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Finite Size CorrectionFinite Size Correction

4-body calculation x 1.456-body calculation

Scaled by density

0.50  meV0.50  meV :: EE(1)(1)++EE(2)(2)=18.253=18.253 ––17.752  =17.752  =
0.500.50

1.46  meV1.46  meV :: EE(1)(1)++EE(2)(2)=11.577=11.577 ––10.113  = 1.4610.113  = 1.46

HarstonHarston, Hara, Kino,, Hara, Kino, ShimamuraShimamura, Sato,, Sato, KamimuraKamimura
4-body calculation ( 1-st order ,  2-nd order purterbation)

DEFS = Edtme - e1s
(dtm )-e - e11

dtm - e1s
tm



In the previous calculation,

1-st order ～ 2-nd order

Purpose of this work :
to make full 4-body calculation

and see the higher-oder contribution

～
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44--body wavefunctionbody wavefunction
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3-body resonance

3-body bound state
ε = 0

3-body continuum
Expand with L2basis

discretize
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0.0456 a.u.
1 a.u.1st step: three-body, 2nd step: CC calculation for e

Subsystem: 0.01 meV accuracy @ dtµ, ddµ, H

dtµ: Korobov, J. Phys. B 37, 2331, 2004
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r ® a exp(iq )r, R ® a exp(iq)R, r ® a exp(iq)r
FvJM (q) H (q)F ¢ v JM (q) = EvJ (q)dv ¢ v

Complex Coordinate Rotation method
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The complex coordinate rotation method is absolutely necessary



Finite Size CorrectionFinite Size Correction Full 4-body calculation

dtμdtμ 0.50  meV0.50  meV :: EE(1)(1) ++ EE(2)(2) =18.253=18.253 ––17.752  =17.752  =
0.500.50

ddμddμ 1.46  meV1.46  meV :: EE(1)(1) ++ EE(2)(2) =11.577=11.577 ––10.113  =10.113  =
1.461.46

Harston, Hara, Kino, Shimamura, Sato, KamimuraHarston, Hara, Kino, Shimamura, Sato, Kamimura
4-body calculation ( 1-st order ,  2-nd order purterbation)

DEFS = E dtme - e1s
(dtm )-e - e11

dtm - e1s
tm

previous

This work

dtμdtμ 2.31 meV2.31 meV

ddμddμ 1.70  meV1.70  meV

correction (dtμ)  .>  correction (ddμ)

size (dtμ)  > size (ddμ)

reasonable



Concluding remark

1)  we, for the first time, calculate the full four-body dtmu-e
system and obtained the finite size correction, and found that
the previous second-order purterbation calculation was not
a good approximation.

2) The four-body systems are not true bound states but
resonance states.  Use of the complex coordinate rotation
method is absolutely necessary since the accuracy of the
calculation without complex coordinate rotation is worse than
the required accuracy.

3) These consideration will be necessary in the six-body
calculation of the correction.
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AuthorsAuthors DDEEFSFS ((meVmeV)) SystemSystem

Harston, Hara, Kino, Shimamura,Harston, Hara, Kino, Shimamura,
KamimuraKamimura

0.500.50 ((EE(1)(1)++EE(2)(2)=18.253=18.253––
17.752)17.752)
1.461.46 ((EE(1)(1)++EE(2)(2)=11.577=11.577––
10.113)10.113)

((dtdtµµ))1111

((ddddµµ))

This WorkThis Work 0.250.25
2.312.31
0.300.30
1.701.70

((dtdtµµ))
((dtdtµµ
((ddddµµ
((ddddµµ

DEFS = Edtme - e11
dtm - e1s

(dtm )-e

Finite size correctionFinite size correction



SummarySummary
・Energy levels and widths of 4-body resonance states dtµe、

ddµe are calculated with the use of the Gaussian
expansion method and the complex coordinate rotation
method.

・The results significantly differ from the literature values
calculated by the 2nd order perturebation).

dtµe Resonance effect is important

Auger decay rate 2.5×1012 s–1

ddµeFull-finite size correction:
e11(ddm) –1964.83 meV Theory (2nd perturbation)

–1963.83 meV Theory (this work: scaling)
–1962.6(3) meV Experiment

DE(q=0) ~ Re(E).



vv ll LL dtdtµµ(10)(10) dtdtµµ(11)(11) ddddµµ(10)(10) ddddµµ(11)(11)
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Complex eigenenergy trajectories
(Er, –G/2) = (–3.374 213 517, 0.000 049 331)

r ® a exp(iq)r R ® a exp(iq) R

FvJM (q) H (q)F ¢ v JM (q) = EvJ (q)dv ¢ v

複素座標回転法複素座標回転法相相
対論補正対論補正(Darwin(Darwin

terter

J =30, v =2 (4He)
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pHe+ = p + He+ + e-

分光実験値と⾼精度で⼀致（反陽⼦の質量を10 ppb (10–8)の精度で決定）



150 cycles/µ– (at present)

300 cycles/µ– (input)=(output)

µCF cycleµCF cycle

dtµ � a+n+m+17.6 MeV

入射

free

a sticking

reactivation

99.7%

0.3%

Molecular
formation

10–8 sµ

µMuonic atom
De-excitation

10–11 s

10–12 s
ミュオン寿命

Transfer
10–8 s

muon catalyzed fusion (µCF)muon catalyzed fusion (µCF)
Complex molecular formation
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Deddm = ±0.5 meV

SubSub--meV accuracy in threemeV accuracy in three--bodybody
calculation is requiredcalculation is required

-2665.1750



ddµddµ dtµdtµ
Vacuum polarizationVacuum polarization 8.7208.720 16.61716.617

Electromagnetic structureElectromagnetic structure ––1.6751.675 13.18313.183
Relativistic shiftRelativistic shift 1.6501.650 0.8530.853
Full finite sizeFull finite size 1.461.46 0.500.50

Nuclear polarizationNuclear polarization 0.00.0 ––1.71.7
Total shiftTotal shift 10.1610.16 29.429.4

NonNon--relativistic energyrelativistic energy ––1974.9851974.985 ––660.336660.336
Total energyTotal energy ––1964.831964.83      ––630.9630.9

Relativistic and other corrections (meV)
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Full finite size (six-body)
Finite size (four-body)



DEFS = Edtme - e1s
(dtm )-e - e11

dtm - e1s
tm

AuthorsAuthors DDEEFSFS ((meVmeV)) SystemSystem
MenshikovMenshikov 88 ((dtdtµµ))1111ee
BakalovBakalov 1.21.2 ((dtdtµµ))1111ee

Scriniz, SzalewiczScriniz, Szalewicz 0.20.2––0.10.1
+0.2+0.2,  0.54,  0.54 ((dtdtµµ))1111ee

Harston, Kamimura,Harston, Kamimura,
ShimamuraShimamura 0.58,  0.500.58,  0.50 ((dtdtµµ))1111ee

Harston, Hara, Kino,Harston, Hara, Kino,
Shimamura, Sato,Shimamura, Sato,
KamimuraKamimura

990.400.40
((EE(1)(1)++EE(2)(2)=18.253=18.253––17.850)17.850)
1.451.45
((EE(1)(1)++EE(2)(2)=11.577=11.577––10.12)10.12)

((dtdtµµ))1111ee
((ddddµµ))1111ee

Finite size correctionFinite size correction



AuthorsAuthors DDEEFSFS ((meVmeV)) SystemSystem

MenshikovMenshikov 88 ((dtdtµµ))1111ee

BakalovBakalov 1.21.2 ((dtdtµµ))1111ee

Scriniz, SzalewiczScriniz, Szalewicz 0.20.2––0.10.1
+0.2+0.2,, 0.540.54 ((dtdtµµ))1111ee

Harston, Kamimura, ShimamuraHarston, Kamimura, Shimamura 0.580.58,, 0.500.50 ((dtdtµµ))1111ee

Harston, Hara, Kino, Shimamura,Harston, Hara, Kino, Shimamura,
KamimuraKamimura

0.500.50
((EE(1)(1)++EE(2)(2)=18.253=18.253––17.752)17.752)

1.461.46
((EE(1)(1)++EE(2)(2)=11.577=11.577––10.113)10.113)

((dtdtµµ))1111ee

((ddddµµ))1111ee

This WorkThis Work ??
??

((dtdtµµ))1111ee
((ddddµµ))1111ee

DEFS = Edtme - e11
dtm - e1s

(dtm )-e

Finite size correctionFinite size correction



HarstonHarston, Hara, Kino,, Hara, Kino, ShimamuraShimamura, Sato,, Sato, KamimuraKamimura

Finite size correction

0.40  meV0.40  meV EE(1)(1)++EE(2)(2)=18.253=18.253––17.752  = 0.5017.752  = 0.50

1.45  meV1.45  meV EE(1)(1)++EE(2)(2)=11.577=11.577––10.113  = 1.4610.113  = 1.46
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