP∆T e∗T2
(e1 · n)HA

4 (x, ξ)

)
. (17)

This gauge invariant amplitude for the DVCS off deuteron is our main result. For the
sake of brevity, in Eqs. (14) – (16), we neglected all terms which are proportional to the
square of the hadron mass. The full expressions for all amplitudes will be presented in
our forthcoming study.

Single Spin Asymmetry In the preceding section, we have obtained the gauge
invariant DVCS amplitude which has a significant meaning for the investigation of any
observables. As a phenomenologically important example, we now consider the single
(electron) spin asymmetry (SSA), which arises in collision of the longitudinally polarized
electron beams with an unpolarized hadron target. The SSA parameter is defined as

AL =
dσ(→)− dσ(←)

dσ(→) + dσ(←)
. (18)
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The numerator of Eq. (18) can be expressed through the imaginary part, first, of the
interference between the twist-2 and twist-3 helicity DVCS amplitudes and, second, of
the interference between the Bethe-Heitler (BH) and DVCS amplitudes. For the JLAB
kinematics, the |ADVCS|2 contribution can be neglected compared to the interference term
because of a large contribution of the BH amplitude.

The DVCS amplitude contributing to exclusive real photon production at Q2 �M2

for the real and virtual photon polarizations, i and j, reads

A(i)
DVCS =

e`e
2
q

q2

∑

j

L(j)A(j,i) , L
(j) = Lµ′(`1, `2)ε∗µ′

(j) ,

respectively. Here, the helicity amplitude is given by

A(j,i) = ε(j)µ Tµνε
′
ν
∗(i)
, i = ±1, j = 0, ±1 . (19)

The Bethe-Heitler amplitude reads

A(i)
BH =

e`e
2
q

∆2

∑

j

Λ(j,i)T(j), T(j) = ε(j)µ Fµ ,Λ
(j,i) = Lµ′ν′(`1, `2)ε∗µ′

(j)ε′ν′
∗(i)

,

where ∆2 = −4ξ2M̄2 + ∆2
T ≡ t with a negative t. The explicit and very cumbersome ex-

pression for the contribution of A∗BHADVCS coming from the interference between Eqs. (19)
and (20) can be found in [6]. Notice that the only surviving contributions in the forward
limit are related to the Compton form factors H1,5 and G8,9 terms. Keeping only these
contributions one can write

1

q2∆2

∑

i

[L(0)A(0,i)] · [Λ(+,i)T(+)]
∗ ∼ 1

ξ(ρ− 4)ρ
×

{
G1(16ξ(ξ2(ρ− 4)− ρ)(ρ− 4)(ξ(ρ− 6) + ρ− 2)GV8 + 16ξ(ξ(ρ− 6)− ρ+ 2)(ξ2(ρ− 4)− ρ)(ρ− 4)GV9
−8(ξ2(ρ− 4)− ρ)(ρ− 4)((ρ− 4)ρ+ 12)HV

1 − 16((ρ− 6)ξ2 − ρ− 2)(ξ2(ρ− 4)− ρ)(ρ− 4)HV
5 )

+G2(−16ξ(ρ− 4)((ρ− 4)2ξ3 + (ρ− 4)(ρ+ 2)ξ2 − (ρ− 8)ρξ − (ρ− 2)ρ)GV8 − 16ξ(ρ− 4)((ρ− 4)2ξ3

−(ρ− 4)(ρ+ 2)ξ2 − (ρ− 8)ρξ + (ρ− 2)ρ)GV9 + 8(ξ2(ρ− 4)− ρ)ρ((ρ− 6)ρ+ 8)HV
1

+16(ρ− 4)(ρ− ξ2(ρ− 4))2HV
5 ) +G3(16ξ(ξ2(ρ− 4)− ρ)(ρ− 4)(ξ(ρ− 4) + ρ)GV8

+16ξ(ξ(ρ− 4)− ρ)(ξ2(ρ− 4)− ρ)(ρ− 4)GV9 − 8(ξ2(ρ− 4)− ρ)ρ((ρ− 6)ρ+ 8)HV
1 − 16((ρ− 4)3ξ4

−2ρ((ρ− 6)ρ+ 8)ξ2 + ρ3)HV
5 )
}

+ .... .

If we now calculate the imaginary part of the above-mentioned terms, we will obtain the
numerator for experimentally accessible single spin asymmetry parameter.

4 Conclusions

Thus, we showed that it is mandatory to include a contribution of an extra diagram
which naively does not have an imaginary part. The account for this extra contribution
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leads to the amplification of SSA by a factor of 2. This additional contribution emanates
from the complex gluonic pole prescription in the representation of the twist 3 correlator
BV (x1, x2) which, in its turn, is directly related to the complex pole prescription in the
quark propagator forming the hard part of the corresponding hadron tensor. The causal
prescription in the quark propagator, involved in the hard part of the diagram on Fig.1(a),
selects from the physical axial gauges the contour gauge. We argued that, in addition to
the electromagnetic gauge invariance, the inclusion of new-found contributions corrects
by a factor of 2 the expression for SSA in the transverse polarized Drell-Yan process.
We proved that the complex prescription in the quark propagator forming the hard part
of the hadron tensor, the starting point in the contour gauge, the fixed representation
of BV (x1, x2) and the electromagnetic gauge invariance of the hadron tensor must be
considered together as deeply related items.

Working with the DVCS process, we have derived the gauge invariant amplitude
for the deeply virtual Compton scattering off a spin-1 hadron. As an important phe-
nomenological application of this approach, we have considered the deuteron target and
have presented the gauge invariant DVCS amplitude for the deuteron case. We have also
discussed the simplest kind of asymmetries – the single spin asymmetry where the initial
lepton has longitudinal polarization while all other particles, the initial hadron, the final
lepton and the final hadron, are unpolarized.
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The meson-exchange induced light–by–light contribution to
(g − 2)µ within the nonlocal chiral quark model

A. E. Dorokhova, A. E. Radzhabovb, A. S. Zhevlakovb

aBogoliubov Laboratory of Theoretical Physics, JINR, 141980 Dubna, Russia

bInstitute for System Dynamics and Control Theory SB RAS, 664033 Irkutsk, Russia

The anomalous magnetic moment of the muon is known to an unprecedented accuracy.
The latest result from the measurements of the Muon (g−2) collaboration at Brookhaven
is [1]

aBNL
µ = 11 659 208.0 (6.3) · 10−10, (1)

which is a 0.54 ppm uncertainty over combined positive and negative muon measurements.
Using e+e− annihilation and inclusive hadronic τ decay data the standard model predicts
[2]

aSMµ =

{
11 659 180.2 (4.9) · 10−10, [e+e−],
11 659 189.4 (5.4) · 10−10, [τ ].

(2)

The difference between the experimental determination of aµ and the standard model
using the e+e− or τ data for the calculation of the hadronic vacuum polarization (HVP)
contribution is 3.6σ and 2.4σ, respectively.

The standard model prediction for aµ consists of quantum electrodynamics, weak
and hadronic contributions. The QED and weak contributions to aµ were calculated with
great accuracy [5]

aQED
µ = 11 658 471.8951(0.0080) · 10−10 (3)

and [6]
aEW
µ = 15.4(0.2) · 10−10. (4)

(a) (b) (c)

Figure 1: Hadronic LbL scattering contribution due to quark-antiquark exchanges.

The theoretical errors in (2) are dominated by the uncertainties induced by the HVP
and LbL effects. Thus, to confront usefully theory with the experiment requires a better
determination of the hadronic contributions. In the last decade, a substantial improve-
ment in the accuracy of the contribution from the HVP was reached. It uses, essentially,
precise determination of the low energy spectrum of the total e+e− → hadrons and in-
clusive τ lepton decay cross-sections. The HVP contributions at an order of α2 quoted in
the most recent articles on the subject are given in the Table.
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Table.

Phenomenological estimates and references for the leading order HVP contribution to the
muon anomalous magnetic moment are based on e+e− and τ data sets.

e+e−[2] τ [2] e+e−[3] e+e−[4]

a
HVP (1)
µ · 1010 692.3± 4.2 701.5± 4.7 681.23± 4.51 694.91± 4.27

0.0
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Γ
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π0 → γγ

)
= 7.39 eV

Γ
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π0 → γγ

)
= 7.74 eV

Γ
(
π0 → γγ

)
= 8.13 eV

Figure 2: LbL contribution to the muon
AMM from the neutral pion and σ ex-
changes as a function of the dynamical
quark mass. Bunch of three lower lines cor-
respond to the σ contribution, the π0 contri-
bution is in the middle, and the upper lines
are the combined contribution.

The higher-order contributions at
O(α3) level to a

HVP (2)
µ was estimated in [4],

aHVP (2)
µ = −9.84(0.07) · 10−10, (5)

by using analytical kernel functions and ex-
perimental data on the e+e− → hadron
cross-section. In addition, there exists a
O(α3) contribution to aµ from the LbL di-
agram, ahLbL

µ , that cannot be expressed as
a convolution of experimentally accessible
observables and need to be estimated from
theory. In some works [7], the value

ahLbL
µ = 10.5(2.6) · 10−10 (6)

is considered as an estimate of the hadronic
LbL contribution to the muon AMM.

Assuming the absence of New Physics
effects, a phenomenological estimate of the

total hadronic contributions to aHVP
µ has to be compared with the value deduced from the

g − 2 experiment (1) and known electroweak (4) and QED (3) corrections

aBNL
µ − aQED

µ − aEW
µ = 721.6 (6.3) · 10−10. (7)

Two new experiments on measurement of aµ are proposed at Fermilab (E989)[8]
and J-PARC[9] which plan to improve the experimental uncertainty by a factor of 4-5
with respect to the previous BNL experiment. In that respect theoretical predictions of
the HVP and LbL contributions to the muon AMM should be at the same level or better
than a precision of planed experiments. In the next part we discuss the hadronic LbL
contribution as it is calculated within the nonlocal chiral quark model (NχQM) of low
energy QCD and show that, within this framework, it might be possible realistically to
determine this value to a sufficiently safe accuracy. We want to discuss how well this
model does in calculating aLbL

µ .
The uncertainties of the SM value for aµ are dominated by the uncertainties of the

hadronic contributions, aStrong
µ , since their evaluation involve quantum chromodynamics

(QCD) at long-distances for which perturbation theory cannot be employed. Below we
discuss with some details theoretical status of hadronic LbL contribution to the muon
AMM due to exchange by light mesons within NχQM.
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Recently, the LbL contribution due to exchange of pseudoscalar (P) and scalar (S)
mesons (Fig. 1) was elaborated in [10, 11, 12]. The vertices containing the virtual meson
M with momentum p and two photons with momenta q1,2 and the polarization vectors
ε1,2 can be written as [13]

A
(
γ∗(q1,ε1)γ

∗
(q2,ε2) →M∗

(p)

)
= e2εµ1ε

ν
2∆µν

M (p, q1, q2) (8)

with
∆µν
P (p, q1, q2) = −iεµνρσqρ1qσ2 FP

(
p2; q2

1, q
2
2

)
, (9)

and
∆µν
S (p, q1, q2) = AS

(
p2; q2

1, q
2
2

)
P µν
A (q1, q2) + B′S(p2; q2

1, q
2
2)P µν

B′ (q1, q2), (10)

where

P µν
A (q1, q2) = (gµν(q1q2)− qν1q

µ
2 ) ,

P µν
B′ (q1, q2) =

(q2
1q
µ
2 − (q1q2)qµ1 ) (q2

2q
ν
1 − (q1q2)qν2 )

(q1q2)2 − q2
1q

2
2

,

and p = q1 + q2. The subject of model calculations are the (P/S)VV vertice functions
FP ,AS,B

′
S.

The expression for the LbL contribution to the muon AMM from the light meson
exchanges can be written as

aLbL,M
µ = −4α3

3π2

∞∫

0

dQ2
1

∞∫

0

dQ2
2

1∫

−1

dt
√

1− t2 1

Q2
3

∑

M

[
NM

1 (Q2
1, Q

2
2, Q

2
3)

Q2
2 + M2

M

+
NM

2 (Q2
1, Q

2
3, Q

2
2)

2(Q2
3 + M2

M)

]
,

N P
1,2(Q2

1, Q
2
2, Q

2
3) = FP

(
Q2

2;Q2
2, 0
)

FP
(
Q2

2;Q2
1, Q

2
3

)
Tp1,2,

N S
1,2(Q2

1, Q
2
2, Q

2
3) =

(
A
(
Q2

2;Q2
2, 0
)

+
1

2
B′
(
Q2

2;Q2
2, 0
))

×
(
A
(
Q2

2;Q2
1, Q

2
3

)
TsAA

1,2 +
1

2
B
(
Q2

2;Q2
1, Q

2
3

)
TsAB

1,2

)
,

where Q3 = − (Q1 +Q2) and BS = B′S/((q1q2)2 − q2
1q

2
2). The kinematic factors Tpi and

Tsi can be found in [14] and [12], respectively.
The total contribution of pseudoscalar (π0, η, η′) exchanges is estimated as

aLbL,PS
µ = (5.85± 0.87) · 10−10, (11)

and the combined value for the scalar (σ, a0, f0) and pseudoscalar contributions is [12]

aLbL,PS+S
µ = (6.25± 0.83) · 10−10. (12)

We found that within the NχQM the pseudoscalar meson contributions to the muon
AMM are systematically lower than the results obtained in other works. The full kinematic
dependence1 of the vertices on the pion virtuality diminishes the result by about 20-30%

1This dependence also recently studied in [15].
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Figure 3: Plots of the π0, η and η′ vertices FP ∗γγ(p
2; 0, 0) in the timelike region and

FP ∗γ∗γ(p
2; p2, 0) in the spacelike region in NχQM model (thick lines) and VMD model

(thin lines). The points with error bars correspond to the physical points of the meson
decays into two photons. The VMD curves for π0 and η are almost indistinguishable.

as compared to the case where this dependence is neglected. For η and η′ mesons the
results are reduced by a factor of about 3 in comparison with the results obtained in
other models where the kinematic dependence was neglected (see Fig. 3 and discussion
in [11, 12]). The scalar meson contribution is small positive and partially compensates
model dependence of the pseudoscalar contribution (Fig. 2).
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TRANSVERSITY EFFECTS IN PSEUDOSCALAR MESON
LEPTOPTODUCTION AT CLAS ENERGIES

S.V. Goloskokov

We investigate the pseudoscalar meson leptoproduction within the handbag ap-
proach where amplitudes factorize into a hard subprocesses and generalized parton dis-
tributions (GPDs). At leading-twist accuracy these reactions are only sensitive to the

GPDs H̃ and Ẽ which contribute to the amplitudes for longitudinally polarized virtual
photons. Unfortunately, these terms are insufficient to describe experimental data at low
Q2 which require contributions from the transversity GPDs, in particular from HT and
ĒT . We can demonstrate this using the AUT asymmetry in the π+ leptoproduction [1]
as an example. This asymmetry is expressed in terms of M0−,++ and proton non-flip

amplitude interference – A
sin(φs)
UT ∝ Im[M∗

0−,++M0+,0+].
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Figure 1: Left: AUT asymmetry of the π+ production at HERMES energies. Dashed line-
results without transversity effects. Right: π0 production in the CLAS energy range together
with the data. Dashed-dot-dotted line- σ= σT + εσL, dashed line-σLT , dashed-dotted- σTT .

The leading twist contributions cannot explain this asymmetry –see Fig. 1 (left).
A new twist-3 contribution to the M0−,++ amplitude, which is not small at t′ ∼ 0, is
needed. We estimate this contribution by the transversity GPD HT in conjugation with
the twist-3 pion wave function [2]. We have

M twist−3
0−,µ+ ∝

∫ 1

−1

dxH0−,µ+(x, ...)HT . (1)

The HT GPD is connected with transversity PDFs. The M0+,++ amplitude is calculated
in the same way and expressed in terms of ĒT GPDs [2]. It is essential in analyses of spin
effects in the pseudoscalar meson leptoproduction too.

In Fig 1 (right), we show our predictions for the π0 production cross section σ ∼ σT
in the CLAS energy range [3, 4] which is close to the experimental data [5]. We present in
this plot the interference cross sections σLT and σTT too. The value of σLT is quite small,
compatible with zero. The σTT cross section is negative and large. The ĒT contributions
to the σT and σTT cross sections are strongly correlated [2]. The fact that we describe
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the CLAS data for both cross sections quite well can be an indication of observation of
large transversity effects at CLAS. However, the definite conclusion on the importance of
transversity effects in the π0 cross section can be made only if the data on the separated
σL and σT cross section will be available experimentally and σT will be much larger than
σL. Probably, such study can be performed at JLAB12.
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Figure 2: Left: η/π0 production cross section ratio in the CLAS energy range together with
preliminary data. Right: Prediction for theK+Λ production cross sections at HERMES energies.
Full line- unseparated cross section, dashed- dσL/dt, dashed-dotted line- dσT /dt.

In Fig. 2 (left), we present the transversity effects in the ratio of the η/π0 cross
section [6] at CLAS energies. Different combinations of the quark contributions to these
processes lead to the essential role of HT effects in this ratio at small −t < 0.2GeV2. At
larger momentum transfer large ET effects in the π0 production found in the model lead
to a rapid decrease of the η/π0 cross section ratio with t- growing. At −t > 0.2GeV2 this
ratio becomes close to ∼ 0.3, which was confirmed by CLAS.

Using the same model we calculate the cross section and spin asymmetry for the
K+Λ production [4]. The large transversity HT effects in the K+Λ channel provide the
large σT cross section without a forward dip, which dominated with respect to σL at small
Q2, see Fig. 2 (right). The essential contributions to the σT cross section are determined
by the twist-3 HT and ĒT effects and decreases quickly with Q2 growing. At quite large
Q2 the leading-twist effects will dominate.

Our observation that the transversity contributions provide large transverse cross
sections for most of the pseudoscalar meson channels can be checked experimentally.
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Constraints on Supersymmetry using LHC data

W.de Boer, C.Beskidt, F.Ratnikov (KIT, Karlsruhe) and

D.Kazakov (BLTP, JINR)

Introduction
Supersymmetry (SUSY) remains the best candidate for physics beyond the Stan-

dard Model because of its exceptional properties, unification paradigm and a plausible
DM candidate. Unfortunately, direct searches for the predicted SUSY particles at the
LHC running at 7 TeV were unsuccessful. Also, direct DM searches in deep underground
experiments were contradictory. Combining all data from the LHC, cosmology and direct
DM searches leads to strong constraints on the predicted SUSY masses, as discussed in
recent papers. This report is based on the papers [1,2], where a complete set of references
can be found. To restrict the number of independent SUSY masses, one usually assumes
the universality at the GUT scale and the particles get different masses at lower ener-
gies because of radiative corrections. In the constrained Minimal Supersymmetric SM
(CMSSM) many parameters of SUSY models are reduced to only four: the two mass pa-
rameters m0,m1/2 and two parameters related to the Higgs sector: the trilinear coupling
at the GUT scale A0, and tan β, the ratio of the vacuum expectation values of the two
neutral components of the two Higgs doublets. Electroweak symmetry breaking (EWSB)
fixes the scale of µ, so only its sign is a free parameter. The positive sign is taken, as
suggested by the muon anomalous magnetic moment. In this letter we combine the newest
data from LHC, WMAP, XENON100, flavor physics and g − 2.

Excluded region by direct searches for SUSY at the LHC
In proton-proton collisions, strongly interacting supersymmetric particles can be

produced in pairs in strong and weak processes and decay via cascade chains. The cross
section for the ”strong” production of squarks is large for low values of m0 and m1/2,
the production of gluinos is the strongest at small values of m1/2, and the electroweak
production of gauginos starts to increase at large values of m0.The reason for the increase
of the electroweak production at large m0 is the decrease of the Higgs mixing parameter µ,
as determined from EWSB, which leads to a stronger mixing of the Higgsino component
in the gauginos and so the coupling to the weak gauge bosons and Higgs bosons increases,
thus increasing the amplitudes. The strong production cross sections are characterized
by a large number of jets from long decay chains and missing energy from the escaping
neutralino. These characteristics can be used to efficiently suppress the background. For
the electroweak production, both the number of jets and the missing transverse energy
is low, hence, the electroweak gaugino production needs leptonic decays to reduce the
background, so these signatures need more luminosity and cannot compete at present with
the sensitivity of the strong production of squarks and gluinos. The total cross-section
for the strongly interacting particles are shown in Fig.1 together with the excluded region
from direct searches at the LHC for SUSY particles. One observes that the excluded region
(below the solid line) follows rather closely the total cross section, indicated by the colour
shading. From the colour coding one observes that the excluded region corresponds to a
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cross section limit of about 0.1 -0.2 pb. The excluded region was obtained by combining
the ATLAS and CMS limits. We only consider limits from LHC data based on jets and
missing energy and do not include the less sensitive limits from leptonic data. These limits
can be translated to squark and gluino masses and lead to the excluded regions indicated
in the right panel of Fig.1. Note that these regions are not specific to the CMSSM and
are valid in other models. Squark masses below 1.5 TeV and gluino masses below 0.96
TeV are excluded for the LHC data at 7 TeV. Expected sensitivities for higher integrated
luminosities have been indicated as well. One observes that increasing the energy is much
more effective than increasing the luminosity.

Figure 1: Left: Total production cross section of strongly interacting particles in compar-
ison with the LHC excluded limits for 7 TeV. One observes that a cross section of 0.1 to
0.2 pb is excluded at 95% confidence level. Right: The same but in the msq,mgl plane.
The red area corresponds to excluded regions for an integrated luminosity slightly above
1/fb; the expectations for higher luminosities are indicated as well.

Excluded region by Bs → µµ
The upper limit on the branching ratio of Bs → µµ can give significant constraints

on the SUSY parameter space, since this rate varies as tan β6. In addition, it is sensitive
to the stop mixing which is a function of A0. The Bs → µµ decay can be suppressed if
the stop squarks are degenerate or even get values below SM. The combination with the
relic density, which requires a large tan β value in a large region of parameter space causes
tension with the Bs → µµ constraint. This tension can be reduced by large values of A0,
but with the recent upper limit near the SM value from LHCb this tension increased and
both constraints cannot be fulfilled at the same time in the whole parameter space. This
leads to two excluded regions shown in Fig 2. Compared to the other constraints the
Bs → µµ rate leads only to a tiny increase of the excluded region at small m0.

Excluded region by direct DM searches
The cross section for direct scattering of WIMPS on nuclei has an experimental

upper limit of about 10−8 pb, i.e. many orders of magnitude below the annihilation cross
section. This is naturally explained in the MSSM by the fact that both cross sections are
dominated by Higgs exchange. Due to the smallness of the Yukawa couplings most of the
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Figure 2: Left: constraints from the Bs → µµ in the m0,m1/2 plane after optimizing tan β
and A0. The red shaded area is excluded at 95 % C.L. Right: ∆χ2 distribution in the
m0,m1/2 plane in comparison with the XENON100 limits on the direct WIMP-nucleon
cross section for two values of the form factors (dotted line: πN scattering, dashed dotted
line: lattice gauge theories).

scattering cross section come from the heavier sea-quarks the density of which inside the
nuclei is small. For low momentum transfer, the scattering can be written in terms of an
effective coupling, which can be determined either from N scattering or from lattice QCD
calculations. The excluded region from the XENON100 cross-section limit is shown on
the right panel of Fig.2. At large values of m0 EWSB forces the higgsino component of
the WIMP to increase and consequently the amplitude proportional to the bino-higgsino
mixing, starts to increase. This leads to an increase in the excluded region at large m0

and has here similar sensitivity as the LHC.

Combination of all Constraints
Combining all constraints from the LHC data with data on Bs → µµ, the relic

density (WMAP and other cosmological data) and upper limits on the dark matter scat-
tering cross sections on nuclei (XENON100 data) (without 125 GeV Higgs mass) leads
to the excluded region below the solid black line in Fig.3 (left). In the fit we use the
95% C.L. LEP limit of 114.4 GeV on the Higgs mass instead of the limits published by
CMS and ATLAS with about 5/fb. If a Higgs mass of 125 GeV is included in the fit,
the best-fit point moves to higher SUSY masses, but there is a rather strong tension
between the relic density constraint, Bs → µµ and the Higgs mass, so the best-fit point
depends strongly on the error assigned to the Higgs mass. We have plotted the best-fit
point for Higgs uncertainties of 2 GeV in Fig.3 (right panel). The region below the white
line is excluded at 95% C.L. A negative sign of the mixing parameter shows similar results.

Summary
Combining the limits from the direct searches at the LHC, heavy flavor constraints,

WMAP and XENON100, we exclude values of m1/2 below 525 GeV in the CMSSM for
m0 < 1500 GeV, which implies a lower limit on the WIMP mass of 230 GeV and a gluino
mass of 1370 GeV, respectively. If a Higgs mass of the lightest Higgs boson of 125 GeV
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Figure 3: The total ∆χ2 distribution without (left) and with (right) account of the 125
GeV Higgs mass

is imposed, the preferred region is well above this excluded region, but the size of the
preferred region is strongly dependent on the size of the assumed theoretical uncertainty.
However, in models with an extended Higgs sector, like NMSSM, a Higgs mass of 125
GeV can be obtained for lower values of m1/2, in which case the regions excluded in the
MSSM become viable.
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Anomaly, mixing and transition form factors of
pseudoscalar mesons

Y. N. Klopota, A. G. Oganesiana,b, O. V. Teryaeva

aBogoliubov Laboratory of Theoretical Physics, JINR, 141980 Dubna, Russia

bInstitute of Theoretical and Experimental Physics, Moscow 117218, Russia

The phenomenon of axial anomaly [1] is widely known for its manifestation in two-photon
decays of pseudoscalar mesons. The dispersive approach to axial anomaly [2, 3] turns out
to be a useful tool for exploration of the processes, which also involve virtual photons,
like the photon-meson transitions γγ∗ → π0(η, η′) [4, 5, 6, 7].

The axial anomaly is associated with the VVA three-point correlator, which involves
two vector currents with momenta k, q and one axial current with momentum p = k + q.
In what follows, the case with one virtual photon (−q2 = Q2 > 0) and one real photon
(k2 = 0) is considered.

The axial anomaly, considered in the dispersive approach, leads to an anomaly sum
rule (ASR) [3], ∫ ∞

4m2

A
(a)
3 (s,Q2;m2)ds =

1

2π
NcC

(a), a = 3, 8, (1)

where A3 = 1
2
(F3 − F6), and Fi are the invariant amplitudes at the tensor structures

F3kνεαµρσk
ρqσ, F6qµεανρσk

ρqσ of the decomposition of the VVA correlator, Nc = 3 is a
number of colors, m is a quark mass and C(a) are the charge factors of components of the
axial currents J

(a)
α5 . For the isovector (a = 3, C(3) = 1

3
√

2
) and octet (a = 8, C(8) = 1

3
√

6
)

components of axial current ASR (1) has an important property – both perturbative
and nonperturbative corrections to the integral are absent because of the Adler-Bardeen
theorem and the ’t Hooft’s principle.

In the case of isovector channel, saturating the lhs of the three-point correlation
function with the resonances, singling out the first contribution, given by the pion, and
collecting all the other states into the continuum contribution I

(3)
cont(s3, Q

2), we get the
ASR in the form (in what follows we take m = 0):

πfπFπγ(Q
2) + I

(3)
cont(s3, Q

2) =
1

2π
NcC

(3), I
(3)
cont ≡

∫ ∞

s3

A
(3)
3 (s,Q2;m2)ds, (2)

where s3 is a continuum threshold, and the general definitions of the decay constants
faM (f

(3)
π ≡ fπ = 130.7 MeV) and the transition form factors (TFFs) of the reactions

γγ∗ →M are

〈0|J (a)
α5 (0)|M(p)〉 = ipαf

a
M ,

∫
d4xeikx〈M(p)|T{Jµ(x)Jν(0)}|0〉 = εµνρσk

ρqσFMγ. (3)

25



If we employ the one-loop expression for the spectral density, we get [4]

Fπγ(Q
2) =

1

2
√

2π2fπ

s3

s3 +Q2
. (4)

At Q2 → ∞, where the pion TFF acquires its asymptotic value [8] Q2F as
πγ(Q

2) =√
2fπ, the continuum threshold s3 can be determined from (4), s3 = 4π2f 2

π = 0.67 GeV2

and then (4) reproduces the well-known Brodsky-Lepage interpolation formula [9].
When compared to the experimental data on pion TFF, equation (4) gives a fairly

good description of the data of the CELLO [10], CLEO [11] and BELLE [12] collabora-
tions, while the data of the BABAR collaboration [13] are described much worse.

The BABAR data indicate a log-like growth, and in order to describe them well,
one needs to consider a possibility of the correction. Although the integral in ASR does
not have any corrections, the spectral density A

(3)
3 (s,Q2) can acquire corrections, and

therefore, the continuum and the pion contributions can have corrections as well. The
exactness of the ASR results in an interplay between corrections to the continuum and
pion: they should cancel each other to preserve the ASR, δI

(3)
cont = −δIπ. The form of

the correction is not yet known. The αs correction is shown to be zero, while the OPE
corrections cannot provide the desired behaviour, so such a correction should be of non-
local OPE origin [7]. Nevertheless, we can propose the form of the correction, relying
on general properties of ASR: it should vanish at s3 → ∞ (the continuum contribution
vanishes), at s3 → 0 (the full integral has no corrections), at Q2 → ∞ (the perturbative
theory works at large Q2) and at Q2 → 0 (anomaly perfectly describes pion decay width).
Supposing the correction contains rational functions and logarithms of Q2, the simplest
form of the correction satisfying those limits results [7] in

Fπγ(Q
2) =

1

πfπ
(Iπ + δIπ) =

1

2
√

2π2fπ

s3

s3 +Q2

[
1 +

λQ2

s3 +Q2
(ln

Q2

s3

+ σ)
]
, (5)

where λ and σ are dimensionless parameters.
The fit of the TFF (5) to the combined CELLO+CLEO+BABAR data gives λ =

0.14, σ = −2.36, χ2/d.o.f. = 0.94 d.o.f. = 35. The plot of Q2Fπγ for these parameters is
shown in Fig. 1 as a solid line. The TFF (5) with these parameters λ, σ describes well also
the combined CELLO+CLEO+BELLE data with χ2/d.o.f. = 0.84 (d.o.f. = 35). On the
other hand, the TFF without correction (4) (dashed line in Fig. 1) gives χ2/d.o.f. = 2.29
and χ2/d.o.f. = 1.01 for CELLO+CLEO+BABAR and CELLO+CLEO+BELLE data
sets, respectively. We can conclude that although the BABAR data favour the log-like
correction, the newly released BELLE data neither confirm nor exclude the possibility of
this correction.

The octet channel of the ASR (in the ciral limit) can be written down as

f 8
ηFηγ(Q

2) + f 8
η′Fη′γ(Q

2) =
1

2
√

6π2

s8

s8 +Q2
, (6)

where s8 is a continuum threshold which can be determined from the large-Q2 limit of (6)
and the pQCD predicted expression for the η, η′ TFFs:

s8 = 4π2((f 8
η )2 + (f 8

η′)
2 + 2

√
2[f 8

η f
0
η + f 8

η′f
0
η′ ]). (7)
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Figure 1: Pion transition form factor: Eqs. (4) (dashed line) and (5) (solid line) compared
with experimental data

Let us note that in the octet channel the reliable estimation of s
(8)
0 from the usual

QCD sum rule method meets difficulties (see e.g. discussion in [6]). Fortunately, the ASR

approach allows one to determine s
(8)
0 in the octet channel from high-Q2 asymptotic, just

the same way as in the isovector channel.
The octet channel of ASR is dominated by the mixing states of η and η′ mesons.

We considered [7] a description of the mixing in the η − η′ system in terms of fields and
physical states without introducing the intermediate nonphysical states (when physical
states are represented as a linear combination of states with definite SU(3)f quantum
numbers or quark-flavor content). Such a description avoids dealing with the form factors
of nonphysical states. It was shown [7] that the widely used mixing schemes, such as
quark-flavour and octet singlet schemes lead to the particular constraints on the decay
constants,

fαη f
β
η + fαη′f

β
η′ + fαGf

β
G + ... = 0. (8)

We performed the numerical analysis and extracted the decay constants (mixing
parameters), using the BABAR data for η and η′ TFFs [14] and the ratio of the radiative
J/Ψ decays. The values of the decay constants obtained for the considered mixing schemes
as well as in the mixing-scheme-independent way.

Naturally, if the log-like correction is present in the isovector channel, it should
reveal itself in the octet channel too. A similar correction in the octet channel leads to
ASR with the correction term [6, 7]:

f 8
ηFηγ(Q

2) + f 8
η′Fη′γ(Q

2) =
1

2
√

6π2

s8

s8 +Q2

[
1 +

λQ2

s8 +Q2
(ln

Q2

s8

+ σ)
]
. (9)

For the purposes of numerical analysis, we employ the decay constants obtained
in a scheme-independent way in Ref. [7]: f 8

η = 1.11fπ, f
8
η′ = −0.42fπ, f

0
η = 0.16fπ, f

8
η′ =

1.04fπ. Then, the fit of Eq. (9) to the experimental data of the BABAR collaboration [14]
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Figure 2: The ASR in the octet channel for different values of fitting parameters compared
with the experimental data, see description in the text.

gives λ = 0.05, σ = −2.58 with χ2/d.o.f. = 0.81 (see the solid line in Fig. 2), while Eq.
(6) gives χ2/d.o.f. = 0.85 (dashed line). At the same time, if the parameters are taken
the same as for the pion case λ = 0.14, σ = −2.36, we get χ2/d.o.f. = 1.02 (dot-dashed
line). So the current precision of the experimental data on η, η′ TFFs can accommodate
the log-like correction in the octet channel, although does not require it.
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New approach for gluon and quark multiplicities

P. Bolzoni, B.A. Kniehl (II. Institut für Theoretische Physik, Universität
Hamburg) and A.V. Kotikov (BLTP JINR)

Introduction
Collisions of particles and nuclei at high energies usually produce many hadrons. In

Quantum Chromodynamics (QCD) their production is due to the interactions of quarks
and gluons and to test it as a theory of strong interactions, the transition from a de-
scription based in terms of quarks and gluons to the hadrons observed in experiments is
always needed. The production of hadrons is a typical process where non-perturbative
phenomena are involved. However, the hypothesis of Local Parton-Hadron Duality as-
sumes that parton distributions are simply renormalized in the hadronization process
without changing their shape [1], allowing perturbative QCD to make predictions. The
simplest observables of this kind are average gluon and quark multiplicities 〈nh〉g and
〈nh〉s which represent the number of hadrons produced in a gluon and a quark jet respec-
tively. In the framework of the generating-functional approach in the modified leading
logarithmic approximation [2], several studies of the multiplicities were performed [2,3].

In these studies, the ratio r = 〈nh〉g/〈nh〉s is at least 10% higher than the data (see
Fig. 2) or it has a slope too small. Good agreement with the data was achieved in Ref. [4]
where recoil effects are included. Nevertheless, in Ref. [5] a constant offset to be fitted to
the quark and gluon multiplicities was introduced, while the authors of Ref. [6] suggested
that other, better motivated possibilities should be studied.
Results
Recently we studied in Ref. [7] such a possibility inspired by the new formalism that has
recently been proposed in Ref. [8]. Thanks to very recent new results in small-x time-
like resummation obtained in Refs. [8,9], we are able to reach the next-to-next-to-next-
to-leading logarithmic (NNLL) accuracy level in the resummation of double-logarithmic
terms at low x.

A purely perturbative and analytic prediction was already attempted in Ref. [6]

up to the third order in the expansion parameter
√
αs i.e. α

3/2
s (αs is strong coupling

constant), where paradoxically the quark multiplicity and the ratio are not well described
even if the behavior of the perturbative expansion is very good. Our new resummed results
in [7] are generalization of what was obtained in Ref. [6] and represent the solution to
this apparent paradox.

In Ref. [7], it was shown that our leading order (LO) +NNLL result, which includes

all corrections up to an order of α
3/2
s , solves this problem explaining the discrepancy of

the results with the data obtained in Ref. [6] as due to the absence of the so-called
singlet “minus” component, which was neglected earlier. In Ref. [7], this component for
multiplicities was included for the first time.

Moreover, in [7] we have introduced also a numerical effective approach to perform
the resummation of the first Mellin moment of the “plus” component anomalous dimen-
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Figure 1: Gluon and quark multiplicities fits compared to the data. The gray dashed
line is the LO + NNLL result, the orange solid line is the NNLLapprox result and the
red dotted line is the fit without any constraint on the renormalization coefficients of the
“plus” and “minus” components. The orange band corresponds to the 90% C.L. fit of the
initial conditions for fragmentation functions in the NNLLapprox case.

sion. In that approach, resummation is achieved taking the fixed order “plus” component
and substitutes its argument by the effective value ω → ωeff =

√
6αs/π. There we have

shown that at order
√
αs the approach is exact: we have reproduced exactly the result

obtained by Mueller in [10]. We call this approximation NNLLapprox. Analysis The result
of the fits of experimental data is in agreement with the data in both cases: LO + NNLL
one and NNLLapprox one. However, in the NNLLapprox case, the 90% C.L. error is much
smaller reflecting a much better fit to the data at all energies. Indeed, per degree of
freedom we obtain χ2 = 18.09 in the LO + NNLL case, while we have χ2 = 3.71 in the
NNLLapprox case.
Conclusions

In [7,8], we proposed a solution to the problem of perturbative QCD pointed out
in [6] by interpreting their result as corrections to the gluon-quark ratio for the “plus”
components and by adding the contributions to the “minus” component of the singlet
multiplicity. We showed that the inclusion of these contributions solves the apparent
paradox of Ref. [6]: a very good perturbative convergence of QCD but a bad agreement
with the experimental data. Our generalized resummed results, which are at the NNLL
accuracy level by a good approxiamation, depend on two nonperturbative parameters
with a simple physical interpretation because they just represent the gluon and quark
multiplicities at a certain reference arbitrary scale Q0. We obtained them performing
a global fit of the gluon and quark multiplicities and comparing the prediction for the
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Figure 2: Gluon-quark multiplicity ratio prediction compared to data. The gray solid upper line is the
prediction of Ref. [6], the others are as in Fig.1.

gluon-quark multiplicity ratio with the data showing also good consistency of all the data
sets.
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ELEMENTARY PARTICLE PROCESSES

A. I. Ahmadov, Yu. M. Bystritskiy,V. V. Bytev, E. A. Kuraev

Bogoliubov Laboratory of Theoretical Physics, JINR

1 LHC related topics

We studied some peripheral processes in proton–proton (proton–antiproton) collisions
with the production of different final states. In paper [1], we considered the differential
cross sections of processes with high-energy proton–proton and proton–antiproton colli-
sions with the creation of a scalar (Higgs-like), pseudoscalar particles and a lepton pair
(see Fig. 1).

The calculations were performed in Weizsäcker–Williams approximation which is
well applicable in peripheral kinematics. Besides, the effects of Reggeization were taken
into account in the framework of the effective Reggion action of Lipatov’s theory.

In paper [2], we considered the effect of azimuthal correlation in production of gluon
jets which are separated by a rapidity gap. Strong azimuthal correlation is revealed for
two gluonic jets effectively created in the same plane, i.e. the cross section of two gluon
jet production dσ(2)(φ) as a function of the azimuthal angle φ gives rise to a sharp peak
in the azimuthal distribution function A(φ):

A(φ) =
dσ(2)(φ)

π∫
−π
dσ(2)(φ)dφ

. (1)

This distribution is shown in Fig. 2. The production of one or two vector mesons in high–
energy heavy–ion collisions (see Fig. 3) with peripheral kinematics in a similar framework
was considered in [3]. The explicit dependence on the virtuality of the intermediate vector
meson is obtained within a quark model. The effect of reggeization of the intermediate
vector meson state in the case of the production of two vector mesons is taken into account.

2 Standard Model related topics

One of the main subjects of investigation was the Standard Model radiative corrections to
Møller scattering within two–loops approximation. This task was induced by the experi-
mental need for precise description of Møller scattering, since this process is of interest for
parity violation sources investigated by E-158 experiment at SLAC, and besides the po-
larized Møller scattering is used to the high-precision determination of the electron–beam
polarization at many experimental programs, such as SLC, SLAC, JLab and MIT-Bates.
A Møller polarimeter may also be useful in future experiments planned at the ILC.
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Figure 1: The processes of Higgs boson and two-jets final states production in proton–
proton collisions at peripheral kinematics.

-300 -200 -100 100 200 300

Η

0.5

1.0

1.5

2.0

AHjL

Figure 2: The azimuthal distribution function A(φ) for m2/s = 10−4, where m is the
proton mass and φ = η

√
m2/s is presented.

35



γ γ

V

γ γ

2

1

γ γ

V

γ γ

1

2

a.)

γ

gg

γ

2

1

γ

gg

γ

1

2

b.)

Figure 3: Two vector meson production in heavy–ion collisions with peripheral kinematics.

At the moment, this task is still in progress but a few steps of it have already
been done. First, we participated in the analysis of one–loop radiative corrections to
Møller scattering in [4, 5] and finally, performed a complete revision of this contribution
in [6] where we used the chiral basis at the Born and one–loop QED level. Taking
into account as well the contribution from the emission of soft real photons the compact
relations free from infrared divergences were obtained. The expressions for separate chiral
amplitude contribution to the cross section are in agreement with renormalization group
predictions. Second, we considered the sub-class of double-box diagrams in the two–loops
approximation in [7].

We also calculated the radiative corrections to the annihilation of the Dark Matter
particles into leptons [8]. For the Dark Matter particles we consider both Dirac and
Majorana fermions. We sum up all the leading logarithmic contributions where it is
possible. We investigate the mass dependence of the resulting cross sections and show
that quantitatively the answer is very sensitive to the lepton mass due to the leading
logarithm singularity.

3 Proton form factors

The problem of discrepancy of the proton electromagnetic form factor measurement is still
the case. The Rosenbluth method based on the unpolarized electron–proton scattering
gives a sufficiently different result for the proton form factor in comparison with polar-
ization transfer experiment results. We proposed some model of proton formfactor in [9]
which confirms the polarization transfer method result of electric form factor decreasing
faster than the magnetic one at high Q2 (see Fig. 4, 7).

Besides, in [10] we considered the hard scattering mechanism in the leading approxi-
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region, as functions of |q2|. For comparison, the proton form factor from polarization
data (green, stars) and from Rosenbluth method (red,triangles) is shown. The prediction
of our model is shown for the proton form factor (solid, green line) and for the neutron
(black, dashed line). The shaded area shows the region where the model is not applicable
neutron (q2 < 2.43 GeV2) and the double shaded area shows the region where the model
is not applicable for proton (q2 < 1.21 GeV2).
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Figure 6: Feynman diagram for the process p̄+ p→ e+ + e−+π0 (a) and (b) in t-channel
(’scattering’); (c) in s-channel (’annihilation’).

mation and calculated the matrix elements of the proton current J±δ,δp for a full set of spin
combinations corresponding to the number of the spin-flipped quarks, which contribute
to the proton transition without spin-flip (Jδ,δp ) and with the spin-flip (J−δ,δp ). This al-
lows us to suppose that: 1) at the lower boundary of the experimental measurements of
the ratio GE/GM not dipole dependence appears but the law of GE, GM ∼ 1/Q6; 2) the
conditions for the observation of the dipole dependence in the experiments have not yet
been achieved; 3) since for quarks Jδ,δq ∼ 1 and J−δ,δq ∼

√
τ (where τ = Q2/(4M2

p )), then
the dipole dependence is realized when τ � 1 in the case when the quark transitions with
spin-flip dominate.

We also participated in the program of proton form factor measurement in the time-
like region at the PANDA facility (FAIR). In [11], the s-channel annihilation of a proton
and an antiproton into a neutral pion and a real or virtual photon followed by lepton pair
emission was studied (see Fig. 6). This mechanism is expected to play a role at moderate
values of the total energy

√
s when the pion is emitted around 90o in the center of mass.

4 Reviews

In 2011, our group made a series of reviews which were published in the JINR journal
”Physics of Elementary Particles and Atomic Nuclei” [13, 14, 15, 16, 17, 18] where ac-
tual problems related to quantum electrodynamics processes, involving weak and strong
interactions were considered as well, in view of improving the accuracy of theoretical
predictions.

In the last decades important developments in the calculation of high energy QED
processes have been driven by the necessity of a very precise knowledge of the cross
sections and the amplitudes for photon and lepton interaction, in different kinematics,
peripheral as well as large angle scattering.

We consider the processes in peripherical interaction of photons and leptons which
correspond to large distances and small scattering angles and the ones with hard particles
propagating at large angles when the interaction at small distances becomes essential.

Two different approaches are alternatively presented in the reviews:

• Chiral amplitudes and ultrarelativistic expansions: it is possible to obtain compact
expressions for the differential cross sections, providing an accuracy of the theoretical
formulas at the level of several thousand.
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are from [12], the line is the result of the model.

• The structure function method based on the renormalization group approach: when
combined with exact calculation at the lowest order of perturbation theory it allows
one to calculate the differential cross sections to leading and next to leading order
approximations, again providing the thousandth accuracy.

The application of the approaches was demonstrated on special and most inter-
ested cases of the DVCS tensor, muon decay, pie2 and pie3 decays, special kinematics of
Bhabha and Møller scattering (with or without hard photon emission, large and small
angle scattering, etc).

The reviews will be in particular interesting for present and forthcoming experi-
ments, at the colliders (BES III, Bejing, China) VEPP-3 (Novosibirsk, Russia) as well as
for electromagnetic processes at LHC, and for the research plans connected to ILC.

5 Processes within Nambu–Jona-Lasinio model

A few papers were devoted to the calculation of the cross sections of different meson
production in electron-positron annihilation within the Nambu–Jona-Lasinio (NJL) model
and its extension for radially excited meson description. These works can be applied in
the BES facility to evaluate possible meson production channels.

In [19], the process of electron-positron annihilation into a pair of π0 and ω mesons
was considered in the framework of the SU(2) × SU(2) NJL model. Contributions of
intermediate photons, ρ(770) and ρ′(1450) vector mesons was taken into account. In
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[20]m the decays of radially excited mesons π′0, ρ′0 and ω′ were considered and in [21], the
processes of their production at electron–positron colliders were investigated. In [22], the
process of π0ρ0 final state production in electron–positron annihilation was considered.
And in [23], the differential distributions in the π0π0γ system created in the annihilation
channel of an electron-positron collision were calculated, and we pointed out that in
relevant experiments the generalized polarizability of the neutral pion can be measured.
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A (nearly) perfect liquid discovered in the experements with ultrarelativistic heavy
ion collisions is investigated by studying the quark ensembles with four-fermion interac-
tion as a fundamental theoretical approach. Being adapted to the Nambu-Jona-Lasinio
(NJL) model this approach allows us to accommodate a phase transition similar to the
nuclear liquid-gas one at the proper scale and to argue the existence of the mixed phase of
vacuum and normal baryonic matter as a plausible scenario of chiral symmetry (partial)
restoration. Analyzing the transition layer between two phases we estimate the surface
tension coefficient and discuss the possibility of quark droplet formation. The comparative
analysis of several quantum liquid models is performed and it results in the conclusion that
the presence of gas—liquid phase transition is their characteristic feature. The problem
of instability of the quark droplets with a small quark number is discussed to be rooted
in the chiral soliton formation and the existence of a mixed phase of the vacuum and
baryon matter is argued as a possible scenario of its stability. Some aspects of the color
superconductivity are considered. Besides, nontrivial thermodynamical state—fermion
condensate recently proposed is studied. The analysis of unexpected possibility to relate
the bare and effective coupling constants is performed in the framework of a simple model.
It is pointed out that a simple subtraction procedure leads to the final result without typ-
ical logarithmic singularity for observable coupling constant as a function of transmitting
energy [1], [2].

These and some related items were considered, inspired by the well-known and
fruitful idea about the specific role of surface degrees of freedom in the finite fermi-liquid
systems and to a considerable extent by our previous works [3] and [4] in which the quarks
were treated as the quasi-particles of the model Hamiltonian and the problem of filling up
the Fermi sphere was studied in detail. Under such a treatment an unexpected singularity
(discontinuity) of the mean energy functional as a function of the current quark mass was
found. In the particular case of the NJL model the existence of new solution branches
of the equation for dynamical quark mass as a function of the chemical potential have
been demonstrated and the appearance of state filled up with quarks which is almost
degenerate with the vacuum state both in the quasi-particle chemical potential and in
the ensemble pressure has been discovered. We studied the quark ensemble features at
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finite temperature and fixed baryonic chemical potential and analysed the first order phase
transition which takes place in this system of free quasi-particles. Analysis was performed
within the framework of two approaches which are supplementary, in a sense, albeit giving
the identical results. One of those approaches, based on the Bogoliubov transformations,
is especially informative to study the process of filling uo the Fermi sphere because at
this point the density of a quark ensemble develops a continuous dependence on the
Fermi momentum. It allows us to reveal an additional structure in the solution of the gap
equation for dynamical quark mass just in the proper interval of parameters characteristic
for phase transition and to trace its evolution. The result is that a quark ensemble might
be found in two aggregate states, gas and liquid, and the chiral condensate is partially
restored in a liquid phase. In order to make these conclusions easily perceptible, we deal
with the simplest version of the NJL model (with one flavor and one of the standard
parameter sets) and, actually, do not aim to adjust the result obtained with the well-
known nuclear liquid-gas phase transition. Besides, it seems that our approach might be
treated as a sort of microscopic ground of the conventional bag model and those states
filled up with quarks are conceivable as a natural ’construction material’ for baryons.

The corresponding Hamiltonian including the interaction term taken in the form
of a product of two coloured currents located at the spatial points x and y which are
connected by the form-factor and its density reads as

H = −q̄(iγ∇+ im)q − q̄taγµq
∫
dyq̄′tbγνq

′〈AaµA′bν 〉, (1)

where q = q(x), q̄ = q̄(x), q′ = q(y), q̄′ = q̄(y) are the quark and anti-quark operators,

qαi(x) =

∫
dp

(2π)3

1

(2|p4|)1/2

[
a(p, s, c)uαi(p, s, c)e

ipx + b+(p, s, c)vαi(p, s, c)e
−ipx] ,

p2
4 = −p2 − m2, i–is the colour index, α is the spinor index in the coordinate space,
a+, a and b+, b are the creation and annihilation operators of quarks and anti-quarks,
a|0〉 = 0, b|0〉 = 0, |0〉 is the vacuum state of free Hamiltonian and m is a current
quark mass, index s describes two spin polarizations of quark and the index c plays a
similar role for a colour; ta = λa/2 are the generators of SU(Nc) colour gauge group, the
Hamiltonian density is considered in the Euclidean space and γµ denote the Hermitian
Dirac matrices, µ, ν = 1, 2, 3, 4. 〈AaµA′bν 〉 = GδabδµνI(x − y) stands for the form-factor.
The ground state of the system is searched as the Bogoliubov trial function composed of
the quark-anti-quark pairs with opposite momenta and with vacuum quantum numbers,
i.e. |σ〉 = T |0〉, T = Πp,s exp{ϕ [a+(p, s)b+(−p, s) + a(p, s)b(−p, s)]}. The parameter
ϕ(p) which describes the pairing strength is determined by the minimum of mean energy
E = 〈σ|H|σ〉. By introducing the ’dressing transformation’ we define the creation and
annihilation operators of quasi-particles as A = T aT −1, B+ = T b+T −1 and for fermions
T −1 = T †.

In Ref. [4], the process of filling in the Fermi sphere with the quasi-particles of
quarks was studied by constructing the state of the Sletter determinant type |N〉 =∏
|P|<PF ;S A

+(P;S)|σ〉 which possesses the minimal mean energy over the state |N〉. The
ensemble state at finite temperature T is described by the equilibrium statistical opera-
tor ρ. We have used the Bogolyubov-Hartree-Fock approximation for the corresponding
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statistical operator

ρ =
e−β Ĥapp

Z0

, Z0 = Tr {e−β Ĥapp} , (2)

where an approximating effective Hamiltonian Happ is quadratic in the creation and anni-
hilation operators of quark and anti-quark quasiparticles. All the quantities of our interest
in the Bogoliubov-Hartree-Fock approximation are expressed by the corresponding aver-
ages (a density matrix) n(P ) = Tr{ρ A+A}, n̄(Q) = Tr{ρ B+B}. The statistical operator
ρ is determined in such a form in order to have at the fixed mean charge Q̄4 = Tr{ρ Q4}
and fixed mean entropy S̄ = −Tr{ρ ln ρ} (S = − ln ρ) the minimal value of mean energy
of the quark ensemble E = Tr{ρH}. Calculating the corresponding matrix elements leads
to the following result for the mean energy density per one quark degree of freedom (see
[5]) w = E/2Nc, E = E/V where E is the total ensemble energy

w =

∫
dp

(2π)3
|p4|+

∫
dp

(2π)3
|p4|cos θ[n(p) + n̄(p)− 1]−

(3)

− G

∫
dp

(2π)3
sin (θ − θm) [n(p) + n̄(p)− 1]

∫
dq

(2π)3
sin (θ′ − θ′m) [n(q) + n̄(q)− 1] I .

(up to the constant unessential for our consideration). Here θ = 2ϕ, θ′ = θ(q), I = I(p+q)
and the angle θm(p) is determined by sin θm = m/|p4|. It is of importance to notice that
the existence of such an angle stipulates the discontinuity of mean energy functional
mentioned above and found out in [3].

We are interested in minimizing the following functional Ω = E − µ Q̄4 − T S̄
where µ and T are the Lagrange factors for the chemical potential and temperature,
respectively. The optimal values of parameters are determined by solving the following
system of equations dw/dθ = 0, dw/dn = 0, dw/dn̄ = 0. The induced quark mass
is M(p) = 2G

∫
dq

(2π)3
(1 − n′ − n̄′) sin (θ′ − θ′m) I(p + q). Turning to the presentation in

the form customary for mean field approximation we introduce a dynamical quark mass
Mq parameterized as: sin (θ − θm) = Mq

|P4| , |P4| = (p2 + M2
q (p))1/2 and ascertain the

interrelation between induced and dynamical quark masses Mq(p) = M(p) − m. The
equation for the dynamical quark mass is getting the form characteristic for the mean

field approximation M = 2G
∫

dq
(2π)3

(1 − n′ − n̄′)
M ′q
|P ′4|

I(p + q). From functional (3)

we can find the equilibrium densities of quarks and anti-quarks n = [eβ (|P4|−µ) + 1]−1,
n̄ = [eβ (|P4|+µ) + 1]−1 and, hence, the thermodynamic properties of our system as well

and, in particular, the pressure of the quark ensemble P = −dE/dV = −E
V

+ S̄ T
V

+ Q̄4 µ
V

(of course, the thermodynamic potential is Ω = −PV ).
For example, we consider the NJL model, i.e. the correlation function behaves as

the δ-function in the coordinate space. We adjust the standard set of parameters here
with |p| < Λ, Λ = 631 MeV, m = 5.5 MeV and GΛ2/(2π2) = 1.3. This set of parameters
at n = 0, n̄ = 0, T = 0 gives for the dynamical quark mass Mq = 335 MeV. Thus, we
determine the density of quark n and anti-quark n̄ quasiparticles at given parameters µ and
T . As it was found in Ref. [4], the chemical potential at zero temperature first increases
first with the charge density, reaches its maximal value, then decreases and at the densities
of an order of normal nuclear matter density, ρq ∼ 0.16/fm3, becomes almost equal to its
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Figure 1: The ensemble pressure P
(MeV/fm3) as a function of charge den-
sity Q4 at temperatures T = 0 MeV, ... ,
T = 50 MeV with spacing T = 10 MeV.
The lowest curve corresponds to zero
temperature. The dashed curve shows
the boundary of phase transition liquid–
gas, see the text.

Figure 2: σ-field (MeV) as a function of
the distance r (fm) for several solutions
of the equation system which are char-
acterized by the net quark number Nq

written to the left of each curve.

vacuum value. This a behaviour of the chemical potential results from the fast decrease of
dynamical quark mass with the Fermi momentum increase. The charge density occurs in
a multivalued function of chemical potential at the temperature slightly below 50 MeV.
Figure 1 shows the ensemble pressure P (MeV/fm3) as the function of charge density
Q4 at several temperatures. The lowest curve corresponds to the zero temperature. The
other curves following up correspond to the temperatures T = 10 MeV, ... , T = 50 MeV
(the top curve) with spacing T = 10 MeV. In Ref. [4], the vacuum pressure estimate for
the NJL model was received as 40—50 MeV/fm3 which is entirely compatible with the
results of the conventional bag model. Besides, some hints on instability presence (rooted
in the anomalous behavior of pressure dP/dn < 0) in an interval of Fermi momenta were
found. The calculated equilibrium points are shown in Fig. 1 by the dashed curve. The
intersection points of the dashed curve with an isotherm fix the boundary of gas —liquid
phase transition. The corresponding straight line P = const which obeys the Maxwell
rule separates the non-equilibrium and unstable fragments of isotherm and describes a
mixed phase and appropriate critical temperature for the parameter we use in this paper
turns out to be Tc ∼ 45.7 MeV with the critical charge density as Q̄4 ∼ 0.12 charge/fm3.
It was argued in Ref. [4] that the states filled up with quarks and separated from the
instability region look like a ’natural construction material’ to compose the baryons and
to understand the existing fact of equilibrium between vacuum and octet of stable (in
strong interaction) baryons.

Apparently, our study of the quark ensemble thermodynamics produces quite reason-
able arguments to propound the hypothesis that the phase transition of chiral symmetry
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(partial) restoration has already been realized as the mixed phase of physical vacuum and
baryonic matter. However, it is clear that our quantitative estimates should not be taken
as ones to be compared with, for example, the critical temperature of nuclear matter
which has been experimentally measured and equals to 15 – 20 MeV. Besides, the gas
component (at T = 0) has nonzero density (as 0.01 of the normal nuclear density) but in
reality this branch should correspond to the physical vacuum, i.e. zero baryonic density.
In principle, the idea of global equilibrium of gas and liquid phases makes it possible to
formulate the adequate boundary conditions at describing the transitional layer arising
between the vacuum and filled state and to calculate the surface tension effects.

The advanced idea is to obtain substantial confirmation if it becomes possible to
claim the existence of the transition layer at which the ensemble transformation from one
aggregate state to another takes place. The practical parameter for describing uniform
phase (at a given temperature) is the mean charge (density) of ensemble. Thus, one
can reconstruct all other characteristics, for example, a chiral condensate, dynamical
quark mass, etc. Analyzing the transition layer at zero temperature we assume that the
parameters in the gas phase are approximately the same as at zero charge ρg = 0, i.e. as
in the vacuum (ignoring the negligible distinctions in the pressure, chemical potential and
quark condensate). Then the dynamical quark mass obtained has maximal value and for
the parameter choice of the NJL model it is M = 335 MeV. From the corresponding Van
der Waals diagram one may draw out that the second (liquid) phase being in equilibrium
with the gas phase develops the density ρl = 3 × 0.185 ch/fm3. The detached factor 3
here relates the magnitudes of quark and baryon densities. The quark mass in this phase

is approximately
∗
M≈ 70 MeV (we are dealing further with the simple one-dimensional

picture).
Usually an adequate description of heterogeneous states can be developed basing

on the mean field approximation [6], specifically for our case, by dealing with the corre-
sponding effective quark-meson Lagrangian (a sort of the Ginzburg-Landau functional)

L = −q̄ (∂̂+M) q− 1

2
(∂µσ)2−U(σ)− 1

4
FµνFµν−

m2
v

2
VµVµ−gσ q̄q σ+igv q̄ γµ q Vµ , (4)

where Fµν = ∂µVν − ∂νVµ, U(σ) = m2
σ

2
σ2 + b

3
σ3 + c

4
σ4, σ is the scalar field, Vµ is the field

of vector mesons, mσ, mv are the masses of scalar and vector mesons and gσ, gv are the
coupling constants of quark-meson interaction. The U(σ) potential includes the nonlinear
terms of sigma-field interactions up to the fourth order, for example. We are not going
beyond the well-elaborated one loop approximation (4), although recently considerable
progress was reached in scrutinizing the nonuniform quark condensates by utilizing the
powerful methods of exact integration [7]. We believe that it is more practical to adjust
phenomenologically the parameters of effective Lagrangian being guided also by transpar-
ent physical picture. It is easy to see that handling one loop approximation actually we
have the Walecka model [8] but applied to quarks. In the context of our deliberation Eq.
(4) can be interpreted in the following way. Each phase, to some extent, might be consid-
ered as an excited state as to its relation with another phase which requires an additional
(besides a charge density) set of parameters just as the meson fields for describing and
those fields characterize the measure of deviation from the equilibrium state. Then the
key question becomes whether it is possible to adjust the effective Lagrangian parameters
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of (4) in order to obtain the solutions in which the quark field interpolates between the
quasi-particles in the gas (vacuum) phase and in the quasiparticles of the filled up state.
The density of the ensemble of the filled up states should asymptotically approach an
equilibrium value of ρl and turn to zero value in the gas phase (vacuum).

Taking the parameterization of the potential U(σ) as bσ = 1.5 m2
σ (gσ/M),

cσ = 0.5 m2
σ (gσ/M)2 we come to the sigma model and the choice b = 0, c = 0 results

in the Walecka model. As to the application to nuclear matter, the parameters b and c
demonstrate essentially the model dependent character and are different from the param-
eter values of the sigma model. They are phenomenologically adjusted with requiring an
accurate description of the saturation property. On the contrary, for the quark Lagrangian
(4) we could intuitively anticipate some resemblance with the sigma model and, hence,
introduce two dimensionless parameters η, ζ as b = η bσ, c = ζ2 cσ which characterize
some fluctuations of the effective potential. Then the scalar field potential is presented by

the following form U(σ) = m2
σ

8
g2σ
M2

(
4M

2

g2σ
+ 4M

gσ
ησ + ζ2σ2

)
σ2. The meson and quark fields

are defined by the corresponding equations. The density matrix describing the quark
ensemble at T = 0 has the form ξ(x) =

∫ PF dp
(2π)3

qp(x)q̄p(x) where p is the quasiparticle
momentum and the Fermi momentum PF is defined by the ensemble chemical potential.
The densities ρs, ρ are equal (by definition) to ρs(x) = Tr {ξ(x), 1}, ρ(x) = Tr {ξ(x), γ4}.
Here we confine ourselves to the Thomas–Fermi approximation while describing the quark
ensemble. Then the densities in which we are interested in are given with some local

Fermi momentum PF (x) as ρ = γ
∫ PF dp

(2π)3
= γ

6π2P
3
F ρs = γ

∫ PF dp
(2π)3

∗
M
E

where γ = 2NcNf ,

E = (p2+
∗
M

2

)1/2. By definition, the ensemble chemical potential does not change and it
leads to the situation in which the local value of Fermi momentum is defined by the run-

ning value of the dynamical quark mass and vector field as µ = M = gv V +(P 2
F+

∗
M

2

)1/2.
The details of tuning the Lagrangian parameters (4) can be found in [9]. The point of our

attraction here is the surface tension coefficient: us = 4π r2
o

∫∞
−∞ dx

[
E(x)− El

ρl
ρ(x)

]
,

here El is the energy density in the liquid phase. In the Thomas–Fermi approximation

E(x) = γ
∫ PF (x) dp

(2π)3
[p2+

∗
M (x)]1/2 + 1

2
gvρ(x)V (x) − 1

2
gσρs(x)σ(x). The surface tension

coefficient us was found about some tens of MeV.
The above results lead us to puting the challenging question about the properties

of finite quark systems or droplets of quark liquid which are in equilibrium with the
vacuum state. As a droplet here we imply the spherically-symmetric solution of the
equation system for σ(r) and V (r) with the obvious boundary conditions σ′(0) = 0 and
V ′(0) = 0 in the origin (the primed variables denote the first derivatives over r) and
rapidly decreasing at the large distances σ → 0, V → 0 when r → ∞. Figure 2 shows
the set of solutions (σ-field (MeV)) of the system of equations with a number of flavors
Nf = 1. The curves plotted in Fig. 2 and results obtained [9] allows us to conclude
that the density distributions at Nq ≥ 50 correspond quite well to the data typical for
the nuclear medium. The thicknesses of transition layers are similar. The coefficient r0

with the factor 31/3 included is in full correspondence with the nuclear one. The values
of the σ-meson mass turn out to be quite reasonable as well, although at small quark
numbers in the droplet the corresponding behaviors become essentially different. We
know experimentally that in the nuclear matter one can observe some increase of the
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ensemble density which is quite considerable for the Helium and is much higher than
the normal nuclear matter density for the Hydrogen. One may criticize us in this point
because working within the Thomas–Fermi approximations becomes hardly justified at
the small number of quarks and it is necessary to handle the solution of the system of
equations. However, fortunately, the exploration we are interested in was performed in
the chiral soliton model of nucleon [10]. It was demonstrated there that reasonably good
description of nucleon and ∆ can be made. The interesting remark here is that the
soliton solutions obtained in [10] could be interpreted as a ”confluence” of two kinks we
have discussed above. Each of those kinks develops the restoration of chiral symmetry in
a sense that the scalar field is approaching its zero value at the distance ∼ 0.5 fm from
the kink center. Actually, one branch corresponds to the solution with the positive value
of the dynamical quark mass and another branch presents the solution with the negative
dynamical quark mass.
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SOLAR NEUTRINOS: ASTROPHYSICAL ASPECTS

V.A. Naumov

In this summary of the review paper [1] we’ll omit the description of the thermonu-
clear fusion theory, standard solar models (SSM) and helioseismology (the main subjects
of the review) and will take a quick look at the only particular but important and yet
unresolved problem of the solar neutrino physics – the problem of chemical composition
of the Sun. The elemental abundances in the solar interior is one of the key ingredients in
understanding the formation and evolution of the Sun. The chemical elements involved
into the pp and CNO reactions directly affect the reaction rates and thus the solar neu-
trino fluxes. The heavy elements on the whole are important as they govern radiative
opacities, which in turn affect1 the density distribution in the outer convection zone and
energy transport by the radiative transfer.

The elements up to and beyond 56Fe are discovered in the heliosphere and in the
pristine meteorites like CI-chondrites and ureilites (assumed to have the same composi-
tion as the Sun, excluding volatile elements) [2, 3, 4, 5, 6, 7, 8, 9]. About twenty years
ago astrophysicists believed they knew the solar composition on the level sufficient for
an accurate modelling of its evolution and inner structure. However, new analyses of
absorption lines in the solar spectrum are essentially downward the photospheric abun-
dances of metals, compared to the previously used values. This is in particular true for
the most abundant elements C, N, O, and Ne which participate in the CNO poly-cycle.
The trend is illustrated in Fig. 1, which shows the mass fractions of hydrogen, helium,
and metals (conventionally abbreviated as, respectively, X, Y , and Z = 1 − X − Y ) as
well as the metal-to-hydrogen ratio (Z/X). The data are taken from the comprehensive
compilations [2] (AG89), [3] (GN93), [4] (GS98), [5] (L03), [6] (AGS05), [7] (AGSS09),
and [8, 9] (L10) and plotted as a function of the year of publication. Figure shows the
mass fractions for both the present-day photosphere and protosolar values, necessary as
inputs of the solar models. The current and protosolar chemical compositions are slightly
different owing to the combined effects of thermal diffusion, gravitational settling, and
radiative acceleration over the past 4.56 Gyr. Comparatively small changes are due to
the decay of radioactive isotopes that contribute to the overall atomic abundance of an
element. Most of the differences seen in Fig. 1 are due to essential changes in modeling the
solar atmosphere, upgrade of atomic and molecular data and better solar observations.2

The new solar chemical composition is supported by a high degree of internal consistency
between available abundance indicators, and by agreement with values obtained in the
Solar Neighborhood and from the most pristine meteorites. The SSM predictions based
on the old GS98 metallicity were in fantastically good agreement (within 0.1 to 0.3% for
most sophisticated SSM calculations) with the sound speed profiles precisely measured
by helioseismic methods. The new AGS05 result completely destroyed this agreement.
The relative sound speed discrepancy for the AGS05 based solar models reaches about

1Like the ozone molecules in a trace concentration in the atmosphere govern the ultraviolet radiation
level on the Earth’s surface.

2To recognize the gravity of this deceptively marginal change for the life of the Sun, one can, for
example, imagine the climatic consequences from a 50 per cent decrease of the global ozone concentration
in the Earth atmosphere.
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Figure 1: Present-day photospheric (open circles) and protosolar (filled circles) mass fractions
of hydrogen (X), helium (Y ), and metals (Z) and metals to hydrogen ratio (Z/X). The data
are taken from [2, 3, 4, 5, 6, 7, 8, 9]. Horizontal axis indicates the publication years. See text
for the abbreviations in the top panel.

1.2% immediately below the bottom of the convection zone. To date, there has been no
fully convincing solution put forward. In most up-to-date analyses L10 and AGSS09, the
discordance was alleviated somewhat relative to the AGS05 model, but it nevertheless
remains a significant discrepancy in urgent need of resolution.

One of the modern versions of the present-day elemental abundance curve in the
solar system is shown in Fig. 2, constructed from [4, 6, 8]. The data presented in Fig. 2 are
almost similar to those recommended in [7], but differ in details. The data of [8] are based
on CI-chondrites, photospheric data, and theoretical calculations. In the cases where solar
and meteorite data have comparable accuracy for a given element, the recommended
abundance is the average of these values. For other elements, meteoritic data seem more
reliable. The general trend of the abundance curve is towards ever decreasing abundance
as the atomic number increases. For example, there is a decrease between carbon and
oxygen (the element is nitrogen), between neon and magnesium (sodium), oxygen and
neon (fluorine). The distinct up-down zig-zag pattern is because the elements with odd
numbers of nucleons (e.g., nitrogen, sodium, fluorine) are less stable, resulting in one
unpaired (odd) proton or neutron. The huge drop in abundance for the Li-Be-B triplet
results from two factors:

(i) at the Big Bang, nuclear processes that could fuse the proper H or He isotopes into
Li and/or the other two were statistically very rare and hence inefficient, and

(ii) some of the Li-Be-B nuclei that were formed and survived were destroyed later on
by reactions in stars.
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Figure 2: Present-day solar system elemental abundances as function of atomic number normal-
ized to 106 Si atoms [8]. The insert shows the present-day solar composition (mass %) according
to [4] (GS98), [6] (AGS05) and [8] (L10).

Table 1 summarizes the predicted solar neutrino capture rates for the chlorine and
gallium detectors published during the last 20 years. It is seen that the predictions of
different models for the gallium target are more robust than those for the chlorine one:
the former vary from model to model within 22% (9% for the most recent models [34, 35,
37], that is within the quoted model uncertainties), while the disagreement between the
chlorine predictions is as large as 78% (29% for the models [34, 35, 37]). Essentially, all
these models are based on the same physical principles and the disagreement between the
output values is mainly due to the input nuclear-physics and astrophysical parameters
and main source of uncertainties in the modern solar models is the choice of the input
chemical composition of the Sun. The “terms-of-trade” between the low, high, or medium
metallicities is not a matter of majority vote and in any case, today, there is no generally
accepted proposals for resolving the disagreements between the current SSM predictions
and helioseismic data. For the most recent discussions of the solar abundance problem
and efforts for its solution (published after [1]) see [38] and reference therein.
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Table 1: Predicted neutrino capture rates for chlorine and gallium targets. The quoted errors
are combinations of (usually 3σ) uncertainties from all known sources added quadratically. The
recent SSM calculations [34, 35] use the two solar abundances determinations with high and low
metallicity (CS98 and AGS05, respectively). The SSM and seismic model (SeSM) of [37] use
the most recent abundances from [7].

Year Authors Ref. 37Cl (SNU) 71Ga (SNU)

1990 Sackmann et al. [10] 7.68 125.0
1992 Bahcall & Pinsonneault [11] 8.0± 3.0 131.5+21

−17

1993 Turck-Chièze & Lopes [12] 6.4± 1.4 122.5± 7
1993 Schramm & Shi [13]a 4.7 117
1994 Shi et al. [14] 7.3 129
1994 Castellani et al. [16] 7.8 130
1994 Dar & Shaviv [18] 4.2± 1.2 116± 6
1995 Bahcall & Pinsonneault [19] 9.3+1.2

−1.4 137+7
−8

1996 Dar & Shaviv [20] 4.1± 1.2 115± 6
1996 Christensen-Dalsgaard et al. [21] 8.2 132
1997 Morel et al. [22]b 8.93 144
1998 Bahcall et al. [23] 7.7+1.2

−1.0 129+8
−6

1998 Brun et al. [24] 7.18 127.2
1999 Brunet et al. [25]c 7.25± 0.94 127.1± 8.9
2001 Bahcall et al. [26] 8.0+1.4

−1.1 128+9
−7

2001 Turck-Chièze et al. [27] 7.44± 0.96 127.8± 8.6
2003 Couvidat et al. [28]d 6.90± 0.90 126.8± 8.9
2004 Bahcall & Peña-Garay [29]e 8.5± 1.8 131+12

−10

2004 Turck-Chièze et al. [30] 7.60± 1.10 123.4± 8.2
2006 Bahcall et al. (GS98) [34] 8.12 126.08
2006 Bahcall et al. (AGS05) [34] 6.58 118.88
2008 Peña-Garay & Serenelli (GS98) [35] 8.46+0.87

−0.88 127.9+8.1
−8.2

2008 Peña-Garay & Serenelli (AGS05) [35] 6.86+0.69
−0.70 120.5+6.9

−7.1

2010 Turck-Chièze & Couvidat (SSM) [37] 6.315 120.9
2010 Turck-Chièze & Couvidat (SeSM) [37] 7.67± 1.1 123.4± 8.2
a The quoted numbers are corrected according to [14].
b Several models; the quoted numbers are for the model “D11” preferred by the authors.
c Several models; the quoted numbers are for the reference model “BTZ” as cited in [28].
d Several models; the quoted numbers are for the model “Seismic2” provided minimal predicted rate.
e Several models; the quoted numbers are for the model “BP04” preferred by the authors.
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[24] A.S. Brun, S. Turck-Chièze, P. Morel, Astrophys. J. 506 (1998) 913.

54



[25] A.S. Brun, S. Turck-Chièze, J.P. Zahn, Astrophys. J. 525 (1999) 1032.

[26] J.N. Bahcall, M.H. Pinsonneault, S. Basu, Astrophys. J. 555 (2001) 990.

[27] S. Turck-Chièze et al., Astrophys. J. Lett. 555 (2001) L69.

[28] S. Couvidat, S. Turck-Chièze, A.G. Kosovichev, Astrophys. J. 599 (2003) 1434.

[29] J.N. Bahcall, C. Peña-Garay, New J. Phys. 6 (2004) 63.
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Abstract

For a complete description of the physical properties of low-energy QCD, it
might be advantageous to first reformulate QCD in terms of gauge-invariant dy-
namical variables, before applying any approximation schemes. Using a canoni-
cal transformation of the dynamical variables, which Abelianises the non-Abelian
Gauss-law constraints to be implemented, such a reformulation can be achieved for
QCD. The exact implementation of the Gauss laws reduces the colored spin-1 glu-
ons and spin-1/2 quarks to unconstrained colorless spin-0, spin-1, spin-2 and spin-
3 glueball fields and colorless Rarita-Schwinger fields, respectively. The obtained
physical Hamiltonian can then be rewritten into a form which separates the rota-
tional from the scalar degrees of freedom, and admits a systematic strong-coupling
expansion in powers of λ = g−2/3, equivalent to an expansion in the number of
spatial derivatives. The leading-order term in this expansion corresponds to non-
interacting hybrid-glueballs whose low-lying masses can be calculated with high
accuracy by solving the Schrödinger-equation of the Dirac-Yang-Mills quantum me-
chanics of spatially constant physical fields (at the moment only for the 2-color
case). Due to the presence of classical zero-energy valleys of the chromomagnetic
potential for two arbitrarily large classical glueball fields (the unconstrained analogs
of the well-known constant Abelian fields), practically all glueball excitation energy
is expected to go into the increase of the strengths of these two fields. Higher-order
terms in λ lead to interactions between the hybrid-glueballs and can be taken into
account systematically using perturbation theory in λ.

1 Introduction

The QCD action

S[A,ψ, ψ] =

∫
d4x

[
−1

4
F a
µνF

aµν + ψ (iγµDµ −m)ψ

]
(1)

is invariant under the SU(3) gauge transformations U [ω(x)] ≡ exp(iωaτa/2)

ψω(x) = U [ω(x)] ψ(x), Aωaµ(x)τa/2 = U [ω(x)]

(
Aaµ(x)τa/2 +

i

g
∂µ

)
U−1[ω(x)]. (2)

Exploiting the time dependence of the gauge transformations (2) to put (see e.g. [1])

Aa0 = 0 , a = 1, .., 8 (Weyl gauge), (3)
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and quantising the dynamical variables Aai, −Eai, ψαr and ψ∗αr in the Schrödinger
functional approach by imposing equal-time (anti-) commutation relations (CR) , e.g.
−Eai = −i∂/∂Aai, the physical states Φ have to satisfy both the Schrödinger equation
and the Gauss laws

HΦ =

∫
d3x

[
1

2
E2
ai +

1

2
B2
ai[A]− Aai jia(ψ) + ψ (γi∂i +m)ψ

]
Φ = EΦ , (4)

Ga(x)Φ = [Di(A)abEbi − ρa(ψ)] Φ = 0 , a = 1, .., 8 . (5)

The Gauss law operators Ga are the generators of the residual time independent gauge
transformations in (2), satisfying [Ga(x), H] = 0 and [Ga(x), Gb(y)] = ifabcGc(x)δ(x− y).
Furthermore, H commutes with the angular momentum operators

Ji =

∫
d3x [−εijkAajEak + Σi(ψ) + orbital parts] , i = 1, 2, 3 . (6)

The matrix element of an operator O is given in the Cartesian form

〈Φ′|O|Φ〉 ∝
∫
dA dψ dψ Φ′∗(A,ψ, ψ)OΦ(A,ψ, ψ) . (7)

The spectrum of Eqs.(4)-(5) for the case of Yang-Mills quantum mechanics of spa-
tially constant gluon fields, was in [2] for SU(2) and in [3] for SU(3), in the context of a
weak coupling expansion in g2/3, using the variational approach with gauge-invariant wave-
functionals automatically satisfying (5). The corresponding unconstrained approach, a
description in terms of gauge-invariant dynamical variables via the exact implementa-
tion of the Gaws laws, was considered by many authors (o.a. [1],[4]-[10], and references
therein) to obtain a non-perturbative description of QCD at low energy, as an alternative
to the lattice QCD.

I shall first discuss in Section 2 the unphysical, but a technically much simpler case
of 2-colors, and then show in Section 3 how the results can be generalised to SU(3).

2 Unconstrained Hamiltonian formulation of 2-color

QCD

2.1 Canonical transformation to adapted coordinates

Point transformation from Aai, ψα to a new set of adapted coordinates, the 3 angles qj of
an orthogonal matrix O(q), the 6 elements of a pos. definite symmetric 3 × 3 matrix S,
and new ψ′β

Aai (q, S) = Oak (q)Ski −
1

2g
εabc

(
O (q) ∂iO

T (q)
)
bc
, ψα (q, ψ′) = Uαβ (q)ψ′β , (8)

where the orthogonalO(q) and the unitary U (q) are related viaOab(q) = 1
2
Tr (U−1(q)τaU(q)τb).

Equation (8) is the generalisation of the (unique) polar decomposition of A and corre-
sponds to

χi(A) = εijkAjk = 0 (”symmetric gauge”). (9)
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Preserving the CR, we obtain the old canonical momenta in terms of the new variables

−Eai(q, S, p, P ) = Oak (q)
[
Pki + εkil

∗D−1
ls (S)

(
Ω−1
sj (q)pj + ρs(ψ

′) +Dn(S)smPmn
)]
. (10)

In terms of the new canonical variables the Gauss law constraints are Abelianised,

GaΦ ≡ Oak(q)Ω
−1
ki (q)piΦ = 0 ⇔ δ

δqi
Φ = 0 (Abelianisation), (11)

and the angular momenta become

Ji =

∫
d3x [−2εijkSmjPmk + Σi(ψ

′) + ρi(ψ
′) + orbital parts] . (12)

Equation(11) identifies qi with the gauge angles and S and ψ′ as the physical fields. Fur-
thermore, from Eq(12) follows that the S are colorless spin-0 and spin-2 glueball fields,
and ψ′ colorless reduced quark fields of spin-0 and spin-1. Hence, the gauge reduction cor-
responds to the conversion ”color → spin”. The obtained unusual spin-statistics relation
is specific to SU(2).

2.2 Physical quantum Hamiltonian

According to the general scheme [1], the correctly ordered physical quantum Hamilto-
nian in terms of the physical variables Sik(x) and the canonically conjugate Pik(x) ≡
−iδ/δSik(x) reads [8]

H(S, P ) =
1

2
J −1

∫
d3x Pai JPai +

1

2

∫
d3x

[
B2
ai(S)− Sai jia(ψ′) + ψ

′
(γi∂i +m)ψ′

]

−J −1

∫
d3x

∫
d3y
{(
Di(S)maPim + ρa(ψ

′)
)

(x)J

〈x a|∗D−2(S)|y b〉
(
Dj(S)bnPnj + ρb(ψ

′)
)

(y)
}
,(13)

with the Faddeev-Popov (FP) operator

∗Dkl(S) ≡ εkmiDi(S)ml = εkli∂i − g(Skl − δkltrS), (14)

and the Jacobian J ≡ det |∗D|. The matrix element of a physical operator O is given by

〈Ψ′|O|Ψ〉 ∝
∫

S pos.def.

∫

ψ
′
,ψ′

∏

x

[
dS(x)dψ

′
(x)dψ′(x)

]
JΨ′∗[S, ψ

′
, ψ′]OΨ[S, ψ

′
, ψ′]. (15)

The inverse of the FP operator and hence the physical Hamiltonian can be expanded in
the number of spatial derivatives equivalent to a strong coupling expansion in λ = g−2/3.
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2.3 Strong coupling expansion of the physical Hamiltonian in
λ=g−2/3

Introducing an UV cutoff a by considering an infinite spatial lattice of granulas G(n, a)
at x = an (n ∈ Z3) and averaged variables

S(n) :=
1

a3

∫

G(n,a)

dx S(x) , (16)

and discretised spatial derivatives, the expansion of the Hamiltonian in λ = g−2/3 can be
written

H =
g2/3

a

[
H0 + λ

∑

α

V(∂)
α + λ2

(∑

β

V(∆)
β +

∑

γ

V(∂∂ 6=∆)
γ

)
+O(λ3)

]
. (17)

The ”free” Hamiltonian H0 = (g2/3/a)H0 + Hm =
∑

nH
QM
0 (n) is the sum of the Hamil-

tonians of Dirac-Yang-Mills quantum mechanics of constant fields in each box, and the
interaction terms V(∂),V(∆), .. leading to interactions between the granulas.

2.4 Zeroth-order: Dirac-Yang-Mills quantum mechanics of spa-
tially constant fields

Transforming to the intrinsic system of the symmetric tensor S, with Jacobian sin β
∏

i<j(φi−
φj),

S = RT (α, β, γ) diag(φ1, φ2, φ3) R(α, β, γ), ψ
′(i)
L,R = RT

ijψ̃
(j)
L,R, ψ

′(0)
L,R = ψ̃

(0)
L,R, (18)

the ”free” Hamiltonian in each box (volume V ) takes the form [9]

HQM
0 =

g2/3

V 1/3

[
HG +HD +HC

]
+

1

2
m

[(
ψ̃

(0)†
L ψ̃

(0)
R +

3∑

i=1

ψ̃
(i)†
L ψ̃

(i)
R

)
+ h.c.

]
, (19)

with the glueball part HG, the minimal-coupling HD, and the Coulomb-potential-type
part HC

HG =
1

2

cyclic∑

ijk

(
− ∂2

∂φ2
i

− 2

φ2
i − φ2

j

(
φi

∂

∂φi
− φj

∂

∂φj

)
+ (ξi − J̃Qi )2

φ2
j + φ2

k

(φ2
j − φ2

k)
2

+φ2
jφ

2
k

)
,(20)

HD =
1

2
(φ1 + φ2 + φ3)

(
Ñ

(0)
L − Ñ

(0)
R

)
+

1

2

cyclic∑

ijk

(φi − (φj + φk))
(
Ñ

(i)
L − Ñ

(i)
R

)
, (21)

HC =

cyclic∑

ijk

ρ̃i(ξi − J̃Qi + ρ̃i)

(φj + φk)2
, (22)

and the total spin Ji = Rij(χ) ξj , [Ji, H] = 0 . (23)
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Figure 1: L.h.s.: Lowest energy levels for the pure-gluon (G) and the quark-gluon case (QG)
for 2-colors and one quark flavor. The energies of the quark-gluon ground state and the sigma-
antisigma excitation are lower than that of the lowest pure-gluon state. R.h.s. (for pure-gluon
case and V ≡ 1): 〈φ3〉 is raising with increasing excitation, whereas 〈φ1〉 and 〈φ2〉 are practically
constant, independent of whether spin-0 (dark boxes) or spin-2 states (open circles).

The matrix elements become

〈Φ1|O|Φ2〉=
∫
dα sin βdβdγ

∫

0<φ1<φ2<φ3

dφ1dφ2dφ3 (φ2
1−φ2

2)(φ2
2−φ2

3)(φ2
3−φ2

1)

∫
dψ
′
dψ′Φ∗1OΦ2 .

The l.h.s. of Fig.1 shows the 0+ energy spectrum of the lowest pure-gluon (G) and
quark-gluon (QG) cases for one quark-flavor which can be calculated with high accuracy
using the variational approach. The energies of the quark-gluon ground state and the
sigma-antisigma excitation are lower than that of the lowest pure-gluon state. This is due
to a large negative contribution from 〈HD〉, in addition to the large positive 〈HG〉, while
〈HC〉 ' 0 (see [9] for details).

Furthermore, as a consequence of the zero-energy valleys ”φ1 =φ2 = 0, φ3 arbitrary”
of the classical magnetic potential B2 = φ2

2φ
2
3 + φ2

3φ
2
1 + φ2

1φ
2
2, practically all glueball

excitation-energy results from an increase of expectation value of the ”constant Abelian
field” φ3 as shown for the pure-gluon case on the r.h.s. of Fig.1 (see [7] for details).

2.5 Perturbation theory in λ and coupling constant renormali-
sation in the IR

Including the interactions V(∂),V(∆) by using the 1st and 2nd order perturbation theory
in λ = g−2/3 give the result [8] (for the pure-gluon case and only including spin-0 fields in
the first approximation)

E+
vac = N g2/3

a

[
4.1167 + 29.894λ2 +O(λ3)

]
, (24)

E
(0)+
1 (k)− E+

vac =
[

2.270 + 13.511λ2 +O(λ3)
] g2/3

a
+ 0.488

a

g2/3
k2 +O((a2k2)2),(25)
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for the energy of the interacting glueball vacuum and the spectrum of the interacting
spin-0 glueball. Lorentz invariance demands E =

√
M2 + k2 ' M + 1

2M
k2, which is

violated in this 1st approximation by a factor of 2. In order to get a Lorentz invariant
result, J = L+S states should be considered including also spin-2 states and the general
V(∂∂).

Independence of the physical glueball mass

M =
g

2/3
0

a

[
µ+ cg

−4/3
0

]

of box size a leads to

γ(g0) ≡ a
d

da
g0(a) =

3

2
g0
µ+ cg

−4/3
0

µ− cg−4/3
0

(26)

which vanishes for g0 = 0 (pert. fixed point) or g
4/3
0 = −c/µ (IR fixed point, if c < 0).

For c > 0

for c > 0 : g
2/3
0 (Ma) =

Ma

2µ
+

√(
Ma

2µ

)2

− c

µ
, a > ac := 2

√
cµ/M (27)

My (incomplete) result c
(0)
1 /µ

(0)
1 = 5.95 suggests that no IR fixed points exist. Critical

coupling g2
0|c = 14.52 and ac ∼ 1.4 fm for M ∼ 1.6 GeV.

Hence, using strong coupling expansion, the difficult questions of Lorentz invariance
and coupling constant renormalisation in the IR can be studied in a systematic way.

3 Symmetric gauge for SU(3)

Using the idea of minimal embedding of su(2) in su(3) by Kihlberg and Marnelius [4]

τ1 := λ7 =




0 0 0
0 0 −i
0 i 0


 τ2 := −λ5 =




0 0 i
0 0 0
−i 0 0


 τ3 := λ2 =




0 −i 0
i 0 0
0 0 0




τ4 := λ6 =




0 0 0
0 0 1
0 1 0


 τ5 := λ4 =




0 0 1
0 0 0
1 0 0


 τ6 := λ1 =




0 1 0
1 0 0
0 0 0




τ7 := λ3 =




1 0 0
0 −1 0
0 0 0


 τ8 := λ8 =

1√
3




1 0 0
0 1 0
0 0 −2


 (28)

such that the corresponding non-trivial non-vanishing structure constants, [ τa
2
, τb

2
] =

icabc
τc
2

, have at least one index ∈ {1, 2, 3}, the symmetric gauge, Eq.(9), can be gen-
eralised to SU(3) [5, 10],

χa(A) =
8∑

b=1

3∑

i=1

cabiAbi = 0 , a = 1, ..., 8 (”symmetric gauge” for SU(3)). (29)
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Carrying out the coordinate transformation [10]

Aak

(
q1, .., q8, Ŝ

)
= Oaâ (q) Ŝâk −

1

2g
cabc

(
O (q) ∂kO

T(q)
)
bc
, ψα

(
q1, .., q8, ψ

RS
)

= Uαβ̂ (q)ψRS
β̂

Ŝâk ≡
(
Sik
SAk

)
=




Sik pos. def.

W0 X3 −W3 X2 +W2

X3 +W3 W0 X1 −W1

X2 −W2 X1 +W1 W0

−
√

3
2
Y1 − 1

2
W1

√
3

2
Y2 − 1

2
W2 W3

−
√

3
2
W1 − 1

2
Y1

√
3

2
W2 − 1

2
Y2 Y3




, câb̂kŜb̂k = 0 , (30)

an unconstrained Hamiltonian formulation of QCD can be obtained. The existence and
uniqueness of (30) can be investigated by solving 16 equations.

ŜâiŜâj = AaiAaj (6 equs.) ∧ dâb̂ĉŜâiŜb̂jŜĉk = dabcAaiAbjAck (10 equs.) (31)

for 16 components of Ŝ in terms of 24 given components A.
Analysing the Gauss law operators and the unconstrained angular momentum oper-

ators in terms of the new variables by analogy to the 2-color case, it can be shown that the
original constrained 24 colored spin-1 gluon fields A and 12 colored spin-1/2 quark fields ψ
(per flavor) reduce to 16 physical colorless spin-0, spin-1, spin-2, and spin-3 glueball fields

(16 components of Ŝ) and a colorless spin-3/2 Rarita-Schwinger field ψRS (per flavor),
respectively. As for the 2-color case, the gauge reduction converts color → spin, which
might have important consequences for low energy Spin-Physics. In terms of the color-
less Rarita-Schwinger fields ∆++(3/2) could have the spin content (+3/2,+1/2,−1/2) in
accordance with the Spin-Statistics-Theorem.
Transforming to the intrinsic system of the embedded upper part S of Ŝ (see [10] for
details)

S = RT (α, β, γ) diag(φ1, φ2, φ3) R(α, β, γ), ∧ Xi → xi, Yi → yi, .., ∧ ψRS → ψ̃RS,(32)

one finds that the magnetic potential B2 has the zero-energy valleys (”constant Abelian
fields”)

B2 = 0 : φ3 and y3 arbitrary ∧ all others zero (33)

Hence, practically all glueball excitation-energy should result from an increase of expecta-
tion values of these two ”constant Abelian fields”, by analogy to SU(2) . Furthermore, at

the bottom of the valleys the important minimal-coupling-interaction of ψ̃RS (analogous
to (21)) becomes diagonal

HD
diag =

1

2
ψ̃

(1, 1
2

)†
L [(φ3λ3 + y3λ8)⊗ σ3] ψ̃

(1, 1
2

)

L − 1

2
ψ̃

( 1
2
,1)†

R [σ3 ⊗ (φ3λ3 + y3λ8)] ψ̃
( 1
2
,1)

R . (34)

Due to the difficulty of the FP-determinant (see [10]), precise calculations are not possible
yet, but are, in my opinion, a solvable future task.
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PRODUCTION OF MESON IN TAU LEPTON DECAYS AND
ELECTRON-POSITRON COLLISIONS AND BEHAVIOR OF MESONS IN HOT

DENSE MATTER
M.K. Volkova

a Bogoliubov Laboratory of Theoretical Physics, JINR, Dubna 141980, Russia

At the present time, there is a vast amount of experimental data on processes of
meson production in electron-positron collisions with an energy up to 2 GeV as well as in
τ lepton decays [1]. However, the problem of theoretical description of these processes is
still under investigation. Really, fundamental perturbative QCD theory is not applicable
in this energy region. So a set of phenomenological models is used based as a rule on
the chiral symmetry of strong interactions. The typical drawback of these models is
the presence of a rather large number of arbitrary parameters decreasing the predictive
ability. Among these models, a special place is occupied by the standard chiral Nambu-
Jona-Lasinio (NJL) model [2-4]. It is based on the effective chiral-symmetric four-quark
interactions of scalar, pseudoscalar, vector, and axial-vector types.

In the case of the U(3)×U(3) chiral symmetry, this model contains seven parameters:
masses of constituent quarks mu = 280 MeV, md = 284 MeV, ms = 406 MeV, the cut-off
parameter Λ = 1.24 GeV, the ‘t Hooft interaction constant and two constants of 4-quark
interactions GS = GP = G1, GV = G = G2. These parameters are used to describe the
mass spectrum of 4 meson nonets (scalar, pseudoscalar, vector, and axial-vector ones),
as well as their strong and electromagnetic interactions such as radii, polarizabilities etc.
Note that constants G1 and G2 appear only in the calculation of the constituent quarks
masses. Other parameters are used to describe meson interactions. In the case of the
SU(2) × SU(2) chiral symmetry, only two parameters remain mu = md ≡ m and Λ.
The extended NJL model developed in papers [5,6] allows one to consider apart from the
ground meson states also the radial-excited ones. For the description of 4 nonets of excited
mesons two additional parameters G1

′ and G2
′ are used, they are fixed with the help of the

first radial excited pion and ρ meson masses. In the series of our studies [7-15], carried out
during the last two years, the ability of this extended model to describe various processes
in accordance with the existing experimental data was shown. It is important to note
that this model is used in the mean field approximation. It means that only quark loops
are considered, which corresponds to the lowest order in the 1/Nc expansion (Nc is the
number of colors). Besides, only the real parts of the corresponding loop amplitudes are
taken into account. Photoproduction of pions and eta mesons (the Primakoff effect) in the
ground and excited states was considered in [7-12]. Similar processes were studied in the
case of colliding e+e− beams. In these papers, the processes e+e− → π0(π0′)γ; π0ω; π0ρ0;
ππ and ππ(1300) were investigated. Here, an important role is played by intermediate
states of ρ0, ω, φ vector mesons and their excited states. Note that the conversion of a
virtual photon into a vector meson of the kind γ → ρ, ω, φ, ρ′, ω′ can be unambiguously
described in terms of logarithmically divergent quark loop amplitudes using the cut-off
parameter Λ.

During 2012 in works [13-15], we continued theoretical description of τ lepton decays
with production of ππν, ππ(1300)ν, πων, πην, and πη′ν. The transitions of type W− →
ρ− and ρ−(1450) are similar to the γ → ρ0 one, are also described by means of quark
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loops. Note that probabilities of the decay processes τ → η(η′)ν turn out to be suppressed
in accordance with experimental data. Such suppression is caused by the difference of
light quark mass providing the transitions W− → a−0 and p0 → η through quark loops. In
particular, the branching ratio Br(τ → ηπν) = 4.7 · 10−6 received in [15] does not exceed
the current experimental upper limit [1] being equal to 9.9 · 10−5.

Besides, in Refs.[17-18] the behavior of mesons in hot dense matter was studied in
the frames of an extended NJL model with Polyakov loops. A nonlocal chiral quark model
is consistently extended beyond the mean field using a strict 1/Nc expansion scheme. The
parameters of the nonlocal model are refitted so that the physical values of the pion mass
and the weak pion decay constant are obtained. The size of the 1/Nc correction to the
quark condensate is carefully studied and compared with the usual local NambuJona-
Lasinio model. It is found that even the sign of the corrections can be different. This
can be attributed to the mesonic cutoff of the local model. The model is also applied to
finite temperature. We find that the 1/Nc corrections dominate the melting of the chiral
condensate at low temperatures, T <∼ 100 MeV, in agreement with chiral perturbation
theory. On the other hand, the relative importance of the 1/Nc corrections in the crossover
regime depends on the parameter T0 of the Polyakov-loop potential. For T0 = 270 MeV,
corresponding to a fit of lattice data for pure gluodynamics, the correction terms are
large and lead to a lowering of the chiral phase-transition temperature in comparison with
the mean-field result. Near the phase transition the 1/Nc expansion breaks down and a
nonperturbative scheme is needed to include mesonic correlations in that regime. Lowering
T0 leads to a more rapid crossover even at the mean-field level and the unstable region
for the 1/Nc corrections shrinks. For T0 <∼ 220 MeV the temperatures of deconfinement
and chiral restoration are practically synchronized.
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Multiquark states in the covariant quark confinement model.

M.A. Ivanov

The covariant quark model with infrared confinement developed in a series of papers
(see Refs. [1]-[5]) is a successful tool for a unified description of the multiquark states:
mesons, baryons, tetraquarks, etc. The covariant quark model is an effective quantum field
approach to hadronic interactions based on the interaction Lagrangian between hadrons
and their constituent quarks. Knowing the corresponding interpolating quark current
allows calculating the matrix element of physical processes in a consistent way. A dis-
tinctive feature of this approach is that the multiquark states, such as baryons (three
quarks), tetraquarks (four quarks), etc., can be considered and described as rigorously as
the simplest quark-antiquark systems (mesons). The coupling constants between hadrons
and their interpolating quark currents are determined from the compositeness condition
ZH = 0. The matrix elements of physical processes are determined by a set of associated
quark diagrams, which are constructed according to 1/Nc−expansion. In the covariant
quark model an infrared cutoff is effectively introduced in the space of Fock–Schwinger
parameters which are integrated out in the expressions for the matrix elements. Such
a procedure allows one to eliminate all the threshold singularities associated with quark
production and thereby ensures quark confinement. The model has no ultraviolet diver-
gences due to vertex hadron–quark form factors which describe a nonlocal structure of
hadrons. The covariant quark model has a few free parameters: the mass of constituent
quarks, the infrared cutoff parameter that characterizes the confinement region, and the
parameters that describe an effective size of hadrons.

The last applications of the covariant quark model are devoted to studying the
properties of the Bs−meson, the light baryons and tetraquarks. The form factors of the
B(Bs)→ P (V )−transitions are evaluated in the full kinematic region of momentum trans-
fer squared. As an application of the obtained results, the widths of the Bs−nonleptonic
decays are calculated. The modes D−s D

+
s , D

∗−
s D+

s + D−s D
∗+
s and D ∗−s D ∗+

s give the
largest contribution to ∆Γ for the Bs − B̄s system. The mode J/ψφ is suppressed by
the color factor but it is interesting for the search of CP-violating New-Physics possible
effects in the Bs − B̄s mixing.

The static properties of the proton, neutron, and the Λ-hyperon (magnetic moments
and charge radii) and the behavior of the nucleon form factors at low momentum transfers
are described. The conservation of gauge invariance of the electromagnetic transition ma-
trix elements in the presence of a nonlocal coupling of the baryons to the three constituent
quark fields is discussed.

The consequences of treating the X(3872) meson as a tetraquark bound state are
explored. The decay widths of the observed channels X → J/ψ + 2π(3π) and X →
D̄0 + D0 + π0 via the intermediate off–shell states X → J/ψ + ρ(ω) and X → D̄ + D ∗

are calculated. Its one-photon decay X → γ + J/ψ is also analyzed. The matrix element
of the transition X → γ + J/ψ is calculated and its gauge invariance is proved. For
reasonable values of the size parameter ΛX of the X(3872) consistency with the available
experimental data is found. The possible impact of X(3872) in a s-channel dominance
description of the J/ψ dissociation cross section is clarified.

67



[1] T. Branz, A. Faessler, T. Gutsche, M. A. Ivanov, J. G. Körner and V. E. Lyubovitskij,
Phys. Rev. D 81 (2010) 034010.

[2] S. Dubnicka, A. Z. Dubnickova, M. A. Ivanov and J. G. Körner,
Phys. Rev. D 81 (2010) 114007.

[3] S. Dubnicka, A. Z. Dubnickova, M. A. Ivanov, J. G. Körner and G. G. Saidullaeva,
AIP Conf. Proc. 1343 (2011) 385.

[4] S. Dubnicka, A. Z. Dubnickova, M. A. Ivanov, J. G. Koerner, P. Santorelli and
G. G. Saidullaeva, Phys. Rev. D 84 (2011) 014006.

[5] T. Gutsche, M. A. Ivanov, J. G. Körner, V. E. Lyubovitskij and P. Santorelli,
Phys. Rev. D 86 (2012) 074013.

68



Precision spectroscopy of light atoms and molecules.

V.I. Korobov

Recently, at CERN new data on the antiproton-to-electron mass ratio have been
obtained with high precision of 10−9 [1]. To this end, the two-photon spectroscopy of the
antiprotonic helium was used for the first time.

At present, theoretical precision is at the same level as experimental one and further
progress in determination of the antiproton mass (or, assuming validity of CPT invariance,
the atomic mass of electron) would require serious improvements in theoretical studies.

One of the bottlenecks in theory is the numerical calculation of the nonrelativistic
Bethe logarithm for metastable (resonant) states. This requires new approaches that may
use the Complex Coordinate Rotation (CCR) formalism. Such methods should be based
on the generalization of the perturbation theory (second order) to be applied to a CCR
solution of a resonant state.

In 2011–12, a new general procedure to evaluate the nonrelativistic Bethe loga-
rithm for a general few–body atomic or molecular bound system was suggested by us
[2]. The ground states of a helium atom and H+

2 molecular ion were used as benchmark
calculations. The obtained values are: βHe = 4.37016022306(2) for the helium atom and
βH+

2
= 3.012230335(1) for H+

2 . Both the results substantially improve the best known

data for these quantities [3].
This method was generalized to the CCR formalism. At present, calculations of

the leading order radiative correction for the metastable (resonant) states of antiprotonic
helium atoms are being carried out [4] and soon should become available with required
precision.

[1] M. Hori et al., Nature 475, 484 (2011).

[2] V.I. Korobov, Phys. Rev. A 85, 042514 (2012).

[3] V.I. Korobov and Zhen-Xiang Zhong, Phys. Rev. A 86, 044501 (2012).

[4] V.I. Korobov, Nonrelativistic Bethe logarithm for metastable states in antiprotonic
helium, in preparation.
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Dynamics of composed systems under action of fast particles
and external fields

S.I. Vinitsky1, A.A. Gusev2, O. Chuluunbaatar2, V.V. Serov3

1Bogoliubov Laboratory of Theoretical Physics and 2Laboratory of Information
Technologies, Joint Institute for Nuclear Research, Dubna

3Chair of Theoretical Physics, Physics Department, Saratov State University, Saratov

A review of some recently developed methods of calculating multiple differential
cross-sections of photoionization and electron impact ionization of atoms and molecules
having two active electrons was presented [1]. The methods imply original approaches to
calculating three-particle Coulomb wave functions. The external complex scaling method
and the formalism of the Schrödinger equation with a source in the right-hand side was
considered. Efficiency of the time-dependent approaches to the scattering problem, such
as the paraxial approximation and the time-dependent scaling, was demonstrated. An
original numerical method elaborated by the authors for solving the 6D Schrödinger
equation for an atom with two active electrons, based on the Chang-Fano transforma-
tion and the discrete variable representation, was formulated. By comparison of the
results of different authors the preference of using spheroidal coordinates for calculation
of ionization diatomic molecules in comparison with spherical ones was shown. Basing on
numerical simulations, the threshold behavior of angular distributions of the two-electron
photoionization of the negative hydrogen ion and helium atom, and multiple differential
cross-sections of electron impact ionization of hydrogen and nitrogen molecules were an-
alyzed and compared with experimental data. The most essential physical results which
are obtained by the authors of the present review by means of the methods explained in
it are:
1. It was shown that the Wannier law for the angular distribution of double ionization is
not correct even at very small energies.
2. Direct connection of a number of peaks in the symmetric double an ionization ampli-
tude with a number of nodes of the initial state wave function was revealed.
3. It was shown that the deviations of angular distribution of ejected electrons in ioniza-
tion process of atoms and two atomic molecules by electron impact of the intermediate
energy, from the results calculated in the first Born approximation are generally caused
by interaction of an ejected electron with a scattering electron after ejection.
4. It was shown that contrary to expectations, the bidipole second Born terms, describing
sequential double ionization by electron impact of the intermediate energy, does not make
an essential contribution to multiple differential cross-section.
5. For hydrogen molecule with a nonequilibrium distance between atoms it was shown
that the interference of the electrons which were let out by the different centers at single-
pass ionization significantly influences probability of the double ionization and angular
distribution of the electrons which were taken off at the double ionization. It opens a
possibility for experimental observation of the dependence of a two-center interference
from a nuclear distance as double ionization is accompanied by dissociation after which
it is possible to determine the initial nuclear distance by the energy of scattered protons.

The adiabatic method for analysis of a quantum tunneling model of a coupled pair
of identical and nonidentical ions was developed [2]. Symbolic-numerical algorithms for
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solving a boundary value problem (BVP) for the 2D Schrödinger equation with the homo-
geneous third type boundary conditions were elaborated [3]. The Kantorovich reduction
of the above problem with non-symmetric long-range potentials to the BVPs for sets of
the second order ordinary differential equations (ODEs) was given by expanding solu-
tion over the one-parametric set of basis functions. Symbolic algorithms for evaluation
of asymptotics of the basis functions, effective potentials, and linear independent solu-
tions of the ODEs in the form of inverse power series of independent variable at large
values are given by using appropriate etalon equations. The elaborated scheme was ap-
plied to analyze a quantum tunneling problem of a coupled pair of identical ions through
Coulomb-like barrier. It was shown that the total transmission coefficient demonstrates
the resonance behavior due to the existence of barrier quasistationary states, imbedded
in the continuum. The effect of quantum transparency manifesting itself in the nonmono-
tonic resonance-type dependence of the transmission coefficient upon the energy of the
particles was revealed.

Within the effective mass approximation, an adiabatic description of spheroidal and
dumbbell quantum dot models in the regime of strong dimensional quantization was for-
mulated using the expansion of the wave function in appropriate sets of single-parameter
basis functions. The comparison was given and the peculiarities were considered for spec-
tral and optical characteristics of the models with axially symmetric confining potentials
depending on their geometric size, making use of the complete sets of exact and adiabatic
quantum numbers in appropriate analytic approximations[4]. The absorption coefficients
for ensembles of spheroidal quantum dots (SQDs) were analyzed using the eigenvalues and
eigenfunctions calculated by means of the Kantorovich and adiabatic methods. The com-
parison of absorption coefficients for oblate and prolate SQDs with random dimensions of
the minor semiaxis, and with parabolic and non-parabolic dispersion laws, revealed dif-
ferent behavior depending on the aspect ratio (ratio of minor to major semiaxe) and the
external homogeneous electric fields. Such behavior leads to a possibility of verification
of the quantum-size Stark effect in the considered models of semiconductor SQDs [5].

The adiabatic method for analysis of the problem describing the impurity states
of a quantum wire or a hydrogen-like atom in a strong homogeneous magnetic field was
developed [6]. The analytical and numerical scheme for solving of the boundary value
problem for the Schrödinger equation in cylindrical coordinates was elaborated. It was
solved by applying the Kantorovich method that reduces the problem to the boundary-
value problem for a set of ordinary differential equations with respect to the longitudinal
variables. The effective potentials of these equations were given by integrals over the
transverse variable. The integrands are products of the transverse basis functions de-
pending on the longitudinal variable as a parameter and their first derivatives. To solve
the problem at high magnetic quantum numbers |m| and study its solutions, we presented
an algorithm implemented in Maple, which allows one to obtain analytic expressions for
the effective potentials and for the transverse dipole moment matrix elements. The ef-
ficiency and accuracy of the derived algorithm and that of the Kantorovich numerical
scheme were confirmed by calculating eigenenergies and eigenfunctions, dipole moments
and decay rates of low-excited Rydberg states at high |m| ∼ 200 of a hydrogen atom in
the laboratory homogeneous magnetic field γ ∼ 2.35 · 10−5 (B ∼ 6T). To analyze the
low-excited Rydberg states of a system like this it is useful to have the solution in an an-
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alytic form. Indeed, for high |m| we can consider the Coulomb potential as perturbation
with respect to the transversal centrifugal potential and the oscillator potential with the
frequency ωρ = γ/2. For the laboratory magnetic field B = B0γ ∼ 6T, this is true at the
adiabatic parameter values m̃ ∼ 5.89, where m̃ is defined as m̃ = (ωρ/ωz)

4/3 = |m|γ1/3.
The proposed scheme explains not only transition to the adiabatic limit (diagonal rep-
resentation), but predicts the existence of maximum of the photoionization cross-section
of an electron or the capture rate of an electron of the continuous spectrum at a fixed
value of a magnetic field B in the region of variation of the magnetic quantum number
|m| bounded by value of the adiabatic parameter m̃ = |m|γ1/3.
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On the nature of scalar-isoscalar mesons in the
uniformizing-variable method based on analyticity and unitarity.

Yu.S. Surovtsev and M. Nagy

It was shown [1, 2] that the scalar resonance poles on sheet II, obtained in the
one-channel dispersive equations (see PDG tables) and being used in our approach, allow
us to describe the ππ data well up to 1.89 GeV (in the dispersive-equations approach
it is only up to about 1.15 GeV). However, (1) these resonance poles do not permit an
even qualitative description of the ππ→KK data above 1.15 GeV (where the “elastic”
two-channel unitarity is violated). Furthermore, (2) the background obtained in our ap-
proach with these resonance poles is unsatisfactory. This is an important criterion of the
analysis correctness: description of the background must be simple and reasonable. In
the combined analysis of data on the ππ scattering and ππ → KK, both flaws of the
only ππ scattering analysis are cured, obviously changing the f0(600) pole position of
the one-channel analysis which is now near the one of the 3-channel analyse. Moreover,
the remaining pseudo-background arising at the ηη threshold indicates clearly that it
is necessary to consider explicitly also the ηη-threshold branch-point in the 3 -channel
analysis. This was made successfully using a new uniformizing variable in which we ne-
glected the ππ-threshold branch-point and took into account the KK- and ηη-threshold
branch-points and the left-hand branch-point at s = 0. The combined analysis of data on
ππ → ππ,KK, ηη and on J/ψ → φππ, φKK from Mark III, DM2 and BES Collabora-
tions gives: 1) Additional confirmation of f0(600) with mass about 700 MeV and width
930 MeV. This mass value accords with the prediction (mσ ≈ mρ) on the basis of mended
symmetry by S.Weinberg (PRL 65, 1177 (1990)) and with refined analysis using the large-
Nc consistency conditions between the unitarization and resonance saturation suggesting
mρ − mσ = O(N−1

c ) (J.Nieves, E.Ruiz Arriola, PR D80, 045023 (2009). 2) Indication
for f0(980) to be a non-qq̄ state, e.g., the bound ηη state. 3) Indication for the f0(1370)
and f0(1710) to have the dominant ss̄ component. This is in agreement with a number
of experiments. 4) Two states in the 1500-MeV region: the f0(1500) (mres ≈ 1495 MeV,
Γtot ≈ 124 MeV) and the f ′0(1500) (mres ≈ 1539 MeV, Γtot ≈ 574 MeV). The f ′0(1500) is
interpreted as a glueball.

[1] Y. S. Surovtsev, P. Bydzovsky and V. E. Lyubovitskij,
Phys. Rev. D 85 (2012) 036002.
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Phys. Rev. D 86, (2012) 116002.
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Determination of the mass spectrum of the bound state in the
framework of the relativistic hamiltonian approach.

M. Dineykhan and S. A. Zhaugasheva

We propose[1] one of the versions of calculation of the energy spectrum of bound
state systems with relativistic corrections. In the framework of quantum field theory
the expression that takes into account relativistic corrections to the mass of the bound
state with a known nonrelativistic pair interaction potential is proposed on the basis of
calculating the asymptotic behaviour of correlation functions of the corresponding field
currents with the necessary quantum numbers. Excluding the time variables allows one
to determine nonperturbative corrections to the interaction potential. In the framework
of the given approach the following results are obtained. The nonperturbative corrections
arising due to the relativistic nature of a system to the interaction Hamiltonian are deter-
mined. The dependence of the constituent mass of bound-state forming particles on the
free state mass and on the orbital and radial quantum numbers is analytically derived.
The energy level shift of muonic hydrogen taking into account relativistic corrections is
calculated. The energy spectrum of a wide class of potentials which describe the Coulomb
bound state is analytically derived with relativistic corrections. The mass spectrum of
the glueballs and the constituent masses of the gluons are analytically calculated taking
into account spin-orbit, spin-spin and tensor interactions. Our numerical results have
shown very good agreement with the lattice data. Taking into account nonperturbative
and nonlocality characters of interactions, the mass spectrum of the mesons consisting of
the light-light and light-heavy quarks with orbital and radial excitations is determined.
Our results show that good agreement with the experimental data for the slope and the
intercept of the Regge trajectory can be obtained only by taking into account the nonper-
turbative and the nonlocal characters of interactions. The dependence of the constituent
masses of constituent particles on the masses of a free state is certain. When quarks are
light, the difference of current and valent masses of quarks is greater than valent masses
of quarks, and when quarks are heavy the difference of these masses is insignificant. One
of the alternative variants for accounting of nonlocality is suggested for the definition of
properties of hadrons at large distances. The dependence of the constituent masses of
constituent particles on the radius of confinement is determined.

[1] M. Dineykhan and S. A. Zhaugasheva, “Determination of the mass spectrum of the
bound state in the framework of the relativistic hamiltonian approach,”
Phys. Part. Nucl. 42 (2011) 379-413.
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Strong electromagnetic field as a trigger of deconfinement

Sergei N. Nedelko

Bogoliubov Laboratory of Theoretical Physics, JINR

Abstract

Effective Lagrangian for Yang-Mills fields invariant under the standard space-
time and local gauge SU(3) transformations is considered. It has been demon-
strated that a set of twelve degenerated minima exists as soon as a nonzero gluon
condensate is postulated. The minima are connected to each other by the parity
transformations and Weyl group transformations associated with the color su(3) al-
gebra. The presence of degenerated discrete minima in the effective potential leads
to the solutions of the effective Euclidean equations of motion in the form of the
kink-like gauge field configurations interpolating between different minima. Spec-
trum of charged scalar field in the kink background was estimated. The one-loop
quark contribution to the QCD effective potential for the homogeneous Abelian
gluon field in the presence of an external strong electromagnetic field was evalu-
ated. The structure of extrema of the potential as a function of the angles between
chromoelectric, chromomagnetic, and electromagnetic fields was analyzed. In this
setup, the electromagnetic field is considered as an external one while the gluon field
represents domain structured nonperturbative gluon configurations related to the
QCD vacuum in the confinement phase. Two particularly interesting gluon configu-
rations, (anti-)self-dual and crossed orthogonal chromomagnetic and chromoelectric
fields, were discussed specifically. Within this simplified framework it was shown
that the strong electromagnetic fields can play a catalyzing role for a deconfinement
transition. At the qualitative level, the present consideration can be seen as a highly
simplified study of an impact of the electromagnetic fields generated in relativistic
heavy ion collisions on the strongly interacting hadronic matter.

1 Introduction

The purpose of papers [1, 2] was to study of a domain wall formation in the QCD vacuum
and a potential influence of the strong electromagnetic fields, eH ' Λ2

QCD, on the QCD
vacuum structure. Electromagnetic fields with the strength of this order can emerge in
relativistic heavy ion collisions. Before proceeding, we have to decode our understanding
of the stock phrase ”QCD vacuum structure“. In pure gluodynamics a physical vacuum
can be characterized, first of all, by two invariants composed of gauge field: scalar gluon
condensate 〈g2F 2〉 and pseudoscalar condensate 〈g2FF̃ 〉 (for instance see discussion in [3]).
Since parity is not broken in strong interactions, the pseudoscalar condensate must be
zero. Significance of the composite field g2FF̃ becomes manifest in terms of topological
susceptibility. In QCD with quarks another condensate 〈mψ̄ψ〉 comes into considera-
tion. Identification of gauge field configurations which are carriers of condensates and the
method of their incorporation into the formalism of quantum field theory can be seen as
the most fundamental step towards understanding the mechanisms of confinement, chiral
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symmetry breaking and hadronization in QCD. This statement can be perceived as a
kind of platitude since implicitly this step has to be assumed in all approaches dealing
with configurations like center vortices, monopoles, instantons, etc. However, the feeling
of having just a commonplace here relaxes if one identifies explicitly the point in the
formalism where relevant condensates can be allowed or denied to be nonzero. As has
been emphasized in a recent paper [4], this point can be recognized in the choice of a
functional space of the gauge fields to be integrated over in the QCD functional integral.
In the Euclidean functional integral approach to quantization of the pure YM theory one
starts with a symbol

Z = N

∫

F

DA exp{−S[A]},

where the functional space F of fields is subject to certain conditions, which can disable, in
particular, the gluon condensate (requirement of finite classical action S[A], for instance)
or enable it and restrict the type of fields which can contribute to the condensates. The
character of fields in F has to be defined self-consistently on the basis of quantum effective
action. Enabling the gluon condensate means that gauge fields Aaµ should satisfy (for more
details see [5])

F = {A : lim
V→∞

1

V

∫

V

d4xg2F a
µν(x)F a

µν(x) = B2}. (1)

First of all, the requirement of nonzero condensate B2 6= 0 singles out fields Ba
µ with the

strength which is constant almost everywhere in R4, i.e. the part of R4 where the field is
inhomogeneous has measure (4-volume) zero. The rest of deviations from homogeneity can
be treated as fluctuations in the background of Ba

µ. Separation of the long range modes
Ba
µ responsible for gluon condensate and the local fluctuations Qa

µ in the background Ba
µ,

must be supplemented by the gauge fixing condition. The background gauge condition
D(B)Q = 0 is the most natural choice. At the formal level, the separation can be achieved
by the insertion of identity

1 =

∫

B

DBΦ[A,B]

∫

Q

DQ

∫

Ω

Dωδ[Aω −Qω −Bω]

×δ[D(Bω)Qω], (2)

Aaµ = Ba
µ +Qa

µ, (3)

where Q are fluctuations of the gluon field with zero gluon condensate: Q ∈ Q. Fields
Ba
µ are long range field configurations with, in general, the nonzero condensate: B ∈ B.

Functional Φ[A,B] is defined by Eq.(2) itself and relates to the Faddeev-Popov determi-
nant, and Ω is the gauge group with corresponding Haar measure dω. Performing the
standard Faddeev-Popov procedure one arrives at

Z = N ′
∫

B

DB

∫

Q

DQ det[D(B)D(B +Q)]

×δ[D(B)Q] exp{−S[B +Q]}.
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The character of long-range fields has yet to be identified by the dynamics of fluctuations
Q. At the formal level, integral over Q defines an effective action for the long range part
of the gluon field

Z = N ′
∫

B

DB exp{−Seff [B]}.

Gluon fields Ba
µ, which correspond to the global minima of Seff [B], dominate over the

integral in the thermodynamic limit V →∞ and define the phase structure of the system.
First of all, one has to take a look at fields with just constant strength. There are two
different kinds of this type of fields: Abelian covariantly constant fields Ba

µ = −1
2
naBµνxν

and non-Abelian constant vector potentials Ba
µ = const. Unlike the former, non-Abelian

fields are unstable against small perturbations Qa
µ (for comprehensive discussion of the

effective potential in pure Yang-Mills theory see [6, 7]). Pagels and Tomboulis studied
an effective action for these fields within the context of scale anomaly [8] , Woloshyn and
Trottier attempted lattice calculation [9]. All these calculations indicated a minimum
of the effective action at nonzero Abelian (anti-)self-dual field. Recently, the effective
potential was calculated within the functional RG [10]. The result has also indicated
a minimum of the effective action at the nonzero Abelian (anti-)self-dual field. In [1],
the Landau-Ginsburg Lagrangian for pure Yang-Mills gauge fields invariant under the
standard space-time and local gauge SU(3) transformations was considered. It has been
demonstrated that for Nc = 3 a set of twelve degenerated minima of the action density
exists as soon as a nonzero gluon condensate is postulated in the action. The minima
are connected to each other by the Weyl group transformations associated with the color
su(3) algebra and parity transformation. The presence of degenerated discrete minima
in the Lagrangian leads to the solutions of the effective equations of motion in the form
of the kink-like gauge field configurations interpolating between different minima. The
homogeneous field with a kink defect is the simplest example of gluon configurations
which are homogeneous almost everywhere in R4 and satisfy the basic condition Eq.(1).
The spectrum of covariant derivative squared D2 in the presence of the simplest solution,
which interpolates between self-dual and anti-self-dual Abelian homogeneous fields, was
estimated. This kink configuration can be seen as a domain wall defect separating the
regions with self-dual and anti-self-dual Abelian gauge field. On the domain wall the
gluon field is Abelian with orthogonal to each other chromomagnetic and chromoelectric
fields. For the aims of the present study it is important that the spectrum of D2 or 6D in
the (anti-)self-dual field is purely discrete with bound state type eigenfunctions while for
the crossed orthogonal fields the spectrum is continuous with the Landau level structure
and the corresponding wave eigen functions.

The eigenvalues and the square integrable eigenfunctions of D2 for the (anti-)self-
dual field are

λr = 4B (r + 1)

φnmkl(x) = Cnmkl
(
β+

+

)k (
β+
−
)l (

γ+
+

)n (
γ+
−
)m

φ0(x),

φ0(x) = e−
1
2
Bx2 , Cnmkl =

1√
n!m!k!l!π2

,
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where r = k+n for the self-dual field, r = l+n for the anti-self-dual field, β±± and γ±± are
related to a set of creation and annihilation operators (details can be found in [1]). The
spectrum is discrete. In this background no color charged waves are enabled, and there
are no charged particle degrees of freedom. This is understood below as confinement
of dynamical charged fields. This treatment follows the concept that confinement of
dynamical quarks means that the quark field does not have corresponding asymptotic
field. This should be manifest in the character of the eigen modes of the quark field. In
the confinement regime they correspond to pure fluctuations localized in space and time,
but not to any kind of waves. The character of eigenmodes is reflected in the analytical
properties of the quark propagator which ensure that the colorless state can not decay
into charged elementary particles [7, 11, 24, 25, 26, 5]. At the same time the proper QCD
short distance limit is ensured as well.

Inside the infinitely thin domain wall placed at x1 = 0 with the chromomagnetic field
directed along the x2 axis and the chromoelectric field along the x3 axis the charged scalar
field displays a continuous spectrum similar to the Landau levels. The eigen functions
square integrable over x3 take the form

φn(p2, p4|x2, x3, x4) = exp(−ip4x4 − ip2x2)χn(p4|x3),

where the functions χn are

χn(p4|x3) = exp

{
−2
√

2B
(
x3 +

p4

4B

)2
}

×Hn

(
23/4
√
B
(
x3 +

p4

4B

))
.

The eigenvalues look like

λn(p2
2, p

2
4) = 2

√
2B(2n+ 1) + p2

2 + p2
4,

and correspond to the color charged quasiparticles with mass m2
n = 2

√
2B(2n+ 1) freely

moving along the chromomagnetic field:

p2
0 = p2

2 +m2
n. (4)

The purely discrete spectrum and bound state (four-dimensional oscillator) eigen functions
can be treated as confinement of color charged fields in the (anti-)self-dual homogeneous
field (in the bulk of R4). Landau levels and wave eigenfunctions indicate the absence of
confinement at the domain wall. In other words, charged particles are localized at the
wall.

The idea of the dominance of the gluon fields which are (anti-)self-dual Abelian
almost everywhere turned out to be phenomenologically efficient. The model of confine-
ment, chiral symmetry breaking and hadronization based on the ensemble of Abelian
(anti-)self-dual fields was developed in a series of papers [5, 24, 25, 26]. In the model,
the direction of the gauge field in space and color space, and the duality of the field
are random parameters of the domains as well as positions of domain centers. All con-
figurations of this type are summed up in the partition function. The domain model
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exhibits confinement of static (square law) and dynamical quarks (absence of poles in the
propagators of color charged fields, discrete spectrum of the corresponding differential
operator), spontaneous breaking of the flavor chiral symmetry, UA(1) symmetry is broken
due to the axial anomaly, strong CP violation is absent in the model. With a minimal
set of parameters (meson masses, gauge coupling constant, gluon condensate and mean
domain size) the model gives rather accurate results for meson masses from all different
parts of the spectrum: light mesons including excited states, heavy-light mesons, heavy
quarkonia). The decay constants and some form factors were also calculated within the
model. The above mentioned kink configurations have not been yet incorporated into the
domain model directly but strongly motivate it.

Figure 1: A mechanizm of domain wall formation due to a nonzero vacuum value of
gluon condensate 〈g2F 2〉 is illustrated at this scheme. Quark contribution to the QCD
effective potential in the crossed external electromagnetic field is minimal for a crossed
gluon field (right bottom corner) which is treated as catalyzing role of electromagnetic
field for deconfinement.
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In paper [2], we studied an impact of the strong electromagnetic field on strong
interactions in the context of lumpy or domain structured gluon fields. The one-loop
quark contribution to the QCD effective potential for the homogeneous Abelian gluon
fields in the presence of homogeneous electromagnetic field is evaluated. Extrema of the
potential as a function of angles between chromoelectric, chromomagnetic and crossed
orthogonal electromagnetic fields are analyzed. In this setup the electromagnetic field is
considered as an external one while the Abelian part of the gluon field represents domain
structured nonperturbative gluon configurations related to QCD in the confinement phase.
It is shown that the quark contribution is minimal for the crossed chromoelectric and
chromomagnetic fields orthogonal to each other, which can be treated as a catalyzing
impact of strong electromagnetic fields on deconfinement in hadronic matter. The present
simplified calculation can play an instructive role for more realistic consideration. The
main qualitative result of [2] is an observation that strong electromagnetic field could
trigger a deconfinement transition in QCD.
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